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Abstract. Fix an integer N > 2. To each diagram of a link colored by 
1, . . . , JV, we associate a chain complex of graded matrix factorizations. We 
prove that the homotopy type of this chain complex is invariant under Rei- 
demeister moves. When every component of the link is colored by 1, this 
chain complex is isomorphic to the chain complex defined by Khovanov and 
Rozansky in 1181 . We call the homology of this chain complex the colored 
0[(A r )-homology and prove that it decategorifies to the Reshetikhin-Turacv 
s((A r )-polynomial of links colored by exterior powers of the defining represen- 
tation. 
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1. Introduction 

1.1. Background. In the early 1980s, Jones [14] defined the Jones polynomial, 
which was generalized to the HOMFLY-PT polynomial in [HGUI- Later, Reshctikhin 
and Turaev [35] constructed a large family of polynomial invariants for framed links 
whose components are colored by finite dimensional representations of a complex 
semisimple Lie algebra, of which the HOMFLY-PT polynomial is the special ex- 
ample corresponding to the defining representation of sl(N;C). In general, the 
Reshetikhin- Turaev invariants for links are very abstract and hard to evaluate. 
But, when the Lie algebra is sl(N; C) and every component of the link is colored by 
an exterior power of the defining representation, Murakami, Ohtsuki and Yamada 
|29| gave an alternative construction of the st(-/V) -quantum invariant using only 
elementary combinatorics. 

If every component of the link is colored by the defining representation, then [29] 
gives an alternative definition of the (uncolored) s[(iV)-HOMFLY-PT polynomial. 
Based on this, Khovanov and Rozansky [18] categorified the (uncolored) sl(N)- 
HOMFLY-PT polynomial, which generalizes the Khovanov homology |17j . 

1.2. Main results. In the present paper, we generalize Khovanov and Rozan- 
sky's construction in [18] to define a homology for links colored by exterior pow- 
ers of the defining representation of sl(N; C), which categorifies the corresponding 
Reshctikhin- Turaev s[(iV)-polynomial. 

Unless otherwise specified, N stands for a fixed integer greater than or equal to 
2 in the rest of this paper. Also, instead of saying an object is colored by the fc-fold 
exterior power of the defining representation of sl(N; C), we will simply say that it 
is colored by k. 

As in [55], given a diagram D of a tangle colored by 1, . . . , N, we resolve it into a 
collection of certain special colored and oriented graphs. We call such graphs MOY 
graphs. To each MOY graph, we associate a graded matrix factorization. Then we 
construct morphisms between these graded matrix factorizations and build a chain 
complex C(D) over the homotopy category hm.fn tW of graded matrix factorizations. 
There are some choices involved in the construction of C(D), including choices of 
resolutions and markings of D. We will show that the isomorphism type of C(D) 
does not depend on these choices. Furthermore, wc will prove in Section [13] the 
following theorem, which is the main theorem of this paper. 

Theorem 1.1. Let D be a diagram of a tangle whose components are colored by 
1, . . . ,N, and C(D) the chain complex defined in Definition \ll-4\ Then C(D) is a 
bounded chain complex over the homotopy category of graded matrix factorizations. 
C(D) is %i(&'L®'L-graded, where the 1,i-grading is the ^-grading of the underlying 
matrix factorizations, the first "L-grading is the quantum grading of the underlying 
matrix factorizations, and the second 1,-grading is the homological grading. The 
homotopy type ofC(D), with the Z2©Z©Z- grading, is invariant under Reidemeister 
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moves. If every component of D is colored by I, then C(D) is isomorphic to the 
chain complex defined by Khovanov and Rozansky in |18j . 

Since the homotopy category hmfj?,^ of graded matrix factorizations is not 
abelian, we can not directly define the homology of C(D). But, as in [18], we 
can still construct a homology from C(D). Recall that each matrix factorization 
comes with a differential map d m f. If D is a link diagram, then the base ring R is 
C, and 1/7 = 0. So all the matrix factorizations in C(D) are actually cyclic chain 
complexes. Taking the homology with respect to d m f, we change C(D) into a chain 
complex (H(C(D),d m f),d*) of finite dimensional graded vector spaces, where d* 
is the differential map induced by the differential map d of C(D). We define 

H(D)=H(H(C(D),d mf ),d*). 

If D is a diagram of a tangle with end points, then R is a graded polynomial 
ring with homogeneous indcterminants of positive gradings, and if is in the maxi- 
mal homogeneous ideal 3 of R generated by all the indeterminants. So (C(D)/3 ■ 
C(D),d m f) is a cyclic chain complex. Its homology (H(C(D)/3 ■ C(D),d m f),d*) 
is a chain complex of finite dimensional graded vector spaces, where d* is the dif- 
ferential map induced by the differential map d of C{D). We define 

H(D) = H(H(C(D)/3 ■ C(D),d mf ), d*). 

In either case, H(D) inherits the Z 2 © Z ffi Z-grading of C(D). We call H(D) the 
colored s[(iV)-homology of D. The corollary below follows easily from Theorcm ll.il 

Corollary 1.2. Let D be a diagram of a tangle whose components are colored 
by 1, . . . , N. Then H(D) is a finite dimensional 1i © Z © "L-graded vector space 
over C. Reidemeister moves of D induce isomorphisms of H(D) preserving the 
7*2 © Z © "Z-grading. 

For a tangle T, denote by H e ' l ^(T) the subspace of H(T) of homogeneous ele- 
ments of Z2-degree e, quantum degree i and homological degree j. The Poincare 
polynomial Pt(t, q,t) of H(T) is defined to be 

P T {r,q,t) = Y J T e q l t 3 dim H e ^(T) E C[r, q, t}/(r 2 ). 

Based on the construction by Murakami, Ohtsuki and Yamada [29], we give in 
Section Q3] a re-normalization RT^^) of the Reshetikhin-Turaev s[(iV)-polynomial 
for links colored by positive integers (that is, by wedge products of the defining 
representation of s[(iV;C).) And we prove there that, for a link L colored by 
positive integers, the graded Euler characteristic of H{L) is equal to RTi(g). More 
precisely, we have the following theorem. 

Theorem 1.3. Let L be a link colored by positive integers. Then 

P i (l,g,-l) = RT i ( g ). 

Moreover, define the total color tc(L) of L to be the sum of the colors of the com- 
ponents of L. Then if £ ' 4J (i) = if e — tc(L) = 1 € Z2. In particular, 

P L (r,q,t) = r tc(i) ^]g¥ dim H tc ^'^{L). 
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1.3. Open problems and possible generalizations. The functorality of the 
colored st(iV)-homology is still open. We expect the colored s((iV)-homology to 
be projectively functorial under colored link cobordisms. The proof should be 
a straightforward generalization of the projective functorality of the Khovanov- 
Rozansky sl(iV)-homology in [18], though the algebra involved will be more com- 
plex. Strict functorality will be a harder problem and will require more precise 
definitions of the morphisms involve. (Most morphisms in this paper arc defined 
up to homotopy and scaling.) More generally, one can consider the category whose 
objects are knotted MOY graphs and whose morphisms are colored foam cobor- 
disms of knotted MOY graphs. Our construction of the colored sl(iV)-homology 
actually gives an invariant of knotted MOY graphs. It seems that the colored sl(N)- 
homology is projectively functorial on this category. Of course, to prove this, one 
needs to first find a precise definition and a combinatorial description of the colored 
foam category. 

It seems that the colored sl(A)-homology can be generalized in two directions: 
First, we can consider a generalization of the Lee-Gornik deformation. The 
construction in the present paper is based on a choice of potentials induced by 
the polynomial z N+1 . It appears that the similar construction based on potentials 
induced by the polynomial p(z) = z N+1 + J2k=a a k zk should also give a homological 
invariant for colored links. If one uses scalar coefficients ao, . . . , ajv £ C, then the 
construction will generalize [41] . If one considers ao, . . . , ciiv homogeneous variables, 
then this lead to a generalization of |21j . In particular, when p(z) is generic, i.e. 
when p'(z) has N distinct roots, one should be able to construct a generalization of 
the Lee-Gornik basis, which should lead to a further generalization of the Rasmusscn 
invariant and a new bound for the slice genus. 

Second, recall that the exterior powers of the defining representation form a set 
of fundamental representations of sl(N). Any finite dimensional representation of 
sl(N) can be expressed as a direct sum of tensor products of exterior powers of 
the defining representation. As mentioned above, the construction in the present 
paper gives not only a tangle invariant but also an invariant for knotted MOY 
graphs, which seems to contain all the algebraic information needed to construct an 
invariant homology for tangles colored by general finite dimensional representations 
of sl(N). That is, using decompositions of general representations into direct sums 
of tensor products of exterior powers of the defining representation, we can convert 
a tangle colored by general representations into a collection of knotted MOY graphs, 
and then use algebraic operations on the chain complexes of these knotted MOY 
graphs to construct the homology of the original colored tangle. The construction 
is likely to be a generalization of [3] . 

1.4. Relations to other link invariants. The sl(A)-homology in the present 
paper is closely related to several other constructions of link invariants. 

Yonezawa [44] made an attempt to construct the sl(iV)-homology using a sim- 
ilar approach. First, using matrix factorizations, he defines a chain complex for 
knotted MOY graphs in which one of the two edges at each crossing is colored by 
1. For a general knotted diagram, he splits one of the two edges at each crossing 
into edges colored by 1 to get a modified knotted MOY graph, in which one of the 
two edges at each crossing is colored by 1. He calls the chain complex of this mod- 
ified knotted MOY graph the approximate complex of the original knotted MOY 
graph. He then establishes relations between approximate complexes of knotted 
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MOY graphs differed by a Reidemeister move [lU Theorem 6.6]. Yonezawa [45] 
further commented that, if he could somehow get a chain complex by "dividing the 
approximate complex by the right quantum numbers" , then, by the Krull-Schmidt 
property of chain complexes, the homology of this new chain complex would be 
invariant under Reidemeister moves and would be the sl(-ZV)-homology. But he was 
not able to carry out this construction. So, instead, he defines a new two-variable 
s[(iV)-polynomial invariant for colored links by dividing the Poincare polynomial 
of the homology of the approximate complex by "the right quantum numbers" . It 
is easy to see that, up to normalization, Yonezawa's two-variable s[(-ZV)-polynomial 
is the Poincare polynomial of the st(iV)-homology defined in the present paper. 

Cautis and Kamnitzer j6[ [7] constructed a link homology using the derived cate- 
gory of coherent sheaves on certain flag-like varieties. Their homology is conjectured 
to be isomorphic to the sl(iV)-Khovanov-Rozansky homology in [18] . Cautis [5] is 
working to generalize their homology to an sl(iV)-homology of links colored by 
exterior powers of the defining representation. We expect that the result of his 
construction is a homology isomorphic to the s[(iV)-homology constructed in the 
present paper. 

In [27], Mackaay, Stosic and Vaz constructed a triply graded HOMFLY-PT ho- 
mology for 1, 2-colored links, which generalizes the triply graded uncolored HOMFLY- 
PT homology defined by Khovanov and Rozansky [15]. Webster and Williamson 
[38] further generalized their homology to links colored by any positive integers us- 
ing the equivariant cohomology of general linear groups and related spaces. It seems 
that Rasmussen's spectral sequence [34] connecting the uncolored HOMFLY-PT ho- 
mology to the 5l(A r )-Khovanov-Rozansky homology should generalize to a spectral 
sequence connecting Webster and Williamson's colored HOMFLY-PT homology to 
the colored s[(iV)-homology constructed in the present paper. 

Kronheimer and Mrowka [22] recently defined an SU (n)-homology for links using 
instanton gauge theory, which appears to be somewhat similar to the Lee-Gornik 
deformation of the st(-ZV) -Khovanov- Rozansky homology. They expect this homol- 
ogy to be related to the Khovanov- Rozansky s[(n)-homology by a spectral sequence. 
Mrowka [28] explained that their construction can be generalized to links colored by 
representations of SU(n). It is interesting to see how this colored S'C/(n)-homology 
is related to the colored s[(7V)-homology in the present paper. 

1.5. Structure and strategy. Next we explain the structure of this paper and 
the strategy of our proof. We assume the reader is somewhat familiar with the 
works of Khovanov and Rozansky [TH [19] . 

Sections[5]to[3]is a review of algebraic structures used in in this paper. In Section 
[2] we recall the definition and properties of graded matrix factorizations. Then, in 
Section [3] we take a closer look at graded matrix factorizations over polynomial 
rings. Section [4] is devoted to rings of symmetric polynomials, which serve as base 
rings in our construction. 

Next, we define and study matrix factorizations associated to MOY graphs in 
Sections [5] to [TUJ In particular, we prove direct sum decompositions (I-V), among 
which decompositions (I, II, IV, V) are essential in our construction of the colored 
s[(A r )-homologyQ Decompositions (I-IV) are generalizations of the corresponding 



Decomposition (III) is not explicitly used in the construction of the colored s[(A r )-homology. 
The reader can skip this decomposition and its proof, that is, Subsections I7.8l7.10l and Scction|8] 
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decompositions in [18j . We prove these four decompositions by explicitly construct- 
ing the morphisms. (Yonezawa [43] independently proved decompositions (I-III) 
and a special case of (IV).) Decomposition (V) is a generalization of (IV) and is 
far more complex. We prove it by an induction based on decomposition (IV) using 
the Krull-Schmidt property of graded matrix factorizations. In general, it is very 
hard to explicitly construct the morphisms in decomposition (V). Fortunately, we 
only need to use these morphisms in a few very special cases, in which the explicit 
forms of the morphisms arc easy to come by. 

The chain complex associated to a knotted MOY graph is defined in Section 
ITTI We resolve each colored tangle diagram into a collection of MOY graphs as 
in [29j. Then we build a chain complex using the matrix factorizations associated 
to these MOY graphs in two steps. First, we compute the spaces of homotopy 
classes of morphisms between certain matrix factorizations. The result of this 
computation shows that the differential map of the chain complex exists and is 
unique up to homotopy and scaling, which implies that the isomorphism type of 
our chain complex is independent of the choices of the resolutions and markings 
in the construction. After that, we give an explicit construction of the differential 
map, which will be useful in the proof of the invariancc. 

The invariance of the st(iV)-homology is established in Sections [T2l and [TBI The 
strategy of the proof is to use the "sliding bi-gon" method to reduce each Reidemeis- 
ter move involving edges with colors greater than 1 into a sequence of Reidemeister 
moves involving only edges colored by 1. This strategy was first used by Murakami, 
Ohtsuki and Yamada in [29]. It was also used by Mackaay, Stosic, Vaz [27] and 
Webster, Williamson [38] to prove the invariance of the colored HOMFLY-PT ho- 
mology. In Section [T2l we prove a key lemma of the invariance theorem, that is, the 
homotopy type of our chain complex is invariant under fork sliding. Once we have 
this, it is easy to prove the invariance of the homotopy type of our chain complex 
under Reidemeister moves using an induction based on Khovanov and Rozansky's 
result on the invariance in the uncolored situation |18| Section 8]. This inductive 
proof is given in Section [TBI 

Finally, we prove in Section [TJ] that the graded Euler characteristic of the 
sI(A^)-homology for colored links is the corresponding Rcshctikhin-Turaev sl(N)- 
polynomial. 

Acknowledgments. I would like to thank Mikhail Khovanov, Ben Webster and 
Yasuyoshi Yonezawa for interesting and helpful discussions. I am grateful to Ya- 
suyoshi Yonezawa for sharing his lemma about graded Krull-Schmidt categories 
(see Lemma 13.191 below) and to Mikhail Khovanov for suggesting an approach to 
understand the Euler characteristic and the ^-grading of the sl(iV)-homology for 
colored links. (The proof of Theorem 11.31 in Section [14] uses a simplification of this 
approach.) 

Most of the above mentioned discussions happened during Knots in Washington 
Conferences. I would like to thank the National Science Foundation and the George 
Washington University for sponsoring the Knots in Washington Conference Series. 

2. Graded Matrix Factorizations 

In this section, we review the definition and properties of graded matrix factor- 
izations over graded C-algcbras, most of which can be found in [18 ] IT9 ] [20 ] [34 ] I4T] . 
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Some of these properties are stated slightly more precisely here for the convenience 
of later applications. 

2.1. Z-pregraded and Z-graded linear spaces. Let V be a C-linear space. A Z- 
pregrading of V is a collection {V'*)|i 6 Z} of C-linear spaces, such that there exist 
injective C-linear maps (J) i(EZ <—> V and V Iliez that make diagram 
()2.ip commutative, where the horizontal map is the standard inclusion map from 
the direct sum to the direct product. 



(2-i) e, e z^ )c 




From now on, we will identify V^ % ' with its image in V. An element v of VW is 
called a homogeneous element of V of degree i. In this case, we write dcgw = i. 

A Z-pregrading {VW|i g Z} of V is called a Z-grading if the C-linear map 
©iez ^ 1^ is an isomorphism. 

We say that a Z-pregrading {V^'\i G Z} of V is bounded below (resp. above) if 
there is am m € Z such that = whenever i < m (resp. i > m.) We call a 
Z-pregrading bounded if it is bounded both below and above. 

Let V and W be Z-prcgradcd linear spaces with pregr adings {V®} and {W^}. 
A C-lincar map / : V — > W is called homogeneous of degree fc if and only if 
/(VW) C W^ i+fc > for all i G Z. 

Let V be Z-pregraded linear spaces with pregrading {V^}. For any j G Z, 
define V{q>} to be F with the pregrading shifted by j. That is, the pregrading 
{V{q j }^} of V{q j } is defined by V{q ] } (l) = V^~ j \ More generally, for 

i 

F(q) = Y j a j q j G Z> [<7, g" 1 ], 

we define the Z-pregraded linear space ^{^(5)} to be 

1 

V{F(q)} = ytf}ffi. . .9Vtf} ) 
j=k Oj-fold 

with the obvious pregr ading {V{.F(g)}W} given by 

I 

V{F(q)}® = d&tyV-V @ . . . ffi 

. , S v ' 

J- fe aj-fold 

Note that quantum integers are elements of Z>o[<?, In this paper, we use 

the definitions 



[i] 



q 1 — q 
q-q- 1 



W~ [!]• [2] •••[.?], 



[J]! 



[fc]!-[j-fc]!' 
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It is well known that 

A: l(X)<rn, Ai<n 

where A runs through partitions satisfying the given conditions. See Subsection 14.21 
for definitions. 

2.2. Graded modules over a graded C-algebra. In the rest of this section, R 
will be a graded commutative unital C-algebra, where "graded" means that we fix 
a Z-grading } on the underlying C-space of R that satisfies ■ C RW) . 
It is easy to sec that 1 G R(°\ 

A Z-grading of an i?-module M is a Z-grading {M^} of its underlying C-space 
satisfying R& • M^ C M^. A graded i?-module is an R- module with a fixed 
Z-grading. For a graded iJ-module M and F(q) £ Z>o[g, <7 _1 ], M{F(g)} is defined 
as above. 

Lemma 2.1. Let Mi and M2 fee graded R-modules. Then Hoijir(Mi, M2) /ias a 
natural Z-pregrading. If Mi is finitely generated over R, then this pregrading is a 
grading. 

Proof. Let {M^} and {M 2 W } be the gradings of Mi and M 2 . Define 

Hom H (Mi,Ma) w = {/ £ Hom R (Mi,M 2 ) \ f(M^) C M 2 (i+fe) }. 

We claim that {Hom fl (Mi, M 2 ) w } is a Z-pregrading of Hom#(Mi, M 2 ). To prove 
this, we only need to show that: 

(i) Any / £ Hoiiir(Mi, M 2 ) can be uniquely expressed as a sum /*» 
where /ft is in Hoiiir(Mi, M 2 )( fe ) and is called the homogeneous part of degree 
fc of /. 

(ii) For f,g £ Hohir(Mi, M 2 ), f = g only if all of their corresponding homoge- 
neous part are equal. 

(ii) and the uniqueness part of (i) are simple and left to the reader. We only check 
the existence part of (i). 

For I = 1,2, let J ; (l) : M, (l) -> M; and P ; (l) : M; -> M ; (i) be the inclusion and 
projection in 

M = 0M, (i) . 

For fc G Z, define a C-lincar map fk : Mi — ► M 2 by /fe^eo = P 2 ^ +fe ' 0/0 J^'. 
Let to G Mi. Then there exist %\ < i 2 and ji < j 2 such that m G ©JL,- M^ and 
/(to) G ©j'Lji M 2 . It is easy to see that fk(m) = if fc > j 2 - ii or fc < ji — t 2 - 
So the sum X)fc°=-oo /fe( TO ) i s a finite sum for any to £ Mi. Thus the infinite sum 
Sfc^L-oo ^ ^ s a wcu defined C-linear map from Mi to M 2 . One can easily see that 
/ = E/*l-oo fk as C-lincar maps, and that fk is a homogeneous C-linear map of 
degree fc. It remains to check that fk is an i?-modulc map for every fc. Let to G Mi W 



(2.2) 
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and r £ . Then rm £ M[ l+j) and 

f k (rm) = Pt 1+k \f(rm)) = Pt 1+k) (rf(m)) 

OO 

= Pt j+k \r- Y, /n(m))=r/ fc (m). 

n— — oo 

This implies that ft is an i?-module map and, therefore, fk £ Hom.R(Mi, M 2 )( fc ). 
Thus, {Hom H (Mi, M 2 ) (k) ] is a Z-pregrading of Hom R (Mi,M 2 ). 

Now assume that M\ is generated by a finite subset {mi,...,m p }. For any 
/ £ Homfl(Afi, M 2 ), there exist i\ < £ 2 , j\ < j 2 such that mi, ... , m p € ©^ m}^ 

and /(mi), . . . , f(m p ) £ ©jl^ M 2 . It follows easily that fj~ = if k > j 2 — h or 
fc < ji — i 2 . So 

3 3— ' 1 oo 

/= Y ^ e Hom fl (Afi,Af 2 )W. 

k—ji —■i'2 k— — oo 

Thus, 

OO 

Hom fl (Mi,M 2 ) = Rom R (M 1> M 2 )^, 

k— — oo 

which implies that {Hom fi (Mi, M 2 ) (fc) } is a Z-grading of Hom^A/i, A/ 2 ). □ 

In the present paper, we are especially interested in free graded modules over R. 
Note that a free graded module need not have a basis consisting of homogeneous 
elements. Following [301 Chapter 13], we introduce the following definition. 

Definition 2.2. A graded module M over R is called graded-free if and only if it 
is a free module over R with a homogeneous basis. 

All the modules involved in the construction of the sl(iV)-homology are modules 
over polynomial rings. We will see in Section [3] that, if the grading of a free graded 
module over a polynomial ring is bounded below, then this module is graded-free. 

2.3. Graded matrix factorizations. Recall that, N (> 2) is a fixed integer 
throughout the present paper. (It is the "TV" in u sl(N)" .) 

Let R be a graded commutative unital C-algebra, and w a homogeneous element 
of R of degree 27V + 2. A graded matrix factorization M over R with potential w is 
a collection of two free graded i?-modules M , Mi and two homogeneous R- module 
maps do : Mo — > Mi, d\ : Mi — > Mo of degree JV + 1, called differential maps, s.t. 

d\ o do = w ■ idjvr , d o d\ = w ■ idMi ■ 

We usually write M as 

M ^ Mi ^ M . 

M has two gradings: a Z 2 -grading that takes value e on M e and a quantum grading, 
which is the Z-grading of the underlying graded i?-module. We denote the degree 
from the Z 2 -grading by "deg Zs ," and the degree from the quantum grading by "deg" . 
Following [18], we denote by M (1) the matrix factorization 

Mi ii*Mo-^Mi, 
and write M (j) = M (1) ■ • • (1). 



j times 
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For graded matrix factorizations M with potential w and M' with potential w' , 
the tensor product M <g> M' is the graded matrix factorization with 

(M®M')o = (M ®M£)e(Mi<»AfO, 
(M®M')i = (Mi®M^)©(Mi®M5), 

and the differential given by signed Leibniz rule, i.e., for m G M e and to' G M', 

d(m <E> to') = (dm) ®m! + (— l) e m ® (dm 1 ). 

The potential of M <g) M' is iu + w'. 

Definition 2.3. If a ,ai G i? are homogeneous elements with degao + degai = 
2N+2, then denote by (a , a{) R the matrix factorization i? R { q N+i-de S a ^ ^ 
i?, which has potential et ai. More generally, if a^o, ai.i, ■ ■ ■ , a>k,0i a k,i £ -R are 
homogeneous with dega J:0 + degajj = 27V + 2, denote by 

/ Ol,0i 01,1 \ 
02, Oi a 2,l 

\ ak,o, a>k,i J R 

the tenser product 

(ai,o, ai,i)_R ®r (02,0, «2,i)-R ®r---®r (ojfe.o, afc,i)fl, 

which is a graded matrix factorization with potential 5^j=i a j.o a j.i, an d is call 
the Koszul matrix factorization associated to the above matrix. We drop"i?" the 
notation when it is clear from the context. Note that the above Koszul matrix 
factorization is finitely generated over R. 

Since the Koszul matrix factorizations we use in this paper are more complex 
than those in [18j [T9l [3U [41], it is generally harder to compute them. So it is 
more important to keep good track of the signs. For this reason, we introduce the 
following notations. 

Definition 2.4. • Let I = {0, 1}. Define 1=0 and = 1. 

• For £ = (ei, . . . G I k , define |e| = e j-> an d f° r 1 — * — &j define 
\ e \i = £}=i £ j- Also define e = (el, . . . ,£fc) and e' = (e k ,e k -i, ■ ■ .,e{). 

• In (ao, ai)fi, denote by lo the unit element of the copy of i? with Z 2 -grading 
0, and by li the unit element of the copy of R with Z2-grading 1. Note 
that {lo, li} is an i?-basis for (ao, o,\)r. 

• In 

(Ol,0, Ol,l \ 
Ofc,0; Ofc,l / fl 

for any e = [e\, . . . G I fe , define l e = 1 £1 ® ■ • • §5 l £l in the tensor 
product 

(oi,o, 01,1 ) j? • • • ®r (afe,o, Ofe,i)ij. 
Note that {l e | e G I fc } is an i?-basis for M, and 1 £ is a homogeneous 
element with Z2-degree |e| and quantum degree 2j=i e j + 1 — deg Oj,o)- 
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In the above notations, the differential of M is given by 
k 

d(l B ) = E(-l) |e| 'a iiej .l (ci> ... iei _ li ^ +1 ,.„ efc) . 

3=1 

Remark 2.5. In many cases, only the parity of |e| matters and / can be viewed as 
Z2. But, in some situations, we need more information, and, thus, / can not be 
identified with Z2. 

2.4. Morphisms of graded matrix factorizations. Given two graded matrix 
factorizations M with potential w and M' with potential w' over R, consider the 
i?-module Homn(M, M'). It admits a Z2-grading that takes value 

f on Rom° R (M, M 1 ) = Hom fl (Af , M' Q ) © Hom fl (Mi,M(), 
\ 1 on Hom^(M, M ) = Hom fi (Mi, M£) © Hom fl (M , M{). 

By Lemma 12.11 it also admits a quantum pregrading induced by the quantum 
gradings of homogeneous elements. Moreover, Hom^(M, M') has a differential 
map d given by 

d(f) = dw ° / - (-1) £ / o d M for / e Hom^M, M'). 

Note that d is homogeneous of degree N + 1 and satisfies that 

d 2 = («/ - to) • id H om R (A/,M')- 

Following [15] , we write M. = Hom^(M, i?). 

In general, Hom^(M, M') is not a graded matrix factorization since Hom;?(Af , M') 
might not be a free module and the quantum pregrading might not be a grading. 
But we have the following easy lemma. 

Lemma 2.6. Let M and M' be as above. Assume that M is finitely generated 
over R. Then Hom^(Af, M') is a graded matrix factorization over R of potential 
w' — w. In particular, M, = Hom^(A/, R) is a graded matrix factorization over R 
of potential —w. 

Proof. Since M is finitely generated, we know that Homn(M, M ') is a free R- 
module and, by Lemma 1 2. 11 the quantum pregrading is a grading. □ 

Now let M and M' be two graded matrix factorizations over R with potential w. 
Then Hom^M, M'), with the above differential map d, is a cyclic chain complex. 
We say that an i?-module map / : M — > M' is a morphism of matrix factorizations 
if and only if df — 0. Or, equivalently, for / G Hom e R (M,M'), f is a morphism 
of matrix factorizations if and only if du> / = ( — du- f is called an 
isomorphism of matrix factorizations if it is a morphism of matrix factorizations 
and an isomorphism of the underlying i?-modules. Two morphisms /, g : M — > M' 
of Z2-degree e are homotopic if / — g is a boundary element in Homfl (M, M'), that 
is, if 3 h € Hom| +1 (M, Af) such that f-g = d{h) = d M > oh - {-l) e+1 h o d M . 

Definition 2.7. Let M and M' be two graded matrix factorizations over R with 
the same potential. 

(a) We say that M, M' are isomorphic, or M = M' , if and only if there is a 
homogeneous isomorphism / : M — > A/' that preserves both gradings. 

(b) We say that M, M' are homotopic, or M ~ M', if and only if there are homo- 
geneous morphisms / : M — > M' and g : M' — > M preserving both gradings 
such that g o f ~ idM and / o 5 ~ idM' • 
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Lemma 2.8. Let M and M' be two graded matrix factorizations over R with 
potentials w and w' . Assume that M is finitely generated over R. Then the natural 
R-module isomorphism 

M' ® M. = M' ® Hom fl (M, R) Hom R (M, M') 

is a homogeneous isomorphism preserving both gradings. 

In particular, Hom/j(M, M') = M' ® M, as graded matrix factorizations. 

Proof. By Lemma \2M M'® M. and Homn(M, M') are both graded matrix factor- 
izations over R with potential w' — w. The natural isomorphism F between them 
is given by F(m' ® f)(m) = f(m) ■ ml for all to' G M', f G M, and m G M. It is 
easy to check that F preserves both gradings and commutes with the differential 
maps. □ 

The following lemma specifies the sign convention we use when tensoring two 
morphisms of matrix factorizations. 

Lemma 2.9. Let R be a graded commutative unitalC-algebra, andM, M', M, M! 
graded matrix factorizations over R such that M, M. have the same potential and 
M', M! have the same potential. Assume that f : M — > M. and f : M' — > M! are 
morphisms of matrix factorizations of ^-degrees j and j' . Define F : M ® M' — ► 
M®M' by F(m ® to') = {-lf' j ' f(m) ® /'(to') for m G M\ and to' G M'. Then 
F is a morphism of matrix factorizations of ^-degree j + j' . In particular, iff or 
f is homotopic to 0, then so is F. 

From now on, we will write F = f ® f ■ 

Proof. 

Fod(m®m!) = F((dm) ®m' + (— l)*m® (dm')) 

= f{dm) ® /'(to') + f{m) ® f'(dm'), 

doF{m®m') = (-l) ij 'd(f(m) ® /'(to')) 

= (-l)«'(d(/(m)) ® /'(to') + (-l)^/( m ) ® d(f'(m'))) 
= {-l) ij ' +j f{dm) ® /'(to') + (-l) ij " +J+J ' +J 7(™) ® /'(dm'). 

So Forf = ( — 1) J +-? doF, i.e. _F is a morphism of matrix factorizations of ^-degree 

]+]'■ 

If / is homotopic to 0. Then there exits h G Hom^ 4 " (M, A4) such that 

/ = d(h) =doh-(-iy +1 hod. 

Define H G Hom 3 fl +J ' +1 (M ® M',A1 ® M') by 

H (rn ® to') := (— l) y 'ft(m) ® /'(to'), for to G M, and to' G M'. 

Then d(ff) =doH- {-iy + 'j' +1 H od = F. So F is homotopic to 0. 

If /' is homotopic to 0. Then there exits h' G Homjj +1 (M', A4') such that 

/' = d(h') = d o h! - {-iy' +1 ti o d. 

Define H' G Hom^ +J " +1 (M ® M', M ® X') by 

H'(m ® to') := (-1)' (j " +1) /(to) ® /i'(to'), for to G M, and to.' G M'. 
Then d(H') = do H' — (-l) j+j ' +1 H' od = (-l) j F. So F is homotopic to 0. □ 
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The following lemma is [T8l Proposition 2] . 



Lemma 2.10. [ 

and ai^o, Oi,i, • ■ ■ 
2N + 2 V j'. Let 



[51 Proposition 2] Lei R be a graded commutative united C- algebra, 
,akfi-> a ki homogeneous elements of R with dega^o + dega,-,i = 



M 



a i,o, 

a 2,0, 



01,1 \ 
02,1 



\ Ofc.O, «fc,l / 

//x is an element of the ideal (ai,o, ffli,i, ■ ■ ■ , Ofc,0i a k,i) of R, then multiplication by 
x is a null-homotopic endomorphism of M . 

Proof. (Following [18j.) Multiplications by a^o and a^i are null-homotopic endo- 
morphisms of (01,0,01,1), and therefore, by Lemma |2.9| are null-homotopic endo- 
morphisms of M. □ 

Next we give precise definitions of several isomorphisms used in |18j , which allow 
us to keep track of signs in later applications. 



Lemma 2.11. Let R be a graded commutative unitalC- algebra, andai o,Oii, 



> Ofc o, Ofe.l 



homogeneous elements of R with deg a^o + deg a 



3 A 



2N- 



M 



( 01,0, 
a 2,0, 



Ol,l ^ 
02,1 



and M 



\ Ofc,o, Ofc,i J 



( -Ofc,l, 
— Ofc_l,l, 

\ -01,1, 



2 V j. Let 
\ 



Ofc,0 
Ofe-1,0 

Ol,0 



/ 



Denote by {1* | e e 7 fe } i/ie frasis o/M. dual to {1 E | e £ 7 fe }, i.e. l*(l e ) = 1 and 
1*(1 CT ) = if a 7^ s. Then the R-homomorphism F : M» — > M' given by F(l*) = 1 E < 
is an isomorphism of matrix factorizations that preserves both gradings. 



Proof. F is clearly an isomorphism of i?-modules. Recall that e' = (e^ , £fc-i, ■ ■ ■ , £i ) 
if e = (ei, £2, ■ ■ ■ j £fe) G ^ fc - The element 1* of M. has Z2-grading |e| and quantum 
grading — J2j=i £ o (N + 1 — deg a,-,o) = S J= i £ i {N +1— deg Oj,i). And the element 
l e i of M' has Z 2 -grading \e'\ = |e| and quantum grading J2j=i £ i(^+ 1 — dega^i). 
So F preserves both gradings. It remains to show that F is a morphism of matrix 
factorizations. For e = (ei, . . . , £k) S / , a straightforward calculation shows that 

d(l £ *) = >. 



it 

E 

3=1 



,ej_i,£j,e j+ i, 



d(v) = E(- 1 ) |£|He|j+1 ^-- 1 ^ 



So djvj-, o F = F o d 



,e j+ i,ej ,Ej-i, 



Mm- 



Lemma 2.12. Let R be a graded commutative unitalC- algebra, and Oi,o, 0,1,1, 
homogeneous elements of R with dega^o + dega J; i = 2N + 2 V j. Let 



M = 



( 01,0, 

a 2,0, 



Ol,l ^ 
02,1 



and M 



( 0/8,0, 

Ofe-i.o, 



\ a fej0 , a fej i ) R 



Ofe,l 
Ofe-1,1 



\ 



\ 01,0, 01,1 / 



□ 

1 Ofc n, Ofel 
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Define an R-homomorphism F : M — > M' by F(l e ) = (—1) "2 1 E , V e S I k . 
Then F is an isomorphism of matrix factorizations that preserves both gradings. 

Proof. It is clear that F is an isomorphism of i?-modules and preserves both grad- 
ings. It remains to show that F is a morphism of matrix factorizations. When 
k = 1, there is nothing to prove. When k = 2, F is given by the following diagram 



R 
R 



L(0,0) 

L (i,i) 




01,0 
02,0 



-a 2 ,i 



1? 
I? 



i? • 1 
R-l 



(0,0) 
(1,1) 



02,0 
ai,o 



-01,1 

02,1 



1? 
1? 



(1,0) 
(0,1) 


1 



L (i,o) 
L (o,i) 



-O2,0 



02,1 
ai,o 



i? ■ 
i? ■ 



L(0,0) 

L (i,i) 
1 




o 2 ,i 
-ai.o 



Oi,l 

O2,0 



R-l 
R-l 



(0,0) 

(1,1) 



where the first row is M, the second row is M', and F is given by the vertical 
arrows. A simple direct computation shows that F is a morphism. The general 
k > 2 case follows from the k = 2 case by a straightforward induction using Lemma 
[231 □ 



Lemma 2.13. Let R be a graded commutative unital C-algebra, and a^o, ffli 1, ■ ■ ■ , afc,0i a/c. 
homogeneous elements of R with dega^o + degaj ; i = 2N + 2 V j. Let 



M 



( a i,o, 

a 2,0; 



01,1 \ 
02,1 



and M' 



( °i,i> 

02,1, 



01,0 \ 
02.0 



\ Ofc.i, Ofc j0 / 



For e = (ei,...,£fe) £ l k , write s(e) ~^2^ = l{k—j)£j- Define an R-homomorphism 
F : M -» M' 6y F(l e ) = (-l)l £ l +s ( £ )l- Ve6 7 fe . Then F is an isomorphism of 
matrix factorizations of TL^-degree k and quantum degree (N + 1 — degaj.i). 

Proof. F is clearly an isomorphism of i?-modules. And the claims about its two 
gradings are easy to verify. Only need to check that F is a morphism of matrix 
factorization. This is again easy when k = 1. The general k > 1 case follows from 
the k = 1 case by a straightforward induction using Lemma 12.91 □ 



2.5. Elementary operations on Koszul matrix factorizations. Khovanov 
and Rozansky [181 119] and Rasmussen [34] introduced several elementary opera- 
tions on Koszul matrix factorizations that give isomorphic or homotopic graded 
matrix factorizations. In this subsection, we recall these operations. 

Lemma 2.14. [341 141] Let M be the graded matrix factorization 



Mr 



do 



Mi 



Mo 



over R with potential w. Suppose that Hi : M, 
with Hf = 0. Define d t : M % -> M i+l by 



(id 



Mi. 



Mi are graded homomorphisms 
Hi+i) od t o {i& M . + Hi), 



and M by 



Mr 



do 



Mi 



Mn 
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Then M is also a graded matrix factorization over R with potential w. And M = M . 



Corollary 2.15. |34j Suppose aifi, 01,1, a>2,0) &2,ij k are homogeneous elements in 
R satisfying deg a^o + deg a^i = 2N + 2 and deg k = deg ai,o + deg 02,0 — 2N — 2. 
Then 

o>i,o a i,i \ a ( 01,0+^02,1 ai,i 

«2,0 12,1 / fl \ °2,0 _ ^01,1 a 2,l 

Corollary 2.16. [18, 34] Suppose 01 Oj a.1,1 , ^2,0, a 2,i, c are homogeneous elements 
in R satisfying dega J; o + dega^i = 2iV + 2 and degc = deg 01,0 — deg 02,0- 77ien 



cti,o 01,1 

Ct2,0 Q-2.1 



ai,o + ca 2 ,o 01,1 
d2,o a2.i - cai.i 



The proofs of the above can be found in [T5J [H3 [3H IH] and are omitted. 

Definition 2.17. Let R be a commutative ring, and 01, . . . , oj, G iZ. The sequence 
{ai, . . . , afc} is called U-regular if a\ is not a zero divisor in R and aj is not a zero 
divisor in Rj (01, . . . , Oj-i) for j = 2, . . . , fc. 

The next lemma is [20l Theorem 2.1] and a generalization of [3H Lemma 3.10]. 

Lemma 2.18. |20l 134] Let R be a graded commutative unital C-algebra. Sup- 
pose that {ai, . . . , ak} is an R-regular sequence of homogeneous elements of R with 



deg a., < 2N + 2 V j = 1, 



,k. Assume that f\ 



,/fe,5i, ■ • • ,5fe are homoge- 



neous elements of R such that deg fj = deg gj = 2N + 2 — dega^ and . —1 /j<Zj 



ai 



/fe, afe 



.91, ai 



5fc, a fc 



Proof. Induct on A:. If A; = 1 , then ai is not a zero divisor in i? and (/1 — <?i)ai = 0. 
So /1 = 51 and (/i,cii)ij = (<?i,ai).R. Assume that the lemma is true for k = m. 
Consider the case k = m + 1. a m +i is not a zero divisor in R/(ai . . . , a m ). But 



(jm+l - ffm+l)Om+l = XX 9 -? ~~ G ^ 

So / m+ i - # m+ i G (ai . . . , a ro ), i.e. there exist ci 

/m+l — flm+1 

Thus, by Corollary 02 



Sm). 

, c m G i? such that 



E 



/ a, 



ai 



\ 



\ /m+l 1 a m +i J 
It is easy to see that 



/ /i+cia m+ i, ai \ 

/m ~t~ Cm ^m+lj ^m 
\ Sm + 1, Orn+l / 



j=i 3=1 
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By induction hypothesis, 

/l + CiOm+i, ai 

frn ~t~ ^mflm+li / 

Therefore, 




\ / /l+ClO m+ l, Oi \ 



/ 9i, 



\ fm+U a m+l / 



Oi 



9m i 



m+1 7 



+ 1 / R V 5™+l> a m+l / 



□ 



Next we give three versions of p~8l Proposition 9] , which give a method of simpli- 
fying matrix factorizations. Their proofs also give a method of finding cycles repre- 
senting a given homology class in some chain complexes and finding morphisms of 
matrix factorizations representing a given homotopy class, which is important for 
our purpose. So we give their full proofs here. 

Proposition 2.19 (strong version). Let R be a graded commutative unital C- 
algebra, and x a homogeneous indeterminant withdegx < 2N+2. Let P : R[x] R 
be the evaluation map at x = 0, i.e. P(f(x)) = /(0) V f(x) G R[x]. 

Suppose that oi, . . . , a*,, b\, . . . , bk are homogeneous elements of R[x] such that 



deg aj + deg bj = 2N + 2 V j = 1, 

E£=i "A g 

3 i € {1, . . . , k} such that 6, = x. 



Then 





( 


Ol 


6i \ 


M = 




a 2 


o 2 




\ 


«/,• 





id M' = 



/ P(oi) P(6i) \ 

P(a 2 ) P(6 2 ) 

P(oi_i) P(6i_i) 

P(a i+ i) P(6 i+ i) 



V pk) p(6 fe ) y fl 

are homotopic as graded matrix factorizations over R. 

Proof. For j ± i, Write a' 3 = P(a j ) G P and = P(6 3 ) G P. Then 3! Cj,kj G P[a 



such that aj = aj 



kjX 



and 6j = 6^ + CjX. By Corollaries 1 2 . 1 51 and 12 . 161 
/ a\ b[ \ 



M M := 



-l 

a x 

' h' 
i+1 u i+l 

V a 'k b ' k J m 
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where a = a + J2j=£i kjbj + 12j=£i c j a 'j- Since M, M" have the same potential, we 
know that ax = Y^j=i a jbj ~ Sj^i a jb'j G -R. So a = 0. Thus, 

/ a'i hi \ 



M" 



<-i K-i 

x 

a i+l K+l 



R\x] 



Define i?-modulc homomorphism F : M" — > M' by 



/(0)l (ei , 



.,ei_i,e<+i,...,e fc J 







if = 0, 
if ei = 1, 



for /(a;) G i?[x] and e = (ei, . . . G I k . And define i?-module homomorphism 
G : M ' -► M" by 



G(rl (eii ... iei _ liei+1) ... ieh) ) = rl (eii 



for r G i? and (ei, . . . ,£i_i,e i+ i, 

One can easily check that F and G are morphisms of matrix factorizations pre- 
serving both gradings and FoG = id nj' ■ Note that M" = ker F © ImG and 

GoF| kcrF = 0, 

G o F\i m G = idimG- 

Define an i?-module homomorphism h : M" — > M" by 

^(l(ei,...,e i _i 1 l,e i+ i,... 1 efc)) = 0, 

^(r + x/Cx))!^,...,^^,...^) = (-1) E ^ E3 7(^)l( £l ,...,e i _ 1> i,e i+1 ,... >efe ) 

for r G i?, /(x) G and £1, . . . , . . . , £fc G /. A straightforward compu- 
tation shows that 

(do/i + /iorf)| kcrF = id kcrF , 

(do h + ho d)\i m G = 0. 

So id M » -GoF = doh + hod. Thus, we have ill" ~ M' and, therefore, M ~ M' 
as matrix factorizations over R. □ 

Proposition 2.20 (weak version) . Let R be a graded commutative unitalC- algebra, 
and ax, . . . ,ak,b±, . . . ,bk homogeneous elements of R such that dega, + deg&j = 
2N + 2 and X)i=i a jbj = 0. Then the matrix factorization 





( 


ai 


h \ 


M = 




a 2 


b 2 




\ 


<'k 


b k ) 



is a cyclic chain complex. Assume that, for a given i G {1, . . . , k}, bi is not a zero 
divisor in R. Define R' = R/(bi), which inherits the grading of R. Let P : R — > R' 
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be the standard projection. Then 

( 



M' 



P( 0l ) 
P(a 2 ) 



P(b 2 ) 



P(Oi-l) P(^-i) 
P(o i+ i) P(fcn-i) 



V P(a k ) P(b k ) ) R , 
is also a chain complex. And H(M) = H(M') as graded R-modules. 
Proof. Define an P-modulc homomorphism F : M — * M' by 



F(rl e ) 



_ / P(r)l(e 1 ,...,E i - 1 ,e i+u ...,e h ) 







if e t = 0, 
if £i = 1, 



for r € R and e = (ei, . . . G l' . It is easy to check that F is a surjective 
morphism of matrix factorizations preserving both gradings. The kernel of F is the 
subcomplex 



kerP= 

£i,...,e»_i,ej+i,. 



(P ' l(ei,...,e i _i 1 l,e i+ i,... 1 e fe ) © hR • l( Ell ...,e<_ 1 ,0,e i+ i,..., Efe ))- 



Since 6, is not a zero divisor, the division map ip : biR — > P given by ip(bir) = r is 
well defined. Define an P-module homomorphism ft, : kcr P — > ker P by 



ft( 1 (ei,...,e<_i,l,e i+ i, ...,£*)) ~ °J 
MW(e I ,...,e 1 _i,0,e i+ i,...^)) = (-l) E ^ iei l(ei,... I e 4 _i,l,8 1+I ,... t 8 fc )- 



Then 



d\ kcrF oh + ho d|kerF = idkorF, 

where c? is the differential map of M. In particular, this means that P(kerP) = 0. 
Then, using the long exact sequence induced by 

-> kcrP -> M ^ M' -> 0, 
it is easy to see that F is a quasi-isomorphism. □ 



Remark 2.21. The above proof of Proposition 12.201 also gives a method of finding 
cycles in M whose image under F is a given cycle in M' . Indeed, for every cycle 
q in M', one can find an element (3 £ M such that F(f3) = a. Then F{d0) = 
d'F(P) = d'a = 0, where d! is the differential map of M'. So d(3 G kerP and 
dP = dh(dP) + hd(d[3) = dh(d/3). Thus, - h{df3) is a cycle in M. By definition, 
it clear that F o h = 0. So F(j3 — h(dj3)) = a. This observation is useful in finding 
cycles representing a given homology class and morphisms representing a given 
homotopy class. (In the situation in Proposition 12.19) one can also do the same 
by explicitly computing the morphism M' ^ M" M, which is usually not any 
easier in practice.) This method also applies to the situation in corollaries 1 2 . 241 and 
12.251 i.e. contracting the matrix factorization using an entry in the left column. 

Next we give the dual version of Proposition 12.201 



20 



HAO WU 



Corollary 2.22 (dual version). Let R be a graded commutative unital C-algebra, 
and R a graded commutative unital sub-algebra of R such that R is a free R-module. 
Suppose that 01, . . . , a k , 61, . . . , bk are homogeneous elements of R such that deg aj + 
degbj = 2N + 2 and Ylj=i a j^j = w ^ R- Assume that, for a given i G {1, . . . , k}, 
bi is not a zero divisor in R and R' = R/(bi) is also a free R-module. Define 

I ai h \ 

a 2 b 2 



M 



\ °* h k j R 



M' 



P(ai) 
P(a 2 ) 



P(b 2 ) 



\ 



P(oi_i) P(6(_i) 
P(o i+ i) P(b i+ i) 



F(rl e ) = 



V P(a k ) P(b k ) J Rl 

where P : R — > R' is the standard projection. Then, for any matrix factorization 
M" over R with potential w, there is an quasi- isomorphism 

Horn^M', M") -> Uom R (M, M") 

preserving both gradings. 

Proof. Define an i?-module homomorphism F : M — > M' by 

" P(r)l(e u ...,e i . u e i+ i,...,e k ) if £i = 0, 

if £i = 1, 

for r G R and e = (ex, . . . , £fc) G Then P is a surjective morphism of matrix 
factorizations preserving both gradings. So we have a short exact sequence 

-> kerP -> A/ M' -> 0. 

Note that kerF and M are free F-modules and M' is a free P'-module. Thus, the 
above is a short exact sequence of free F-modulcs. This implies that 

Uom A (M, M") -> Hom^ker F, M") -> 

kerF of Z 2 -degree 1 such that 



-> Hom A (M',A/'' 



is also exact. Recall that there exists h : kerF 

idkcr_F = rfjtflkerF ^ + ^ ^AflkerF- Define 

H : Hom A (ker P,M") -> Hom^kcrF, M") 

by P(/) = (—iyf o ft if / has Z 2 -degree j. i? has Z 2 -degrce 1. For / G 
Hom^,(kcrF, M") of Z 2 -degree j, 

(doff + 5orf)(/) 

= d(H(f))+H(d(f)) 

= (-iyd(foh) + (-iy +1 (df)oh 

= {-i) j {d M >, of oh- {-\y +1 f o ^ o d M | kerF ) + {-\y +1 {d M „ of oh- {-iyf d M | kerF o ft) 

= / ° (^AflkerF ft + h O d M |ker_F) = /■ 
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iom A (kei-F,M")- 



This shows that doH + Hod = idn, 
and, therefore, 

F* : Hom A (M',M") -> Hom^(M, M") 
is a quasi-isomorphism preserving both gradings. 



Thus, HomHMF (ker F, M") = 



□ 



Remark 2.23. Note that F" : Hom A (M', M") -> Hom^(M, M") maps a morphism 
of matrix factorizations to a morphism of matrix factorizations. By successively 
using this map, we can sometimes find morphisms representing a given homotopy 
class. This method also applies to Corollary 12.261 

The following three corollaries describe how to contract a matrix factorization 
using an entry in the left column. Their proofs are very close to that of propositions 
I2~igi [2301 and |2~2"21 and arc omitted. 

Corollary 2.24 (strong version). Let R be a graded commutative unital C-algebra, 
and x a homogeneous indeterminant with degx < 2N + 2. Let P : R[x] — > R be the 
evaluation map at x = 0, i.e. P(f(x)) = /(0) V f(x) £ R[x\. 

Suppose that a\, . . . , a,k, b\, . . . , bk are homogeneous elements of R[x] such that 

• dcg a,j + deg bj = 2N + 2 V j = 1, . . . , k, 

• E*=i " e R, 

• 3 i £ {1, . . . , k} such that = x. 



Then 



M = 



I ai bi \ 
a 2 b 2 

\ a k b k ) 



and M' = 



R[x] 



P(ai) 

P(Oi-l) 

P(a i+ i) 



P(b 2 



) \ 



P(h-i) 



JV+l-dcgK 



}(1> 



\ P(a k ) P(b k ) J R 

are homotopic as graded matrix factorizations over R. 

Corollary 2.25 (weak version). Let R be a graded commutative unital 
and oi, . . . ,dk,bi, . . . ,bk homogeneous elements of R such that degOj H 
2N + 2 and Ej=i a j^j = ^- T"/ien the matrix factorization 

/ax bi ^ 

a 2 62 



Z-algebra, 
degbj = 



M 



\ a k b k J 



is a chain complex. Assume that, for a given i £ {1, . . . , k}, <Xj is not a zero divisor 
in R. Define R' = R/{ai), which inherits the grading of R. Let P : R — * R' be the 
standard projection. Then 

( P(ai) P{h) \ 
P{a 2 ) P{b 2 ) 



M' 



P( 0i _i) P(6,-_i) 
P(a i+ i) P(b i+ i) 

V p(o fc ) p(& fc ) y 
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is also a chain complex. And H(M) = H (M'){q N+1 - dc s a *} (1) as graded R- 
modules. 

Corollary 2.26 (dual version). Let R be a graded commutative unital C-algebra, 
and R a graded commutative unital sub-algebra of R such that R is a free R-module. 
Suppose thatai, . . . , a^, b\, . . . , are homogeneous elements of R such thatdegaj + 
degbj = 2N + 2 and y ajbj = w G R. Assume that, for a given i 6 {1, . . . , k}, 
di is not a zero divisor in R and R' = R/(ai) is also a free R-module. Define 



and 







( ai 








M 






b 2 










\ a k 


h J 


Tt 




( 


P(ai) 


P(h) 


\ 






P(h) 






P(ai-i) 


P(bi- 


l) 






P(a t+ i) 


P{h+i) 




\ 


P(a k ) 


P{b k ) 


/ 



where P : R — > R 1 is the standard projection. Then, for any matrix factorization 
M" over R with potential w, there is an quasi- isomorphism 

Eom k (M',M") -> Uom A (M,M") 

of Z2 -degree 1 and quantum degree dega,; — N — 1. 

2.6. Categories of homotopically finite graded matrix factorizations. R is 

again a graded commutative unital C-algebra in this subsection. 

Definition 2.27. Let M be a graded matrix factorization over R with potential 
w. We say that M is homotopically finite if there exists a finitely generated graded 
matrix factorization A4 over R with potential w such that M ~ M.. 

Definition 2.28. Let M and M' be any two graded matrix factorizations over R 
with potential w. Denote by d the differential map of Homfl (M, M'). 

HomMF(M,M') is defined to be the submodulc of Hornfj(M, M') consisting of 
morphisms of matrix factorizations from M to Af. Or, cquivalently, HomMF(Af, M') := 
kcrd 

HomHMF(Af, M') is defined to be the i?-modulc of homotopy classes of mor- 
phisms of matrix factorizations from M to M' . Or, cquivalently, Hohihmf (M : M') 
is the homology of the chain complex (Homfl(M, M'),d). 

It is clear that HohimfO^, M') and Hoihhmf(^, Af') inherit the Z2-grading of 
Hom^(M, M'). Recall that Homn(M, M 1 ) has a natural quantum pregrading, and 
d is homogeneous (with deg d = N + 1.) So HoniMF^, M') and HomHMF(Af, M') 
also inherit the quantum pregrading from Hom^(M, M'). 

Definition 2.29. Let M and M' be as in Definition [2~28l 

Honimf (M, M') is defined to be the C-lincar subspace of HomMF(Af, M') con- 
sisting of homogeneous morphisms with Z2-dcgrcc and quantum degree 0. 
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Honihmf (M, M') is defined to be the C-linear subspace of HomHMF(M, M') con- 
sisting of homogeneous elements with Z2-degree and quantum degree 0. 

Now we introduce four categories of homotopically finite graded matrix factor- 
izations relevant to our construction. We require the grading of the base ring to 
be bounded below. We will be mainly concerned with the homotopy categories 
HMFr^ and hw£ RiW . 



Definition 2.30. Let R a graded commutative unital C-algebra, whose grading 
is bounded below. Let w € R be an homogeneous element of degree 2N + 2. We 
define MFfl iU) , HMF Rw , mi Rw and hmf Rw by the following table. 



Category 


Objects 


Morphisms 


MF R , W 


all homotopically finite graded matrix factorizations over 
R of potential w with quantum gradings bounded below 


Hohimf 




all homotopically finite graded matrix factorizations over 
R of potential w with quantum gradings bounded below 


HoniHMF 




all homotopically finite graded matrix factorizations over 
R of potential w with quantum gradings bounded below 


Hom mf 




all homotopically finite graded matrix factorizations over 
R of potential w with quantum gradings bounded below 


Honihmf 



Remark 2.31. (i) The above categories are additive. 

(ii) The definitions of these categories here are slightly different from those in [18] . 

(iii) The grading of a finitely generated graded matrix factorization over R is 
bounded below. So finitely generated graded matrix factorizations are objects 
of the above categories. 

(iv) Comparing Definition 12.301 to Definition 12.71 one can see that, for any object 
M and M 1 of the above categories, M = M' means they are isomorphic 
as objects of mf^^, and M ~ M' means they are isomorphic as objects of 
hm£ RtW . 

Lemma 2.32. Let M and M' be any two graded matrix factorizations over R with 
potential w. Assume that M is homotopically finite. Then the quantum pregrading 
on HomHMF (-M, M') is a grading. 

In particular, if the grading of R is bounded below and M and M' are objects of 
MPfl l1a , then HomHMF(Af, M') has a quantum grading. 

Proof. Since M is homotopically finite, there is a finitely generated graded matrix 
factorization Ai over R with potential w such that M ~ M.. That is, there exit 
homogeneous morphisms f : M — ► M. and g : M. — > M preserving both the Z2- 
grading and the quantum pregrading such that g o / ~ idj^ and / o g ~ idx. 

Denote by dM, ^m'j d the differential maps of M, M' and Hom.n(M, M'). Let 
/« : Rom R (M,M') -> Kom R (M, M') and g B : Hom fl (M,M') -> Uom R (M, M') be 
the i?-module maps induced by / and g. One can easily check that /" and are 
chain maps. Since 170/ ~ idjvf, we know that there exist an homogeneous i?-module 
map h : M — > M of Z2-dcgree 1 and quantum degree — N — 1 such that 

go f - id M = d M o h + h o d M - 

Define an i?-module map H : Hom R (M, M') — > Hom R (M, M') so that, for any 
a G Hom R (M, M') with Z2-dcgree e, H(a) = (— l) € a o h. Then, for such an a, we 
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have; 



(— l) £ a o dm) o h 



idHom R (M,W)- Thus, 



(dH + Hd){a) 
= (-l) e d{aoh) + {-iy +1 (da)oh 

= (~l) £ (d M , oaoh- (-l) £+1 ao/io4,) + (-iy +1 (d M > oa 
= a o (h o dyi + d,M °h)=cto{igof — i&m) 
= f*ogl(a)-a. 
This shows that /' o j' ~ idHom JJ (A/,M')- Similarly, o /" 

Horrifl(M, M') ~ Hom#(.M, M') and this homotopy equivalence preserves both the 
Z 2 -grading and the quantum pregrading. So HoniHMF^, M') = HomHMF(A1, M') 
and the isomorphism preserves both the Z2-grading and the quantum pregrading. 
But, by Lemma [2T6l the quantum pregrading of Homft(.M, M') is a grading. So the 
quantum pregrading of HomHMF(Af, M') = HomHMF(A / (, M') is also a grading. □ 

2.7. Categories of chain complexes. Now we introduce our notations for cate- 
gories of chain complexes. 

Definition 2.33. Let C be an additive category. We denote by Ch b (C) the category 
of bounded chain complexes over C. More precisely, 
• An object of Ch b (C) is a chain complex 

di . di 



(2.3) 



At 



A 



i+i 



A 



i+2 



where Aj's are objects of C, dj's are morphisms of C such that dj+i o di = 
for i £ Z, and there exists integers k < K such that Aj = if i > K or 
i < fc. 

A morphism / of Ch b (C) is a commutative diagram 



Ai 



Ai- 



Ai 



fi+i 



A 



i+i 



■A 



i+2 



where each row is an object of Ch b (C) and vertical arrows are morphisms 
of C. 

Chain homotopy in Ch b (C) is defined the usual way. 

We denote by hCh (C) the homotopy category of chain complexes over C, or 
simply the homotopy category of C. hCh b (C) is defined by 

• An object of hCh b (C) is an object of Ch b (C). 

• For any two objects A and B of hCh b (C) Hom hCh b( C -,(A, B) is Hom Ch b( C ) (A, B) 
modulo the subgroup of null homotopic morphisms. 

An isomorphism in Ch b (C) is denoted by "=". An isomorphism in hCh b (C) is 
commonly known as a homotopy equivalence and denoted by "~" . 

iT3")) . Then A admits an 
Ai = i. Morphisms of Ch b (C) 
and hCh b (C) preserve this grading. Denote by A\\k\\ the object of Ch b (C) obtained 
by shifting the homological grading by k. That is, A||fc|| is the same chain complex 
as A except that deg^ A; = i + k in A||fc||. 



Let A be the object of Ch b (C) (and hCh b (C)) given in 
obvious bounded homological grading deg^ with dcg h 
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Let us try to understand how to compute Hom Ch b( C )(A, B) and Hom hCh b( C )(.A, B) 
for objects A, B of Ch b (C). 

Definition 2.34. Let C be an additive category, and (A,d), (B,d') objects of 
Ch b (C). Let Kom°(A, B) be the set of diagrams of the form 

di-i di . d i + 1 d i+2 

■ ■ ■ >■ A4 >■ Ai + \ *- Ai + 2 *- • • • , 



/«+! 



fi+2 



d'i+2 



■ ■ ■ Bi V Bi+i s- Bi+2 *■ • • • 

where vertical arrows are morphisms of C, and we do not require any commutativity. 
Note that Kom°(A, B) is an abelian group. 

For any k £ Z, define Kom k (A,B) := Kom" (A\\k\\, B). Note that, if / 6 
Kom k (A,B), then D k f := f o d - (-l) k d' o / is an element of Kom k+1 (A, B). 
Clearly, 

(Kom(A,S) :=0Kom fc (^,S), ^ : =0^ fe ) 
feez feez 
is a bounded chain complex of abelian groups with an obvious homological grading, 
in which Kom fc (A, B) has grading k. 

The following lemma is obvious from the definitions of Hom Ch b( C j {A, B) and 
Hom hCh b (C)(A B )- 

Lemma 2.35. Using notations from Definition \2.34\ we have 
Hom Ch b (c) (A,S) = ker£) , 

i hCh b (C)( 



Hom hCh b (c) (A,S) = H°(Kom(A,B),D). 



3. Graded Matrix Factorizations over a Polynomial Ring 

In this section, we review the algebraic properties of graded matrix factorizations 
over polynomial rings. Most of these properties can be found in |18j . 

In the rest of this section, we assume R = C[Xi, . . . ,X m ] is a polynomial ring 
over C, where X\, . . . , X m are homogeneous indeterminants of positive integer de- 
grees. There is a natural grading {R^} of R. It is clear that, for each i, jfjM is 
finite dimensional. In particular, ijW = if i < and i?' ' = C. Also, R has a 
unique maximal homogeneous ideal 3 = (X\, . . . , X m ). 

For a homogeneous element w £ 3 of degree 2N + 2, the Jacobian ideal of w 
is defined to be I w = (g^-, ■ ■ ■ , ). We call u> non-degenerate if the Jacobian 
algebra ii w := R/I w is finite dimensional over C. Otherwise, we call u> degenerate. 
Note that, for any homogeneous clement w £ 3 of degree 27V + 2, Eulcr's formula 
gives that 



z— 1 



Thus, iy is in its Jacobian ideal. 

Lemma 3.1. 18, Propositions 5] Let M and M' be objects of HMFn tW . Then the 
action of R on HornHMF(Af> M') factors through the Jocobian ring R w . 
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Proof. (Following [H].) Choose a basis for M and express the differential d of M as 
a matrix D. Differentiating D 2 = w ■ id by X u we get o D + D o |^ = ^ • id. 

So multiplication by on M is a morphism homotopic to 0. Thus multiplication 

by Jy: on HomHMF(Af, M') is the zero map. □ 

3.1. Homogeneous basis. In general, a free graded module over a graded ring is 
not necessarily graded-free, i.e. need not have a basis consisting of homogeneous 
elements, (c.f. Definition 12.21 ) However, if the base ring is R, and the grading on 
the free module is bounded below, then the module has a homogeneous basis. We 
prove this using argument in [30( Chapter 13]. First, we introduce the following 
definition from |30j Chapter 13]. 

Definition 3.2. Let P be a graded i?- module. We say that P is graded projective 
if and only if, whenever we have a diagram 

P 



V—^W ^0 

of graded i£- modules with exact row, where a and [3 are homogeneous i?-module 
maps preserving the grading, there exists a homogeneous -R-module map 7 : P — ► V 
that preserves the grading and makes the following diagram commutative. 

P 



V — — ^0 

Lemma 3.3. [30] Let M be a free graded R-module whose grading is bounded below. 
Then M is graded-free over R, i.e. M has a homogeneous basis over R. 

In particular, for any homogeneous element w G 3 of degree 2N + 2, every object 
of MFr <w has a homogeneous basis. 

Proof. Since M is graded and free, it is graded and projective. By |30[ Lemma 
13.3], M is graded-projective. Recall that R^ = C and any C- linear space has a 
basis. So, according to [30l Exercise 3, page 130], M is graded-free. 

By definition, the quantum grading of every object of MFu tW is bounded below. 
So the above argument applies to objects of MF^^. □ 

3.2. Homology of graded matrix factorizations over R. Let w £ 3 be a 

homogeneous element of degree 27V + 2, and M a graded matrix factorization over 
R with potential w. Note that M/3M is a chain complex over C, and it inherits 
the gradings of M. 

Definition 3.4. Hr(M) is defined to be the homology of M/3M. It inherits the 
gradings of M. If R is clear from the context, we drop it from the notations. 

Denote by H 3 jf(M) the subspace of Hr(M) consisting of homogeneous elements 
of quantum degree j and Z 2 -degree e. Following [TH], we define the graded dimen- 
sion of M to be 

gdim fi (M) = J2l 3 ^ dim c H^(M) e 2%]][t]/(t 2 - 1). 
Again, if R is clear from the context, we drop it from the notations. 
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Remark 3.5. One needs to be careful when dropping R from the notations. For 
example, when w = 0, M is itself a chain complex. Denote by Hc{M) the usual 
homology of M. Then, in general, Hr(M) ^ Hc{M). So carelessly dropping R 
from the notations in this case may lead to confusion. 

Any homogeneous morphism of graded matrix factorizations induces a homoge- 
neous homomorphism of the homology, and homotopic morphisms induce the same 
homomorphism of the homology. In particular, / : M —> M' is a homotopy equiv- 
alence implies that the induces map /* : Hr(M) ^ Hr(M') is an isomorphism. 
Surprisingly, according to [HI Proposition 8], the converse is also true. Next we 
review properties of the homology of matrix factorizations given in [18| . 

Lemma 3.6. Let M be a free graded R-module, whose grading is bounded below. 
Let V = M/JM . Then there is a homogeneous R-module map F : V <8>c R —> M 
preserving the grading. In particular, if {vp\f3 € B} is a homogeneous C-basis for 
V , then {F(vf3 (g> £ B} is a homogeneous R-basis for M. 

Proof. By Lemma M has a homogeneous basis {e Q |a £ .4}. Then, as graded 
vector spaces, V = © Qey iC • e a . So, as graded -R-modules, 

M ~ R ■ e « - V ®c R. 

This proves the existence of F. The second part of the lemma follows easily. □ 

The next proposition is a reformulation of 18, Proposition 7]. For the conve- 
nience of the reader, we give a detailed proof. 

Proposition 3.7. [TH Proposition 7] Let M be a graded matrix factorization over 
R with homogeneous potential w £ 3 of degree 2N+2. Assume the quantum grading 
of M is bounded below. Then there exist graded matrix factorizations M c and M es 
over R with potential w such that 

(i) M^M c ®M es , 

(ii) M c ~ and, therefore, M ~ M es , 

(Hi) M es = Hr(M)®cR as graded R-modules, and Hr(M) = M es /3M es as graded 
C-spaces. 

Proof. (Following [Hj.) Write M as M ^ Ah ^ M . Then the chain complex 

V := M/3M is given by V ^ Vi ^ V , where V e = M e ftM e for e = 0, 1. By 
Lemma [3.3[ M £ has a homogeneous basis {e a \a £ S £ }, which induces a homogeneous 
C-basis {e a \o~ £ S e } for V e . Under this homogeneous basis, the entries of matrices 
of do and d\ are homogeneous polynomials. And the matrices of do and d\ are 
obtained by letting X\ = ■ ■ ■ = X m = in the matrices of do and d\ , which keep 
the scalar entries and kills entries with positive degrees. 
We call {(u p ,Vp)\p £ V} a "good" set if 

• {u p \p £ V} is set of linearly independent homogeneous elements in Vo, 

• {"Opl/5 £ V} is set of linearly independent homogeneous elements in Vi, 

• do{u p ) = v p and d\(v p ) = 0. 

Using Zorn's Lemma, we find a maximal "good" set G = {(u a ,v a )\a £ A}. Using 
Zorn's Lemma again, we extend {u a \a £ .4} into a homogeneous basis {u a |a £ 
AyjBo} for Vo, and {v a \a £ .4} into a homogeneous basis {v a \a £ A U B\} for V\. 
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For each (3 G Bo, we can write doiip = Eae.4uB Ca P ' where c a p G C, and the 
right hand side is a finite sum. 

By Lcmma [3.61 there is a homogeneous isomorphism F £ : V E ®cR ^ M £ preserv- 
ing both gradings. Let u a = F (ii a ®l) and v a = Fi{v a ®l). Then {it a |a; G -4U£> } 
and {v a \a G A U B{\ arc homogeneous i?-bases for M and Mi. Under this basis, 
we have that 

du a = v a + ^2 fpaVp, 

PEAUBi, P^a 

where fp a G 3 and the sum on the right hand side is a finite sum. That is, for each 

a, 

(3.1) f/3ct = for all but finitely many (3. 
Also, using that do(u a ) = v a for aei, one can see that 

(3.2) fp a = if (3 ^ a and degi^ > &cgv a . 
For a & A and k > 0, let 

C^ Q = {(70, ■• -,1k) G -4 fe+1 | 7 fe = a, degu 70 < ■ ■ • < deg v lk , / 7o7l • ■ • / 7fc _ l7fc + 0}. 

By (|3.ip . C^ Q is a finite set. For each a, (7jf a = for large fc's since the quantum 
grading of M is bounded below. For a, j3 G .A and fc > 0, let 

qt = {(7o,...,7 fc )eC, fc J 7 o=/3}. 

Then Up e ^Cg a = C* a . So each C^ a is finite. And, for each k, C% a ^ for only 
finitely many (3. Also, by definition, it is easy to see that C| a = if deg vp > deg v a . 
Moreover, for each a, there is a ko > such that (7g Q = for any (3 whenever k > fco- 
Now define tp a G i? by 

!1 if /3 = a, 

if /3 y£ a, degvp > degv a , 

Efc>i(- 1 )' ! E( 7o ,..., 7s ,)ec^/7o7i ■••/7«-i7* if de S w /3 <degw Q . 

From the above discussion, we know that the sum on the right hand side is always 
finite. So tp a is well defined. Furthermore, given an a G A, tp a = for all 
but finitely many (3. So, for a G A, u' a := J2peA^l 3aU l 3 ^ s weu defined. And 
{u„|a G A} U {up\f3 G £>o} is also a homogeneous i?-basis for Mo. One can check 
that, for a € A, 

du' a = V a + fpa v P, 
/3eSi 

where the right hand side is a finite sum, and fg a G 3. Now let 

v > = i v « + E/jee! f'p a v if a e A 
1 u Q if a G B\ . 

Then {w„|a G AUBi} is a homogeneous i?-basis for Mi. Under this basis, we have 

{du' a =v' a if a G A 
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where the sums on the right hand side are finite. For /3 G £>o, we let 



Then {u^jo; G A U Bq} is again a homogeneous i?-basis for Mq, and 



(du' a = v' a iiaeA, 



where the sum on the right hand side is finite. Using that d 2 — widjvf, one can 
check that 



where the sum on the right hand side is finite. 

Define Mn w ) to be the submodule of M spanned by {u' a \a e A} U {v' a \a 6 ^4}, 
and M' the submodule of M spanned by {u'p\/3 G B } U {v'^fS G Si}. Then M( 1)U) ) 



(b) Under the standard projection M — > M/3M, we have, for a 6 i— > m q 
and «^ h- ► «„. 

In particular, (b) above means that M' does not have direct sum components of the 
form (l,w)u{q k }. Otherwise, we can enlarge the "good" set G, which contradicts 
the fact that G is maximal. We then apply a similar argument to M' and find a 
decomposition M' = Mr w ,i) © M es of graded matrix factorizations satisfying 

• M(w,i) is a direct sum of components of the form (w, l)u{q k }, 

• M es has no direct sum component of the form (1, w)x{q k } or (w, l)n{q k }. 

Let M c = M {ltW) ®M {w , iy Then M = M c ®M es . Since (1, w) R {q k } and (w, l) R {q k } 
are both homotopic to 0, M c ~ 0. So M ~ M es . It is clear that, under any 
homogeneous basis for M es , all entries of the matrices representing the differential 
map of M es must be in J. Otherwise, a simple change of basis would show that 
M es has a component of the form (1, w)n{q k } or (w, l)n{q k }. Therefore, Hr(M) = 
Hu(M es ) — M es /3M es . So, by Lemma l3^6l M es = Hr(M)®cR as graded modules. 



The following corollaries are from [18] . 

Corollary 3.8. [181 Proposition 8] Let M and M' be graded matrix factorizations 
over R with homogeneous potential w G J of degree 2N + 2. Assume the quantum 
gradings of M and M' are bounded below. Suppose that f : M — * M' is a homo- 
geneous morphism preserving both gradings. Then f is a homotopy equivalence if 
and only if it induces an isomorphism of the homology /„ : Hji(M) — > Hji(M'). 

Proof. (Following [18].) If / is a homotopy equivalence, then /» is clearly an 
isomorphism. Let us now prove the converse. Assume /* is an isomorphism. 
Let M = M c © Mes and M 1 = M' c © M' es be decompositions of M and M' 
given by Proposition 13.71 So / induces a morphism f es : M es — > M' es . Note 
that H R {M) = M es /3M es , H R (M') S M' es /3M' ea , M es = H R (M) ® c R and 
M' es = H R {M') ®c R- So f es is an isomorphism since /» is an isomorphism. It 
follows that / is a homotopy equivalence. □ 





□ 
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Corollary 3.9. [18( Proposition 7] Let M be a graded matrix factorization over R 
with homogeneous potential w £ 3 of degree 2N + 2. Assume the quantum grading 
of M is bounded below. Then 

(i) M ~ if and only if Hr(M) = or, equivalently, gdim^(M) = 0; 

(ii) M is homotopically finite if and only if Hr(M) is finite dimensional over C 
or, equivalently, gdim fl (M) £ Z[q, r]/(r 2 — 1). 

Proof. For (i), we have 

M ~ => H R (M) = ^> M es S Hr(M) ® c = => M ~ 0. 

Now consider (ii). If 71/ is homotopically finite, then there is a finitely generated 
graded matrix factorization such that M ~ .M. Note that is finite 

dimensional over C. This implies that Hr(M) = Hr{M) is finite dimensional over 
C. If Hr(M) is finite dimensional over C, then M es = Hr(M) ®c -R is finitely 
generated over R. But M ~ M es . So M is homotopically finite. □ 

3.3. The Krull-Schmidt property. In this subsection, we review the Krull- 
Schmidt property of matrix factorizations and chain complexes of matrix factoriza- 
tions. We follow the approach in [5J Section 1] and [THJ Section 5]. 

Definition 3.10. [8] An additive category C is called a C-catcgory if all mor- 
phism sets Home (A, B) are C-linear spaces and the composition of morphisms is 
C-bilinear. 

A C-category C is called fully additive if any idempotent morphism of C splits, 
i.e. defines a decomposition into a direct sum. 

A C-category C is called locally finite dimensional if, for every pair A, B of objects 
of C, Home {A, B) is finite dimensional over C. 

A C-category C is called Krull-Schmidt if 

• every object of C is isomorphic to a finite direct sum Ai © • • • (8 A n of 
indecomposable objects of C; 

• and, if A x © • • • 8 An = A[ © ■ • • A\, where A\,... A n ,A[, ...,A\ are 
indecomposable objects of C, then n = I and there is a permutation a of 
{1, . . . , n} such that Aj = A!,* for i = 1, . . . , n. 

Note that, for any homogeneous w £ 3 oi degree 27V + 2, the categories MFr >w , 
HMFr^, mffl iU) and hmffl iU) are all C-categories. Moreover, if C is a C-category, 
then Ch b (C) and hCh b (C) are both C-categories. Then following lemma is from [5J 
Section 1]. 

Lemma 3.11. [SJ Section 1] If C is a fully additive and locally finite dimensional 
C-category, then C is Krull-Schmidt. 

Moreover, if C is a fully additive and locally finite dimensional C-category, then 
Ch b (C) andhCh b (C) are both fully additive, locally finite dimensional and, therefore, 
Krull-Schmidt. 

Sketch of proof . (Following [8j.) A C-category C is called local if every object of C 
decomposes into a finite direct sum of objects with local endomorphism rings. One 
can check that C is local if it is fully additive and locally finite dimensional. By 
Theorem 3.6], local C-categories are Krull-Schmidt. So fully additive locally finite 
dimensional C-categories are Krull-Schmidt. 

If C is a fully additive and locally finite dimensional C-catcgory, then Ch b (C) is 
also fully additive and locally finite dimensional. So Ch (C) is local and, therefore, 
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Krull-Schmidt. For every pair (A, B) of objects of hCh b (C), Hom hCh b ( - c - ) (A, B) is a 
quotient space of Hom Ch b( C ) (A, B). Thus, hCh b (C) is also locally finite dimensional. 
Since Ch b (C) is local, any object A of hCh b (C) decomposes into 

A = Ai • • • A m , 

where Hom Ch b( C )(j4i, Ai) is a local ring for each i = 1, . . . , m. But Hom hCh b,- C j (Ai, Ai) 
is a quotient ring of Hom Ch b j - c ^(^4i, Ai). So, for each i, Hom hCh b( C -)(Aj, Ai) is cither 
a local ring or 0. In the latter case, Ai is homotopic to 0. This shows that hCh b (C) 
is local and, therefore, Krull-Schmidt. Since local C-categories are fully additive, 
hCh b (C) is also fully additive. □ 

Remark 3.12. In [5J Section 1], the above lemma is actually proved for categories 
over any complete local Noetherian ring. (It is trivial to verify that C is a complete 
local Noetherian ring.) 

In the rest of this subsection, we assume that w is a homogeneous element of 3 
with degw = 27V + 2. The next lemma is the lifting idcmpotcnt property from [T5J 
Section 5]. 

Lemma 3.13. |18l Section 5] Let M be a finitely generated graded matrix fac- 
torization over R with potential w. If a homogeneous morphism f : M — > M of 
matrix factorizations preserves both gradings of M and satisfies f o / ~ /, then 
there is a homogeneous morphism g : M — > M of matrix factorizations preserving 
both gradings of M that satisfies g — f and g o g = g. 

Proof. (Following [Ej.) Let P : M — ► M e3 and J : M es — ► M be the projection and 
inclusion from the decomposition in Proposition 13.71 Then / induces a morphism 
f es = P o / o J : M es — > M es , which satisfies f es o f es ~ f es . 
Let 

a : Rom mi (M es ,M es ) -> Hom hmf (M es , M es ) 

be the natural projection taking each morphism to its homotopy class, and 

[3 : Hom mf (M es ,M es ) -» Hom c (H R (M), H R (M)) 

the map taking each morphism to the induced map on the homology. Then kcr a 
and ker (3 are ideals of the ring Hom m f (M es , M es ), and kera C ker [3. 

Choose a homogeneous basis {ei, . . . , e„} for M es . For any h £ ker/?, let H be 
its matrix under this basis. Recall that H R (M) = M es /3M es . Since (3(h) = 0, 
we know that entries of H are elements of 3. This implies that, if h £ (ker/3) fe , 
then entries of H are elements of 3 k . But the matrix of a homogeneous morphism 
preserving the quantum grading can not have entries of arbitrarily large degrees. 
Thus, (kcv(3) k — for k > and, therefore, (kera) fe = for k > 0. This 
shows that kera is a nilpotent ideal of Hom m f (M es , M es ). By [4j Theorem 1.7.3], 
nilpotent ideals have the lifting idempotents property. Thus, there is a homogeneous 
morphism g es : M es — ► M es of matrix factorizations preserving both gradings of 
M es that satisfies g es ~ f es and g es o g es = g es . 

Now define a morphism g : M —> M by g = J o g es o P. It is easy to check that 
g preserves both gradings of M and satisfies g — f and g ° g = g. Q 

Lemma 3.14. [TsJ Proposition 24] hm£ RtW is fully additive. 
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Proof. (Following [15].) Let M be an object of Iimf^™, and / : M — > M a ho- 
mogeneous morphism of matrix factorizations preserving both gradings of M and 
satisfying / o / ~ f. By definition of hmf^ jU) , M is homotopically finite. So, by 
Proposition 13.71 and Corollary 13-91 M es is finitely generated over R. Note that / 
induces a morphism / es : M es — > M es such that f es o / es ~ f es . By the lifting 
idempotent property (Lemma l3.13p . there is a morphism g : M es — > M es preserving 
both gradings of M es such that g ~ / es and joj = g. Now 5 give a decompo- 
sition of graded i?-modules M es = gM es © (id — g)M es . In particular, gM es and 
(id — g)M es are both projective modules over R. Recall that R = C[Xi, . . . ,X m ] 
is a polynomial ring. The well known Quillcn-Suslin Theorem tells us that any 
projective i?- module is a free i?-module. So gM es and (id — g)M es are finitely gen- 
erated graded free i?-modules. Since g is a morphism of matrix factorizations, the 
differential map on M es induces differential maps on gM es and (id — g)M es , which 
make them objects of hmiji w and the above decomposition a decomposition of 
graded matrix factorizations. Altogether, we have M ~ M es = gM es © (id — g)M es 
as graded matrix factorizations. □ 

Lemma 3.15. [18( Propositions 6] \md^ w is locally finite dimensional. 

Proof. (Following [18].) Let M and M' be objects of hmf^^. Then there exists 
finitely generated graded matrix factorizations M. and M.' over R of potential 
to such that M ~ M and M' ~ M'. So Hom H MF(M,M') = HomnuF (M,M'). 
Recall that R is a polynomial ring and, therefore, Noetherian. So HoniHMF(A / f, M') 
is finitely generated over R since Homn(M, M') is finitely generated over R. Let 
v\,...Vk be a finite set of homogeneous generators of HoniHMF(A^, M') over R and 
a = mini = i j ... ) fc degUj. Then Honihmf {M, M') is a quotient space of a subspace of 
the finite dimensional space 

k —a 

(0C- Wl )®c (0i? (j) ), 

where i?^^ is the C-subspacc of i? of homogeneous elements of degree j. Therefore, 
Honihmf (M,M') is finite dimensional over C. □ 

The following is [18j Proposition 25] and follows easily from Lemmas 13 . 1 1[ l3~14l 
and 13.151 

Proposition 3.16. |18[ Proposition 25] Assume that w is a homogeneous element 
of 3 with degw = 2N + 2. Then hmi^ w , Ch (hmfi? VUJ ) and hCh (hrafit jW ) are all 
Krull- Schmidt. 

3.4. Yonezawa's lemma. Yonczawa [46] introduced a lemma about isomorphisms 
in a graded Krull-Schmidt category that is very useful in the proof of the invariancc 
of the sl(A r )-homology of colored links. Next we review this lemma and show that 
it applies to hmf^ jlu and hCh (hmf# jU ,). Our statement of Yonezawa's lemma is 
slightly different from the original version in [46] , 

First, we recall a simple property of Krull-Schmidt categories. 

Lemma 3.17. Let C be a Krull-Schmidt category, and A,B,C objects of C. If 
A@C = B ®C, then A^B. 

Proof. Decompose both sides of A®C = B@C into direct sums of indecomposable 
objects and compare the the components of these direct sums. □ 
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Definition 3.18. Let C be an additive category, and F : C — > C an autofunctor 
with inverse functor F^ 1 . We say that F is strongly non-periodic if, for any object 
A of C and ft £ Z, S A implies that either A S or k = 0. 

Denote by Z>q[F, F" 1 ] the ring of formal Laurant polynomials of F whose co- 
efficients are non-negative integers. Each G = ^A—ubiF 1 £ Z>o[F, admits a 
natural interpretation as an endofunctor on C, that is, for any object A of C, 

i 

G ( A ) = @{ F l (A)(B- - -®F' l {A)) . 

i=k bi fold 

The following is Yonezawa's lemma. 

Lemma 3.19. |46| Let C be a Krull- Schmidt category, and F : C — ► C a strongly 
non-periodic autofunctor. Suppose that A, B are objects of C, and there exists a 
G £ Z^i^F" 1 ] such that G ^ and G(A) G(B). Then A^B. 

Proof. For any objects C and C' , we say that they are in the same orbit if C = 
F k (C') for some k £ Z. If C and C" are in the same orbit, and G ^ 0, then we can 
define a relative degree so that deg(C, C') = ft if C = F k (C'). This relative degree 
is well defined since F is strongly non-periodic. 

Clearly, F preserves direct sum decompositions, maps isomorphic objects to 
isomorphic objects and maps indecomposable objects to indecomposable objects. 

For any object C of C, if C = C\ © • • -©C;, where Ci, . . . , Ci are indecomposable 
objects of C, then we say that I is the length of C and denote this by L(C) = 
I. Since C is Krull-Schmidt, L(C) is well defined. Clearly, L(C) = L(F(C)) = 
L{F k {C)). More generally, for any X £ ^[F^- 1 ], let X(l) = X\ F=1 £ Z> . 
Then, L(X(C)) = X(l)L{C) for any object C. 

If X ^ 0, define the degree deg X of X to be the maximal k so that the coefficient 
of F k in X is non-zero. 

We prove the lemma by inducting on the length of A. If L(A) = 0, then A = 
and L(B)G(1) = L{A)G{1) = 0. Since G(l) > 0, this implies that L(B) = and, 
therefore, B = 0. So A = i?. Assume that the lemma is true if L(A) =1 — 1. Now 
suppose L{A) = I. Decompose G(A) = G(B) into indecomposable objects and find 
all the orbits of indecomposable objects that appear in this decomposition. This 
gives us 

G(A) s G(B) s Gi(Ci) © • • • © G fc (C fc ), 

where Gi, . . . , G& are non-zero elements of Z>o[i ? , and Gi, . . . , Gfc are inde- 

composable objects in different orbits. Thus, 

A = /i(Gx)©---©/ fe (G fc ), 
5 = 5i(Ci)©-"©5fc(Cfc), 

where f\ , . . . , fk , #i , • ■ ■ , gu are non-zero elements of Z>o [F, F~ 1 ] . Compare deg /i 
and deg gi. Using the strong non-periodicity of F and the uniqueness of the decom- 
position into indecomposable objects, it is easy to conclude that deg/i + degG = 
degGi = degpi + degG. So deg/i = deggi = d. Define /i := /i - F d , g x := 
gi -F d £ Z^olF.F" 1 ]. Let 

i = A(G 1 )ffi/ 2 (G 2 )©---ffi/ fe (G fc ), 
B = gi(C 1 )®g 2 (C 2 )®---®gk(C k ). 
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Then 

G(A) © {F d ■ G){d) s G(A) = G(B) = G(B) © (F d • G)(d). 
By Lemma l3Tfl we have that G(i) = G(B). But L(i) = I - 1. So, by induction 
hypothesis, A = B. Thus, A = A © F d (Ci) ^ B © F d (Ci) = B. □ 

Note that the quantum grading shift functor {q} on hmf# induces a quan- 
tum grading shift functor on hCh b (hmffl :tiI ), which we again denote by {q}. The 
following is an easy consequence of Lemma 13.191 and is very useful in our argument. 

Proposition 3.20. Assume that w is a homogeneous element of 3 with degw — 
2N+2. The functor {q} is strongly non-periodic on both hmf^ iU , and hCh b (hmfij )U ,). 
Therefore, for any non-zero element f{q) g Z>o[<7, q -1 ], 

• if M and M' are objects o/hmffl. m , and M{f(q)} ~ M'{f(q)}, then M ~ 
M' ; 

• if C and C' are objects of hCh b (hmffl iU) ), and C{f(q)} ~ C'{f(q)}, then 
C ~ C'. 

Proof. We only need to show that {q} is strongly non-periodic on both hmf^u, and 
hCh b (hmffl The second half of the proposition follows from this and Proposition 
13.161 and Lemma 13.191 

Let M be any object of hrnffj^. Assume that M ~ M{q k } for some k ^ 0. 
Without loss of generality, assume k > 0. Since M is homotopically finite, there 
exists a finitely generated object M. of hmf^ iU; such that M ~ M. So M ~ A4{<7 fe }, 
and, therefore M ~ A4{g ofc } for any a G Z >0 . Let {e\, . . . , e„} be a homogeneous 
basis for M.. Set u = maxKKn deg and I = mini<i<„ deg e,;. Note that I is 
the lowest grading for any non- vanishing homogeneous elements of Ai. Choose 
an a E Z>o such that ak > u — I. Then M. ~ A4{q ak } implies that there are 
homogeneous morphisms / : M. — > Ai of degree — ak and g : Ai — > of degree afc 
such that fog~gof~ idjvi- Note that deg /(e^) < — a/c + u<ZVi = l, . . . , n, 
which implies that /(e^) = V i = 1, . . . ,n. So / = and, therefore, id./vf ~ 0. 
Thus, M ~ Ai ~ 0. This shows that {q} is strongly non-periodic on hmf^ jU; . 

Note that any object of hCh b (hmfi? „,) is isomorphic to an object whose under- 
lying i?-module is finitely generated, and any morphism of hCh b (hmffl :tiI ) can be 
realized as a finite collection of homogeneous morphisms of graded matrix factor- 
izations. So the above argument works for hCh b (hmffl. UJ ) too. Thus, {q} is also 
strongly non-periodic on hCh b (hmf r >w ). □ 

4. Symmetric Polynomials 

In this section, we review properties of symmetric polynomials used in this paper. 
Most of these materials can be found in e.g. [lOl fTTl l23l l24l l25l [47] . 

4.1. Notations and basic examples. In this paper, an alphabet means a fi- 
nite collection of homogeneous indeterminants of degree 2. For an alphabet X = 
{xi, . . . , x m }, we denote by C[X] the polynomial ring C[xi, . . . , x m ] and by Sym(X) 
the ring of symmetric polynomials over C in X = {xi, . . . ,x m }. Note that the 
grading on C[X] (and Sym(X)) is given by dcgXj = 2. For k = 1,2, ... ,m, we 
denote by Xk the /c-th elementary symmetric polynomial in X, i.e. 

Xk . *S ^ Xi ± Xi 1 • ■ ■ Xi k . 
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Xk is a homogeneous symmetric polynomial of degree 2k. It is well known that 
Xi, ■ ■ ■ ,X m are independent and Sym(X) = C[-Xi, . . . ,X m ]. For convenience, we 
define 

X = 1 and Xk = if k < or k > m. 

There are two more relevant families of basic symmetric polynomials. The power 
sum symmetric polynomials {pfc(X) | k € Z} given by 

Pk[ > \ iffc<0, 
and the complete symmetric polynomials {/ifc(X) | k £ Z} given by 

Y2l<i 1 <i 2 <--<i k <m x ii x ii ' ' ' x ih if fe > 0, 

/i fc (X) = 4 1 if fe = 0, 

if fc < 0. 

Consider the generating functions of {Xk}, {pfc(X)} and {/ifc(X)}, i.e. the power 
series 



E(t) 
P(t) 
H(t) 



k—0 i=l 

oo rn 

5>. +l( x)t fc = £ r ~ 



A;=0 



J2h k (X)t k = l[(l-x l t)- 1 . 



k=0 



i=l 



It is easy to see that E(t)-H(t) = 1, E'(t)-H(t) = -P(t) and E(t)-P(t) = -E'(t). 
Hence, 



(4.1) 
(4.2) 
(4.3) 



]T(-l) fe X fc /i,_ fc (X) 

I 

^{-l^kXkht-kiX) 

l-l 



fe=l 



if I > 0, 

1 if I = 0, 



Pi(X), 

(-l)' +1 /x,, 



where f|4.3[) is known as Newton's Identity. 

Since Sym(X) = C[Xi, . . . , X m ], Pfc(X) and /ifc(X) can be uniquely expressed as 
polynomials in Xi, • • • , X rn . In fact, we know that 
(4.4) 



p fe (X) = p m ,k(Xi 



, X m ) — 





x 2 


*3 ■ 


Xk-i 




kX k 


1 


Xi 


x 2 ■ 


Xk-2 


(k 


-1)X 





1 


x 1 ■ 


Xk-3 


(k 


-2)X 








• 


■ x 1 




2X 2 








• 


1 




X x 
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and 



(4.5) h k (X) 



-.{Xi,. 



j X m ) 



Xi 


x 2 


x 3 ■ 


Xk-i 


x k 


1 


Xi 


x 2 ■ 


Xk-2 


Xk-i 





1 


x l ■ 


Xk-3 


Xk-2 








• 


■ x x 


x 2 








• 


1 


Xi 



Equations (|4.4p and (|4.5|1 can be proved inductively using equations (|4.ip and (|4.3|) 
Lemma 4.1. 

d 



dX. 



■Pm,l(Xi, . . . ,X m ) — (— 1) J+ lh m J-j(Xl, . . . ,X m ). 



Proof. Induct on Z. If I < j, then both sides of the above equation are 0, and, 
therefore, the lemma is true. If I = j, by Newton's Identity (|4.3p , we have 

j'-i 

Pm.j + ^(-l) fe X feJJmJ _fc = + 



fc=l 



Derive this equation by Xj , we get 

d 



dX j 



Pm,j = 



So the lemma is true when I < j. 

Assume that 3 n > j such that the lemma is true V I < n. Consider I = n + 1. 
Use Newton's Identity (|4.3|) again. We get 



Pm,n-\- 



1 + ^(-l) fc *fcPm,n+l-fc = (-!)"(« + 



fc=l 



Derive this equation by Xj, we get 
d 



dx Vm,n+ 

So, by induction hypothesis, 
d 



1 + (-l) J > m , n+ l_3 + ^(-l) fe Xfe— p m , rl+ i_fe = 



n+l—j 



dX 



1) , + Vm,»+1-, + J2 (-!) fc+i (" + 1 - k)X k h m ,n+l-k-j 



k=l 



n+l—j 



(by 62 



fc=l 



(bygH)) = (-l) J+1 (n + l)Vn+i- 



□ 



4.2. Partitions and linear bases for the space of symmetric polynomials. 

A partition A is a finite non-increasing sequence of non-negative integers (Ai > 
• • ■ > A m ). Two partitions are considered the same if one can be changed into the 
other by adding or removing 0's at the end. For a partition A = (Ai > • ■ • > A m ), 
write |A| = Y^jLi A? an< ^ = ftij I ^j > 0}- There is a natural ordering of 
partitions. For two partitions A = (Ai > • • • > A TO ) and [i = {p\ > ■ ■ ■ > yU„), we 
say that A > [i if the first non-vanishing Xj — [ij is positive. 
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The Ferrers diagram of a partition A = (Ai > • • • > X m ) has Ai boxes in the i-th 
row from the top with rows of boxes lined up on the left. Reflecting this Ferrers 
digram across the northwest-southeast diagonal, we get the Ferrers diagram of 
another partition A' = (X[ > ■ ■■ > X' k ), which is called the conjugate of A. Clearly, 
K = #{j I Xj > 1} and (A')' = A. 



A = (3 > 2 > 2 > 1): 



A' = (4 > 3 > 1): 



Figure 1. Ferrers diagrams of a partition and its conjugate 



We are interested in partitions because they are used to index linear bases for 
the space of symmetric polynomials. We are particularly interested in two of such 
bases - the complete symmetric polynomials and the Schur polynomials. 

Given an alphabet X = {xi, . . . , x m } of to indctcrminants and a partition A = 
(Ai > • ■ ■ > X m ) of length l(X) < to, define 

hxpS) = h Xl (X)-h X2 (X)---h Xm (X), 

where h\ j (X) is defined as in the previous subsection. h\(X) is called the complete 
symmetric polynomial in X associated to A. This notion generalizes the definition 
of complete symmetric polynomials given in the previous subsection. It is known 
that the set {h\(X) | /(A) < to} is a C-linear basis for Sym(X). In particular, 
{h\(J€) | l(X) < to, |A| = d} is a C-linear basis for the subspace of Sym(X) of 
homogeneous symmetric polynomials of degree 2d. (Recall that our degree is twice 
the usual degree.) 

For the alphabet X — {x\, . . . ,x m } and a partition A = (Ai > ■ • • > A m ) of 
length ^(A) < to, the Schur polynomial in X associated to A is 



5 A (X) = 



Ai + 


m— 1 


X-y+m-2 
x l 


A„ 

•• x l 


-1+1 


Xm 

x x m 


Ai +771—1 
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x 2 
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A m 

x 2 


Ai +771 — 1 
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X m- 
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A m 
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771 
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• Xl 
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Note that the denominator here is the Vandermonde polynomial, which equals 
rii<7'( a; « ~ x j)- S\(K) is also computed using the following formulas: 



(4.6) 

S x (X) = det(h Xi - i+j (X)) 
and 

(4.7) S X (X) = det(X x ,_ i+j 



h Xl (X) 
hx 2 -i(X) 



(X) 



x X[ 

X\> 2 -i 
X\> -fc+i 



h Xl+1 (X) 
h X2 (X) 

h Xm - m +2{X) 

x x 



A' -fc+2 



^Ai+?n-l(X) 
/lA 2 +m-2(X) 

^A m (X) 



^A^+fc-2 



where A' = (X[ > ■ ■ ■ > X' k ) is the conjugate of A. In particular, for j > 0, 

^(X) = S W) (X), 



% > 1 > ■ • • > l)( x )- 



The set {Sa(X) | /(A) < m, |A| = d} is also a basis for the C-space of homogeneous 
symmetric polynomials in X of degree 2d. (Again, recall that our degree is twice 
the usual degree.) 

The above two bases for the space of symmetric polynomials are related by 



(4.8) 



h x (X) = Y,K flX S, l (X) 



where K^ x is the Kostka number defined by 

• if M A=0if \n\±\\\; 

• For partitions fi = (/ii > • • • > fj, m ) and A = (Ai > • • • > A m ) with = |A|, 
K^ x is number of ways to fill boxes of the Ferrers diagram of /x with Ai l's, 
A2 2's,..., A rn m's, such that the numbers in each row are nondecreasing 
from left to right, and the numbers in each column are strictly increasing 
from top to bottom. 

Lemma 4.2. K xx = 1 and = if A > /1, i.e. the first non-vanishing Xj — fij 
is positive. 

For an alphabet X = {x±, . . . , x m }, there is also a notion of Schur polynomial in 
— X, which will be useful in the next subsection. First, for any j £ Z, define 

h 3 (-x) = i-iyxj. 

More generally, for any partition A = (Ai > • ■ • > A„) with Ai < m, 
(4.9) 

' h Xl (-X) h Xl+1 (-X) 
/ia 2 -i(-X) h\ a (-X) 



S x (-X) = det(h Xi - i+j (-X)) 



h Xl +n-l( — X) 
h\ 2 +n-2{—X) 



h Xn - n+ i(-X) h Xn - n+2 (-X) ... h Xn (-X) 

If we write the Schur polynomials in X as S X (X) = S x (xi, . . . ,x m ), then, by com- 
paring (|4.9p to (|4.7p . one can see that the Schur polynomials in —X is given by 

(4.10) S x (-X) = S x ,(-x 1 ,...,-x m ), 
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where A' is the conjugate of A. 

See e.g. Appendix A] and |24| for more on partitions and symmetric poly- 
nomials. 

4.3. Partially symmetric polynomials. Let X = {xi, . . . , x m } and Y = {yi, . . . , y n } 
be two disjoint alphabets. Then X U Y is also an alphabet. Denote by Sym(X|Y) 
the ring of polynomials in X U Y over C that are symmetric in X and symmetric 
in Y. Then Sym(X U Y), the ring of symmetric polynomials over C in X U Y, is a 
subringof Sym(X|Y). Therefore, Sym(X|Y) is a Sym(XU Y)-modulc. The following 
theorem explains the structure of this module. (See [24] pages 16-19] for a detailed 
discussion.) 

Theorem 4.3. [24j Proposition GV5] Let X = {x\, . . . , x m } and Y = {y\, . . . , y n } 
be two disjoint alphabets. Then Sym(X|Y) is a graded-free Sym(X U Y)-module. 
Denote by A mjTl the set of partitions A m n = {A | 1(A) < to, Ai < n\ . Then 

{S X {X) | A G A m ,„} and {S x (-Y) | A G A m ,„} 

are two homogeneous bases for the Sym(X U Y)-module Sym(X|Y). 
Moreover, there is a unique Sym(X U Y)-module homomorphism 

C : Sym(X|Y) Sym(X U Y), 

called the Sylvester operator, such that, for A, /i G A m> „, 

Comparing Theorem 14.31 to equation (|2.2[) . we get the following corollary. 

Corollary 4.4. Let X = {x\, . . . , x m } and Y = {yi, . . . , y n } be two disjoint alpha- 
bets. Then, as graded Sym(X U Y)-modules, 



Sym(X|Y) Sym(XUY){ 



m + n 
n 



q mn }. 



More generally, given a collection {Xi, . . . , X;} of pairwisc disjoint alphabets, we 
denote by Sym(Xi | • • ■ |X;) the ring of polynomials in Xi U • • • U X; over C that are 
symmetric in each X^, which is naturally a graded-free Sym(Xi U • • • U Xj)-modulc. 
Moreover, 

Sym(Xi| ■ ■ • | x = Sym(Xi) ® c ••■ ®c Sym(X / ). 

4.4. Cohomology ring of complex Grassmannian. Denote by G TOi jv the com- 
plex (to, 7V)-Grassmannian, i.e. the manifold of all complex TO-dimcnsional sub- 
spaces of C^. The cohomology ring of G m ,N is isomorphic to a quotient ring of a 
ring of symmetric polynomials. See e.g. [101 Lecture 6] for more. 

Theorem 4.5. Let X be an alphabet of m independent indeterminants. Then 
H*(G m> N', < C) = Sym(X)/(/ijv+i-m(X), /i;v+2-m(X), . . . , /ijv(X)) as graded <C- algebras. 
As a graded ^-linear space, H*(G m .N', < C) has a homogeneous basis 

{5\(X) | A = (Ai > ••■ > A m ), l(X) < to, A! < N - to}. 

Under the above basis, the Poincare duality of H*(G„ 1i n', < C) is given by a C- 
linear trace map 

Tr : Sym(X)/(/i JV+ i- m (X), (X),...,h N (X))^C 
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J 1 if Xj + Mm+i-j = N - m Vj = 1, . . . , m, 



satisfying 

Tr(S A (X) -SJX)) = , 

1 otherwise. 

Comparing Theorem 14.51 to equation (|2.2[) , we get the following corollary. 
Corollary 4.6. As graded <C-linear spaces, 



N 



H*(G miN ;C)^C{ 

lib 

where C on the right hand side has grading 0. 

5. Matrix Factorizations Associated to MOY Graphs 
5.1. MOY graphs. 

Definition 5.1. An abstract MOY graph is an oriented graph with each edge 
colored by a non- negative integer such that, for every vertex v with valence at least 
2, the sum of integers coloring the edges entering v is equal to the sum of integers 
coloring the edges leaving v. We call this common sum the width of v. 

A vertex of valence 1 in an abstract MOY graph is called an end point. An 
abstract MOY graph T is said to be closed if it has no end points. 

An embedded MOY graph, or simply an MOY graph, T is an embedding of an 
abstract MOY graph into IR 2 such that, through each vertex v of T, there is a 
straight line L v so that all the edges entering v enter through one side of L v and 
all edges leaving v leave through the other side of L v . 

Remark 5.2. Before moving on, we should emphasize the following two points: 

(i) In this paper, an MOY graph means an embedded MOY graph. 

(ii) Every abstract MOY graph can not be realized as an (embedded) MOY graph. 

Definition 5.3. A marking of an MOY graph T consists the following: 

(1) A finite collection of marked points on T such that 

• every edge of T has at least one marked point; 

• all the end points (vertices of valence 1) are marked; 

• none of the interior vertices (vertices of valence at least 2) is marked. 

(2) An assignment of pairwise disjoint alphabets to the marked points such that 
the alphabet associated to a marked point on an edge of color m has m 
independent indeterminants. (Recall that an alphabet is a finite collection 
of homogeneous indeterminants of degree 2.) 




Figure 2. 
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5.2. The matrix factorization associated to an MOY graph. Recall that ./V 
is a fixed positive integer (i.e. the "iV" in u sl(N)" .) For an MOY graph T with a 
marking, cut it open at the marked points. This gives a collection of marked MOY 
graphs, each of which is a star-shaped neighborhood of a vertex in G and is marked 
only at the endpoints. (If an edge of T has two or more marked points, then some 
of these pieces may be oriented arcs from one marked point to another. In this 
case, we consider such an arc as a neighborhood of an additional vertex of valence 
2 in the middle of that arc.) 

Let v be a vertex of T with coloring and marking around it given as in Figure [5] 
Set m = i\ + i*2 + • • • + ik = ji + j% + • • • + ji (the width of v.) Define 

fl = Sym(Xi|...|X fc |Yi|...|Y,). 

Write X = Xi U • • • U X fc and Y = Y x U • • • U Y; . Denote by Xj the j-th elementary 
symmetric polynomial in X and by Yj the j-th elementary symmetric polynomial 
in Y. For j = 1, . . . , m, define 

Pm,N+l(Yi, • . • , Yj-i, Xj, . , . , X m ) — p m ,N+l(Yl, ■ ■ ■ , Yj,Xj+i, . . . , X m ) 



U, 



Xj-Y 3 



where p m ,N+i is the polynomial given by equation (|4.4[) in Subsection 14.11 The 
matrix factorization associated to the vertex v is 

( Ux X x -Y x \ 

Uo Xo — Yo 



C(v) 



\ U m X m Y 7n J 

whose potential is $3j=i(-^7 ~ Yj)Uj = pat + i(X) — pjv+i(Y), where ptv+i(X) and 
Pat+i(Y) are the (N + l)-th power sum symmetric polynomials in X and Y. (See 
Subsection I4JJ for the definition.) 



R 



Remark 5.4. Since 

Sym(X[Y) = C[X X , . . . ,X m , Y u . . . , Y rn ] - C[Xi -Y 1 ,...,X m -Y m ,Y 1 ,..., Y m ], 

it is clear that {X\ — Y\, . . . , X m — Y m } is Sym(X|Y)-rcgular. By Theorem l4.31 R is 
a free Sym(X|Y)-module. It is then easy to see that {X x — Y±, . . . , X m — Y m } is also 
R- regular. So, by Lemma [2. 181 the isomorphism type of C(v) does not depend on 
the particular choice of U\ , . . . , U m as long as they are homogeneous with the right 
degrees and the potential of C(v) remains Y^JLii-^-j ~Yj)Uj = pjv+i(X) — pjv+i(Y). 
From now on, we will only specify our choice for U±, . . . , U m when it is used in the 
computation. Otherwise, we will simply denote them by *'s. 

Definition 5.5. 

C(T) :=®C(«) > 

V 

where v runs through all the interior vertices of T (including those additional 2- 
valent vertices.) Here, the tensor product is done over the common end points. 
More precisely, for two sub-MOY graphs Ti and T2 of V intersecting only at (some 
of) their open end points, let Wi,...,W„ be the alphabets associated to these 
common end points. Then, in the above tensor product, C(Ti) ® C(T-2) is the 
tensor product C(Ti) <8>s y m(Wi|...|w„) Cfiz)- 

C(r) has a Z2-grading and a quantum grading. 

If T is closed, i.e. has no end points, then C(T) is an object of hmfc,o- 
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Assume F has end points. Let Ei , . . . , E n be the alphabets assigned to all end 
points of r, among which Ei, . . . , E& are assigned to exits and Efe+i, . . . , E n are 
assigned to entrances. Then the potential of C(T) is 

k n 
i=l j = k+l 

Let R = Sym(Ei | ■ • • |E„). Although the alphabets assigned to all marked points on 
r are used in its construction, C(T) is viewed as an object of hm£n^ w . Note that, 
in this case, w is a non-degenerate element of R. 

We allow the MOY graph to be empty. In this case, we define 

C(0) = C -> -> C, 

where the Z2-grading and the quantum grading of C are both 0. 

Lemma 5.6. If T is an MOY graph, then the homotopy type of C(T) does not 
depend on the choice of the marking. 

Proof. We only need to show that adding or removing an extra marked point cor- 
responds to a homotopy of matrix factorizations preserving both gradings. This 
follows easily from Proposition ^. 191 □ 

Definition 5.7. Let T be an MOY graph with a marking. 

(i) If r is closed, i.e. has no open end points, then C(F) is a chain complex. 
Denote by H(T) the homology of C(T). Note that H(T) inherits both gradings 
<rf C(T). 

(ii) If F has end points, let E 1; . . . , E n be the alphabets assigned to all end points 
of r, and R = Sym(Ei | • • ■ |E n ). Denote by E t j the j-th elementary symmetric 
polynomial in Ej and by 3 the maximal homogeneous ideal of R generated by 
{E itj }. Then H(T) is defined to be H R (C(T)), that is the homology of the 
chain complex C{T)/3 ■ C(T). Clearly, H(T) inherits both gradings of C(T). 

Note that (i) is a special case of (ii). 

Lemma 5.8. IfT is an MOY graph with a vertex of width greater than N, then 
C(T) ~ 0. 

Proof. Suppose the vertex v of V has width m > N. Then, by Newton's Identity 
(|4.3|) . it is easy to check that, in the above construction, Un+i = (—1) N (N + 1) 
is a non-zero scalar. Apply the proof of Proposition of 12.191 to the entry Un+i in 
C(T). One can sec that C(T) ~ 0. □ 

Since rectangular partitions come up frequently in this paper, we introduce the 
following notations. 

Definition 5.9. Denote by A m .„ the partition 

A m ,„ := ( »>• • •> n) , 

m parts 

and A mj „ the set of partitions 

A m ,„ := {/X | PL < Xm.n} = {M = (Ml > ' " ' > Mm) | Kfj) < ™, Ml < n } ■ 

The following is a generalization of [T21 Proposition 2.4]. 



A COLORED s[(JV)-HOMOLOGY FOR LINKS IN S 3 



43 



Lemma 5.10. Let T be an MOY graph, and X = {x\, . . . , x m } an alphabet asso- 
ciated to a marked point on an edge ofT of color m. Suppose that fj. is a partition 
with (i > \ m .N-m, i-£- Mi — (N — m) > 0. Then multiplication by S^(X.) is a 
null-homotopic endomorphism ofC(T). 

Proof. Cut r open at all the marked points into local pieces, and let T' be a local 
piece containing the point marked by X (as an end point.) Let Wi, . . . , Wj be the 
alphabets marking other end points of V . Then C(r') is of the form 

( axfi, ai,i ^ 

a 2,0j a 2,l 



c(r' 

and has potential 



\ a kfi, a k,l J 



Sym 



±p N+ i{x) +^2±p N+ i(Wi) = y^oj.oQj.i. 

«=1 3=1 

Let be the j-th elementary symmetric polynomial in X. Derive the above 
equation by Xj . By Lemma 14.11 we get 

±(7V + l)h m (X) = j^^jf- ■ 0jll + a jt0 ■ 

j—l 3 J 

So h N (X),h N -i(X), . . . ,h N - m+ i(X) are in the ideal (oi,o, ai,i, • • • , a,k,o, Ofc,i) of 
Sym(X|Wi| • • • |W;). So, by Lemma f2. 10t multiplications by these polynomials 
are null-homotopic endomorphisms of C(T') and, by Lemma |2.9[ of C{T). By 
equation (|4.6p and recursive relation (|4.1|1 . if ^ > A m ,jv-m, then 5 M (X) is in the 
ideal (/ijv(X), /ijv-i(X), . . . , /ijv- m +i(X)). So the multiplication by S^X) is null- 
homotopic. □ 

Lemma 5.11. Let T be an MOY graph, and Ei, . . . ,E„ i/ie alphabets assigned to 
all end points of T, among which Ei, . . . , E& are assigned to exits and Efc_|_i, . . . , E„ 
are assigned to entrances. (Here we allow n — 0, i.e. T to be closed.) Write 

R = Sym(Ei| • ■ • |E„) and w = Pw+i( E t) - Y%=k+iP JV+i( E j)- Then C(T) is 

an object of hmfn tW . 

Proof. Let Wi, . . . , W m be the alphabets assigned to interior marked points of T. 
Then C(T) is a finitely generated Koszul matrix factorization over 

i? = Sym(W 1 |---|W m |E 1 |-..|E n ). 

This implies that the quantum grading of C(T) is bounded below. So, to show that 
C(F) is an object of hm{n tW , it remains to prove that C(T) is homotopically finite. 
By Corollary I3.9[ we only need to demonstrate that H(T) is finite dimensional. 

Let 3 be the maximal homogeneous ideal of R = Sym(Ei | • • • |E„). Then C(r)/3C(T) 
is a chain complex of finitely generated modules over R 1 = Sym(Wi | • • • |W TO ). 
Note that R' is a polynomial ring and, therefore, Noethcrian. So the homology of 
C(r)/3C(T), i.e. H(T), is also finitely generated over R' . But Lemma f5 . 101 implies 
that the action of R 1 on H(T) factors through a finite dimensional quotient ring of 
R' . So H (r) is finite dimensional over C. □ 
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Figure 3. 



Lemma 5.12. Let T, Ti and r 2 be MOY graphs shown in Figure^ Then C(Ti) ~ 
C(T 2 )~C(T). 

Proof. We only prove that C^) ~ C(T). The proof of C(T 2 ) ~ C(T) is similar. 
Set m = h +i 2 + ■ ■ ■ + i k = h+h + ■ ■ •+.?'/■ Let R = Sym(Xi| . . . |X fc |Yi| . . . |Y,), 
and R = Sym(X!| . . . |X A |Yi| . . . |Y,|A). Set X = Xi U ■ ■ • U X fe and Y = Y x U 
• • • U Yj. Denote by Xj the j-th elementary symmetric polynomial in X, by Yj 
the j-th elementary symmetric polynomial in Y. and by Aj the j-th elementary 
symmetric polynomial in A. Moreover, denote by Xj the j-th elementary symmetric 
polynomial in Xi U • • ■ U X s _i U X s +2 U ■ ■ • U Xfe, and, for i = s, s + 1, Xij the j-th 
elementary symmetric polynomial in Xj. Then 



Xj — XpX Stq X s+ i tr , 
p+q+r=j 

the j-th elementary symmetric polynomial in X s U X s+ i is 

^ X s , p X s+ i i9 , 
p+q=j 



and the j-th elementary symmetric polynomial in XiU- • -UX s _iUX s +2U- • -UXfeUA 
is 



E 

p+q=j 



XpA q . 



Note that 



R — R[A\ — X St \ — X s +x % i, . . . ,Aj— X SyP X s+ i^ q , . . . , Ai B+ i B+1 —X at i s X a +ij a+1 ]. 



P+Q=3 
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So, by Proposition ^. 191 



C(Ti) 



X( + Ai - Yi 

Sp+g=j X p A q — Yj 



* X m _ ie _ is+i A it+ia+1 



c(r). 



y 



* A\ — X S) i - X s+ ij 

* A? — Z/ P +g=j X SiP X s +i,q 



|g 5Jl<t 1 <t 2 <fe ''1**2 j. 



8+1 

Xi - Y 1 



fg Sl<t 1 <t 2 <fc **1**2 | 



□ 



Lemma f5 . 1 2 1 implies that the matrix factorization associated to any MOY graph 
is homotopic to that associated to a trivalent MOY graph. So, theoretically, we do 
not lose any information by considering only the trivalent MOY graphs. But, in 
some cases, it is more convenient to use vertices of higher valence. 




r" ■ 

1 o . 




i + i + k 



Figure 4. 



Corollary 5.13. Suppose that T\, T[, T 2 and T' 2 are MOY graphs shown in Figure 
g} Then C(Ti) ~ C(T[) and C{T 2 ) ~ C(T' 2 ). 

Proof. This is a special case of Lemma 15.121 □ 

5.3. Generalization of direct sum decomposition (II). We give a generaliza- 
tion of decomposition (II) first since it is useful in the generalization of decompo- 
sition (I) . Its proof is a straightforward generalization of that in [TS] . 

Theorem 5.14 (Direction Sum Decomposition II). Suppose that T and T± are 
MOY graphs shown in Figure^ where n > m > 0. Then 



c(T) ~ c(ro{ 



n 
m 



}■ 
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Proof. Denote by Xj be j-th elementary symmetric polynomial in X, and use similar 
notations for the other alphabets. Let W = A U B. Then the j-th elementary 
symmetric polynomial in W is 



By Theorem 



So 



P+Q=j 

and Corollary 14. 41 

Sym(X|Y|A|B) = Sym(X|Y|W){g m( "- m) 



/ 



C(T) 



Yx -Wi \ 

Y n -W n 

Wi -Xx 

w n - x m j 

Y n - W n 
Wi - Xi 

w n - x m 

Y x - Xx 



-m{n—m) 



}• 



Sym(X|Y|A|B) 



Sym(X|Y|' 



C(Tx){ 



}• 



Sym(X|Y) 



where the homotopy is given by Proposition 1 2 . 1 9l 



□ 



5.4. Generalization of direct sum decomposition (I). We prove a special case 
of the generalization first. 

Lemma 5.15. Suppose that T and Fx are colored MOY graphs shown in Figure 
Then C(T) ~ C(Ti) (N - m). 

Proof. By Lemma l5.12( we have C(T) ~ C(V). So we only need to show that 
C(r') ~ C(Tx) (N — m). We put markings on T' and Ti as in Figure [6l Denote by 
Xj the j-th elementary symmetric polynomial in X, and use similar notations for 
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the other alphabets. Write A = Y U W and B = X U W. Then the j-th elementary 
symmetric polynomials in A and B are 



A, = 



B, 



E 

E x p w " 



Define 



U, = 



Then 



Pn,n+i{Bi, ■ ■ ■ , Bj-\,Aj, . . . , A m ) — pn,n+\{B\, . . . , Bj,Aj + i, . . . , A m ) 



A 3 - B 3 



C(T>) = 



( U x A 1 -B 1 \ 
U 2 A 2 - B 2 

\U N A N ~B N j 



— m(N — m) "i 



Sym(X|Y|W) 



Using the relation Aj — Bj = J2 P + q =j(Y P ~ X p )W q and, specially, A\ — B\ = 
Yi—Xi, we can inductive change the entries in the right column into Y\ — X\, Y<z — 
X 2 , • ■ • , Y m — X m , . . . , by the row operation given in Corollary 12.161 Note that 
these row operations do not change U m+ \, . . . , Un in the left column. Thus, 



c(r') = 



Y 1 -X 1 \ 



* Y m X v 

u m+1 



— m(N —m) ~) 



V UN j SyIn ( X |y| W ) 

Using Newton's Identity (|4.3[) . one can verify that 

Pn,n+i(Ai, . . . ,A N ) = fj + A N+ x-j(cjAj + gj), 

where fj is a polynomial in A±, . . . , An—j, An+ 2 -j, ■ ■ ■ , An, and gj is a polynomial 
in A\, . . . , Aj-i, and 

(-1)^+1^1, XN + l-j = j, 
(-l)^+i(JV+l), [fN + l-j^j. 
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Therefore, 

Un+i-j 

(_l)JV+i(iV + l)B 3 + aj (B u ..., if N + 1 - j > j, 

(-lf +1 ^(^'+5i)+ft-(Bi,..,B i - 1 ), if JV + 1 - j = j, 

(-1) N+1 {N + l)Aj + 7j -(Bi, . . . , Bm+i-j,^!^-, . . . , if iV + 1 -j < j, 

where ctj,f3j,"/j are polynomials in the given indctcrminants. 

So, for j = 1, . . . , N — m, f/jv+i-j can be expressed as a polynomial 

Un+i-o = (-l) N+1 (N + l)Wj +u j {X 1 ,..., X m , Y u . . . , Y m , W u ..., Wj-i). 
This implies that Un, . . . , £7 m +i ar e independent indeterminants over Sym(X|Y), 
and Sym(X|Y|W) = Sym(X|Y)[l/jv, ■ ■ ■ , U m+1 }. Hence, by Corollary Ml 



* Y m X m 

u m+1 



V u N o 

* Yx-Xi 



m(N—7 



} 



J 



Sym(X|Y|W) 

| 9 -m(JV-m)+Ef =m + 1 (A r +l-dcgC/ 3 )| ^ _ ^ 



^ C(r x )(iV-m). 
Thus, C(T) ~ C(r') ~ C(Ti) (JV - ro). 

The general case follows easily from Lemma 15.151 



□ 



m + 7i 
N 

m + n 



N — m — n 




Figure 7. 

Theorem 5.16 (Direction Sum Decomposition I). Suppose that T and T\ are 
colored MO Y graphs shown in Figure^ Then 

~N - rri 



c(r) ~ c{T{){ 



}(n) 
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Proof. Consider the colored MOY graphs in Figure [7l By Lemma [5.151 C(T) ~ 
C(r 2 ) (N — m — n). By CorollaryEH C(T 2 ) ~ C(r 3 ). By TheoremEZH C{T 3 ) ~ 
C(r 4 ) [^""j . And by Lemma Ell again, C(T 4 ) ~ C(ri) (N-m). Putting every- 
thing together, we get C(T) ~ C(ri){ } (n>. □ 



6. Circles 

In this section, we study matrix factorizations associated to circles. The results 
will be useful in the next section. 



6.1. Homotopy type. The following describes the homotopy type of the matrix 
factorization associated to a colored circle and follows easily from Direction Sum 
Decompositions I and II (Theorems 15.161 and 15 . 141 ) 













m 


N 




N — m 


m N 














N — m I m 



Ti r 2 
Figure 8. 




Corollary 6.1. IfT is a circle colored by m, then C(T) ~ 1 ( m )> where 

C(0) is the matrix factorization C — > — ► C. As a consequence, H(T) = C(0){ [^H } (m) . 

Proof. Consider T 3 in Figure [H] first, which is the special case when m = TV. Note 
that, by Lemma |4~TI 



/ dp N + i(X) n \ 



C(r 3 ) 



dpiv + i(X) 

dpjy + i(X) 
9X„ 





o 



Sym( 



(N+l)h N (X) \ 

(-l) fc+1 (TV + l)^ +1 _ fc (X) 
V (-l) Ar+1 (^V + l)/ii(X) / 



Sym(X) 



where Xk is the fc-th elementary symmetric polynomial in X. But 

Sym(X) = C[/H(X),...,MX)]. 



So, by applying Corollary dH] repeatedly, we get C(T 3 ) ~ C(0) (TV). 
For the general case, using Theorem 15.141 and Lemma 15.151 we have 



C(T) ~ C(Ti) (IV - m) = C(r 2 ) (TV - m) ~ C(r 3 ){ 
So C(r)cC(0){[^]}(m). 



} (TV - to) 



□ 
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6.2. Module structure of the homology. Next we prove that, as a graded 
module, the homology of a colored circle is isomorphic to the cohomology, with a 
grading shift, of the corresponding complex Grassmannian. Wc need the following 
fact about symmetric polynomials to carry out our proof. 

Proposition 6.2. Let X = {x\, . . . , x m } be an alphabet with m independent in- 
determinants. If n > m, then the sequence {h n (X), /i n _i(X), . . . , /i„+i_ m (X)} is 
Sym(X) -regular, (c.f. Definition \2.17\ ) 

Proof. For n,j > 1, define a ideal T n j of Sym(X) by = {0} and X nj = 
(h n (X),h n -i(X),...,h n+2 -j(%)) for j > 2. For 1 < j < m < n, let P m , n ,j and 
Qm.n.j be the following statements: 

• Pm,n,j' "^-n+i-j(X) is not a zero divisor of Sym(X)/X nj j." 

• Qm,n,j- "A m = xi • ■ ■ x m is not a zero divisor of Sym(X)/X raj ." 

We prove these two statements by induction for all m, n, j satisfying 1 < j < m < n. 
Note that, by Definition |2~T71 {h n (K), /i„_i(X), . . . , h n+1 _ m (X)} is Sym(X)-regular 
if Pm,n,j is true for 1 < j < m. 

If m = 1, then 1 < j < m forces j = 1. Since T n> \ = {0}, P\, n ,\ and are 
trivially true for all n > 1. Assume that, for some m > 2, P m -i,n,j and Q m —i,n,j 
are true for all n,j with 1 < j < m — 1 < n. Consider P m ,n,j and Q m ,n,j for n,j 
satisfying 1 < j < m < n. 

(i) First, we prove Q m .n.j for all n,j with 1 < j < m < n by induction on j. 
When j = 1, X„.j = Z„.i = {0}. So Q m ,n,i is trivially true. Assume that Q m ,n,j~i 
is true for some j > 2. Assume 5, <7„, . . . , g n+ 2-j S Sym(X) satisfy that 

n 

(6.1) 5 A,„ = ^ ff*/i*(X). 

fc=ri+2-j 

Note that 5, <? n , . . . , g n +2-j are polynomials in Ai, . . . , A m . Wc shall write 

g = <?(A"i, . . . , A TO ), g„ = g(Xi, . . . , X m ), . . . , g n +2-j = g(Xi, . . . , X m ). 

Denote by Aj the j-th elementary symmetric polynomial in X' = {x%, . . . , x TO _i}. 
Then Aj-L^o = Aj and /^(X)^^ = hj(X'). Plug x m = into dSHJ). We get 

n 

gk(x' 1 ,...,x , m _ v o)h k (x') = o. 

k=n+2-j 

Specially 

g n+2 _ j (X[,...,X' m _ 1 ,0)h n+2 - j (X') e (/i n (X'),ft„- 1 (X / ),...,/W3-j(X / )) C Sym(X'). 
But Statement P m -i.n,j-i is true. So 

5n+2-i(A(, . . ., A^_ x ,0) e (^(XO.^-iCX'), ■ • .^n+s-^X')), 

i.e. 

n 

9n+2~ J (X' 1 ,...,X' m _ 1 ,0) = 2J "fc(A(, . . . , A^_ 1 )/i fc (X / ) 

k— n+3— j 
n 

= ^ afc(A 1 ,...,A^_ 1 )/i TO)fe (A(,...,A^ 1 _ 1 ,0). 

A;— n+3— j 
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Note that X[, . . . ,X' m _i are independent indeterminants over C. So the above 
equation remains true when we replace X[, . . . ,X' m _i by any other variables. In 
particular, 

n 

<Jn+2-j(Xi, . . . , X m -i, 0) = a>k(Xi, . . . , X m -i)h mj k(Xi, . . . , X m -i, 0), 

k=n+3—j 

which implies that there exits a £ Sym(X) such that 

9n+2-j(Xi, . . . , X m ^i, X m ) 
n 

= a>X m + au{X\, . . . , X m -i)h m> k(Xi, . . . , A" TO _i, X m ) 

k—n+Z—j 
n 

= aX m + 2J (*k(Xi, . . . ,X m _x)/ife(X). 

k—n+3—j 

Plug this into We get 

n 

.9fc + a fe(-"^lj ■ ■ ■ i A m _i)/i n+ 2-j(X))/ifc(X). 

k=n-\-3—j 

But Qm.n.j-i is true. So <? — a/i n+ 2-j(X) £ and, therefore, g £ 2n,j- This 

proves Qm.n.j. Thus, Q m . n .j is true for all n, j satisfying 1 < j < m < n. 
(ii) Now we prove P m ,n,j for all n, j with 1 < j < m < n. 

Case A 1 < j < m— 1. Assume that /i n +i_j(X) is a zero divisor in Sym(X)/X n .j. 
Define 

A = {g £ Sym(X) | 5 is homogeneous, g ^ Z„j, gh n +i-j(K) £ Inj}- 

Then A ^ 0. Write 2^ = miiiggAdegp. (Recall that we use the degree conven- 
tion dcgx_j = 2.) Let g be such that g £ A and deg\g = 2za Then there exist 
9n, fln-i) ■ ■ ■ ! 9n+2-j £ Sym(X) such that deggk = 2{v + n + 1 - j - k) and 

n 

(6.2) gh n+1 - j (X)= J2 9kh k (T). 

fc=n+2-j 

Note that 5, <?„, . . . , g n +2-j are polynomials in X\, . . . , A m . We shall write 

9 = fl^Ai, • • • 1 X, m ), g n = g(Xi, . . . , X m ), . . . , g n +2-j = g(X\, . . . , X m ). 
In particular, 

9 = ,°(Ai, . . . ,X m ) = ^2 fl(Xi, ■ ■ ■ , X m -i)X l m , 
1=0 

where fi{X\, . . . , X m _i) £ Sym(X) is homogeneous of degree 2(y — Im). 
Plug x m = into (|6.2p . we get 

n 

fa(X[, A I '„„ 1 )/i Il+ i_ J (X') = ^2 9k(X[, X' m _ x , Q)h k (K'), 

h—n+2—j 

where X' = {x\, . . . , x m -±} and Aj is the j-th elementary symmetric polynomial 
in X'. But P m -i.n,j is true since 1 < j < m — 1 < n. So 

f (X[, X' m _ x ) £ (h n (X'), ft„_i(X'), • • • , hn+2-jpL')) C Sym(X'). 
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Thus, 

71 

fo(X[,...,X^ n _ 1 ) = a k {X[,...,X' m _ 1 )h k (X / ) 

k=n+2-j 
n 

= ^2 ct k (X[, . . . , X' m _ 1 )h mtk (X[, . . . ,X' m _ 1 ,0), 

k=n+2-j 

where a k (X[, . . . , X' m _ 1 ) £ Sym(X') is homogeneous of degree 2(v — k). But 
X[, . . . ,X' m _ 1 arc independent indcterminants over C. So the above equation re- 
mains true when we replace X[, . . . , X! m _ l by any other variables. In particular, 

fo{Xi, . . . , X m -i) 

n 

= a k{Xli ■ ■ ■ , X m -i)h mt k(Xi, . . . , Xm-i, 0) 

fc=n+2-j 

n 

= aX m + 2J afe(Xi, . . . , Jf m _i)ftfc(X), 

where a £ Sym(X) is homogeneous of degree 2{v — m). Plug this in to (|6.2[) . We 

get 

x m ( Q + J2 /K^i> • • • , ViI^^e+hW 

{=1 

n 

k=n+2-j 

By Q m , n ,3, we have (a + E;=i //(-^l. • • • > -^m-i)^ 'J^+i-jW € /„.,. But 
a + ^jtTi fl(Xi, . . . , Xto-i)^^ 1 is homogeneous of degree 2(y — m) < 1v. By the 
definition of v, this implies that a + X)[=i^ fi(Xi, ■ ■ ■ , Im-i)!^ 1 € Then 

.9 = X m (a+ ^ fi{X u . . . , X m _ 1 )X^ 1 )+ ]T a^Xx, . . . , X m _ 1 )/i fc (X) e 

2 = 1 fc=n+2-j 

This is a contradiction. So P m ,n,j is true for all n,j such that 1 < j < m — 1, 
m < n. 

Case B. j = m. We induct on n. Note that /\ TO (X), /\ TO _i(X), . . . , h\(K) are 
independent over C, and Sym(X) = C[/i m (X), /i m _ 1 (X), . . . , /ii(X)]. When n = m, 
/i„_l_i_ m (X) = /ii(X) and Sym(X)/2 m j „ = C[/ii(X)]. So P m , m ,m is true. Assume 
that P m ,n-i,m is true for some n > m. Suppose that g n , . . . , g n +i—m G Sym(X) 
satisfy 

n 

(6.3) £ fffc /i fe (X) = 0. 

k— n+1— m 
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By equation (|4.1|) . we have 

n-i 

/ l „(X)= (-l) n - k+1 X n -kh k (X). 

k=n—m 

Plug this into (|6.3[) . we get 

n-l 

(6.4) (-l) m+1 X m5 „/ ln _ m (X) + ^ ( 5fc + {-l) n - k+1 X n ^ k g n )h k (X) = 

k—n+l—m 

So X m g„/i„_ m (X) e X n -i,rn- Since P m ,„_i lTO and Q m , n _i, m arc both true, this 
implies that g n G I„_i, m . Hence, there exist a„_i, . . . , a n _)_i_ OT G Sym(X) such 
that 

n-i 

(6.5) g n = 2J a k h k (X). 

k — n+l — m 

Plug this into (|6.4|) . we get 

n-l 

^ ( flfc + (-l)"- fe+1 X„_ fc .g„ + {-l) m+1 a k X m h n . m (X))h k (X) = 0. 

fc— n+l — m 

By P m ,n-i.m-i, this implies 

SVl+1— ro + ( — l) m -X"m-l9n + (^ 1) m+1 Ct, l +l- m X rn /l„_ m (X) G I„_1 )T71 _1. 

Comparing this with (|6.5p . we get 

9n+l — m + a n+l-m((~l) m -^m — l^-n+l — m 

(X) + (-l) m + 1 X m ^ ri _ m (X)) G — 1 , m — 1 ■ 

Therefore, 

n-l 

(X) = 

<?n -+- 1— m ~r^n+ 1 — m ^ (-1)™ k+1 X n ^ k h k {X) G Zn_i, m _i. 
fc— n— m 

Thus, fln+i-m G I„, m . This proves P TO ,„,m- So P m , n>m is true for all n > m. 

Combine Case ^4 and Case B, we know that P m ,n,j is true for all n, j such that 
1 < j < m < re. 

(i) and (ii) show that P m , n ,j and Q m ,n,j are true for all m,n,j satisfying 1 < 
j < m < n. □ 




Figure 9. 

Proposition 6.3. If Om *s circle colored by m (< AT) m Figure [3 iften, as 
bigraded Sym(X) -modules, 

H(Om) S Sym(X)/(ft w (X), fc w _i(X), . . . , W-m(X)){<T m(JV ~ m) } (m) , 
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has Z2 -grading 0. 

In particular, as graded modules over Sym(X), H(Q) m ) = H*(G m ^N){q~ m ^ N ~ m ^}, 
where G m ^ is the complex (m,N)-Grassmannian. 

Proof. By definition, 



Then, by Proposition ^. 2[ Uj is not a zero divisor in Sym(X)/([/i, . . . , Uj-i). Thus, 
we can apply Corollary |2. 251 successively to the rows of C(Om) from top to bottom 
and conclude that 



From the above proposition, we know that H{Q) m ) is generated, as a Sym(X)- 
module, by the homology class corresponding to 



We call this homology class the generating class and denote it by 25. 

6.3. Cycles representing the generating class. To understand the action of a 
morphism of matrix factorizations on the homology of a circle, wc need to under- 
stand its action on the generating class 25. In order to do that, we sometimes need 
to represent 25 by cycles in matrix factorizations associated to a circle. In partic- 
ular, we will find such cycles in matrix factorizations associated to a circle with 
one or two marked points. To describe these cycles, we invoke the "l e " notation 
introduced in Definition 12.41 

Lemma 6.4. If Om is Q> circle colored by m (< TV) with one marked point as shown 
in Figure^ then, in 




where Uj = -^-p rn N + i(Xi, . . . , X rn ). By Lemma |4~T1 we know 

Uj = (-iy +1 (N + i)h m , N +i-j(x 1 ,...,x m ). 



H(O m ) = Sym(X)/(MX), fcjv-i(X), . . . , h N+1 ^ n (X)){q- m ^ N - m ^} (m) . 
The last statement in the proposition follows from Theorem 14.51 



□ 



1 G Sym(X)/(MX), >ijv-i(X), . . . , W-m(X)). 




where Uj = -^-p m .N+i(Xi, . . . ,X m ), the element 1(1,1,. ..,1) * s a cycle representing 



(a non-zero scalar multiple of) the generating class © S H(Q m ). 



Proof. Write 
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Then, the homology of T is computed by 

H(Ora) = H(Ml) 

= H(M 2 ){q N+1 ~ dcsUl }(l) 

=< i/(M m ){9 (m ~ 1)(Ar+1) " E ^ rildcsLrj } (m - 1) 

<= Sym(X)/(/ liV (X), ft^_i(X), . . . , ft JV+ i-m(X)){<r m(JV ~ m) } (m> . 

It is easy to see that li £ M m represents 25. Next, we use the method described in 
Remark l2.21l to inductively construct a cycle in C(Om) representing the generating 
class. Assume, for some j, lni i) € Mj is a cycle representing ©. Note that 
lnx i) G Mj—i is mapped to l(i i i) £ Mj by the quasi-isomorphism Mj-i — > 
M j {g Ar+1 - dc s^- 1 } (1). (Please see the proof of Proposition [2201 for the definition 
of this quasi-isomorphism. Note that the setup there is slightly different - the 
construction there is modulo an entry in the right column there, but, here, Uj—i 
is in the left column.) But every entry in the right column of Mj—i is 0. So 
^(l(i.i. = 0; an d therefore lti i i) is a cycle representing ©. This shows 
that l(i i i) £ Mi = C(Om) is a cycle representing the generating class © 6 

ff(Om)' ' □ 




Figure 10. 



Lemma 6.5. Let Om ^ e a circle colored by m (< AT) wii/i two marked points as 
shown in Figure [751 £/se £/ie definition 

( Ui X 1 -Y 1 \ 



C(Or. 



U m X rn Y rn 

Ux Yi - X x 



where Xj and Yj are the j-th elementary symmetric polynomials in X and in ¥, 
and Uj £ Sym(X|¥) homogeneous of degree 2(N + 1 — j) and satisfies 

m 

J2(*j - Yj)Uj =p N+1 (X) - PN+1 (Y). 

3=1 

T/ien i/ie element 

£ (_i ) M1 ^+(-+i)N+Er=- I 1 (— i)-n e ® i* e (7(0™) 

e=(ei,...E m )G/ m 

is a cyc/e representing (a non-zero scalar multiple of) the generating class £ 

H(Om). 
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Proof. Although this lemma can be proved by the method used in the previous 
lemma, the computation is far more complex. So here we use a different approach 
by considering morphisms of matrix factorizations. From Proposition l6.ll we have 
ff(Om) — C(0){ [ ] } (m). So the subspace of H(Q m ) of elements of quantum 
degree —m(N — m) is 1-dimensional over C and is spanned by the generating class 
©. So, to prove the lemma, we only need to show that the above element of C(Q m ) 
is a homogeneous cycle of quantum degree —m(N — m) representing a non-zero 
homology class. 



Let Ti be the oriented arc shown in Figure QT] Then, by lemmas f2 . 1 H 12.121 and 



Hom Sym(X | ¥) (<7(r 1 ),c'(r 1 )) - c(r x ) ® Sym(xm <?(r x ). - c(o m ){V n(Ar - m) } H . 



Consider the identity map id : C(T\) — * C(Ti). It is clearly a morphism of matrix 
factorizations and, therefore, a cycle in Homg ym ( X |Y) (C(Ii), C(Ti)). If id is homo- 
topic to 0, i.e. there exists h G Hom Sym ( X | Y )(C(ri), C(Ti)) of Z 2 -degree 1 such that 
id = do h + h o d. Then, for any cycle / G Hom Sym (x|Y)(C(ri), C{T\)) of Z2-degree 
i, we have 

f = foid = fo(doh + hod) = {-l) l {do(f oh) - (-l) l+1 (/o/i)od), 

which is a boundary clement in Homg ym ( X |Y) (C(ri), C(Ti)). This implies that 
the homology of Hom Sym ( X | Y )(C(ri), C(Ti)) is 0, which is a contradiction since 
H(Om) 7^ 0. Thus id is a cycle representing a non-zero homology class. Under the 
above isomorphism, id is mapped to a homogeneous cycle in C(Om) of quantum 
degree —m(N — m) representing a non-zero homology class. Thus, the image of id 
is a cycle representing a non-zero scalar multiple of the generating class <&. 

Next, we check that the image of id is in fact the cycle given in this lemma. 
Under the isomorphism 



Y 




X 



Figure 11. 



12331 



Hom Sym(X | ¥) (C7(r i ),C7(r i )) ^ C(r!) ® S ym(X|Y) c(ro 



we have 



id ^ l e <g> 1* G C(Ti) ® S ym(X|Y) C(Ti).. 



By Lemma 12.111 under the isomorphism (preserving both gradings) 

/ Ui X 1 -Y 1 \ 



C(ri) ®s ym(X | Y ) C7(Ti). Mi : 



7» 



A', 



7» 




m 



V n-Aj 



/ 



Sym(X|Y) 
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we have 



53 U ® i; 6 C(Ti) ^ 51 ^ ® i^.-ei) e M l- 

£6-f m e=(ei,...e m )e/ m 



By Lemma 12.121 under the isomorphism (preserving both gradings) 

/ U x Xi-Y x \ 



Mi M 2 



Yi - X x U x 



y Y m X m U m J 



Sym(X|Y) 



we have 



Yl ® l(» n ,...e,) ^ 51 (-1)'""= "'le ® l e £ M 2 

e=(ei,...e m )e/ m ee/ m 



And, by lemmas 1 2 . 9 1 and [2 . 1 3 [ under the isomorphism (of Z2-dcgree m and quantum 
degree —m(N — m)) 



M 2 -» C(Qrn) 



\ (An Fn -^m / 



Sym( 



we have 



e£l m E=(ei,...e m )el m 

Thus, 

53 (_i)™^+(-+DN+Er=- I 1 (^>n £ ® i T G (7(0™) 

e=(ei,...E m )e/ m 

is the image of id G Homg ym (x|Y) (C(ri), C(ri)) under the isomorphism 

Homsy^v^ri),^!)) C(Om) 
(of Z2-degree m and quantum degree —m(N — m).) □ 



7. Morphisms Induced by Local Changes of MOY Graphs 

In this section, we establish several morphisms of matrix factorizations induced 
by certain local changes of MOY graphs, some of which has implicitly appeared in 
Sections [6] and [5] These morphisms arc building blocks of more complex morphisms 
in Direct Sum Decompositions (III-V) and in the chain complexes of link diagrams. 
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7.1. Terminology. Most morphisms defined in the rest of this paper are defined 
only up to homotopy and scaling by a non-zero scalar. To simplify our exposition, 
we introduce the following notations. 

Definition 7.1. Suppose that V is a linear space over C and u,v £ V. We write 
u oc v if 3 c £ C \ {0} such that u — c ■ v. 

Suppose that W is a chain complex over a C-algebra and u, v are cycles in W , 
we write MKuif3ceC \ {0} such that u is homologous to c • v. In particular, if 
M, M' are matrix factorizations of the same potential over a graded commutative 
unital C-algcbra and f,g:M—> M' arc morphisms of matrix factorizations, we 
write ftzgif3ceC\ {0} such that / ~ c • g. 

Let Fi,r2 be two colored MOY graphs with a one-to-one correspondence F 
between their end points such that 

• every exit corresponds to an exit, and every entrance corresponds to an 
entrance, 

• edges adjacent to corresponding end points have the same color. 

Mark Ti,T2 so that every pair of corresponding end points are assigned the same 
alphabet, and alphabets associated to internal marked points arc pairwise disjoint. 
Let Xi, X2, . . . , X„ be the alphabets assigned to the end points of Fx, T2. 

Definition 7.2. 

Hom F (C(ri) > C r (r a )) := Hom Sym(Xl | X2 |...| Xn) (C(r 1 ), C(T 2 )), 

which is a Z2-graded chain complex, where the Z2-grading is induced by the Z2- 
gradings of C(Ti), C(T2)- The quantum gradings of C(T\), C(T2) induce a quan- 
tum prcgrading on Hom^CfTi), C(r 2 )). 

Denote by Hom H MF,_F(C(ri), C(r 2 )) the homology of Kom F (C(Ti), C(T 2 )), i.e. 
the module of homotopy classes of morphisms from C(Ti) to C{T2). It inher- 
its the Z 2 -grading from Hom^(C(ri), C(r 2 )). And the quantum pregrading of 
Homi?(C(ri), C(T2)) induces a quantum grading on HomHMF,F(C(ri), C(T2)). 
(See Lemmas E32] and EH] ) 

We drop F from the above notations if it is clear from the context. 

Lemma 7.3. HomHMF,_F(C(ri), C{T2)) does not depend on the choice of markings. 
Proof. This lemma follows easily from Proposition 12.191 and Corollary 12.221 □ 

7.2. Bouquet move. First we recall the homotopy equivalence induced by the 
bouquet moves in Figure [T2l From Corollary 1 5. 131 we know bouquet moves induce 
homotopy equivalence. In this subsection, we show that, up to homotopy and 
scaling, a bouquet move induces a unique homotopy equivalence. 

Lemma 7.4. Suppose that T\, T' l7 T2 and T' 2 are MOY graphs shown in Figure 
Then, as Z2 © 1,-graded vector spaces over C, 

Hom H MF(C , (r 1 ) J C'(ri)) = Hom H MF(C(r 2 ),C(r 2 )) 

= C(0U[ N + k ]\ l+ Aj*+]+k)(N- t -3-k)+ l3 +jk+k t -i 

[i + j + k\ \ k j J 

In particular, the subspaces of the above spaces of homogeneous elements of quantum 
degree is 1- dimensional. 



A COLORED s[(JV)-HOMOLOGY FOR LINKS IN S 3 



59 




3 k 



r',: 




z + j + fc 
i j fc 




1 + ] 

i + j + k 



Figure 12. 




i + 3 + k 



Figure 13. 



Proof. We only compute Hom HM F(C(ri), C(T[)). The computation of Hom H MF(C(r 2 ), C(T' 2 )) 
is similar. By Corollary 15. 131 and Lcmmas l2.1U |2~T21 12.131 one can see that 

HomHMF(C(ri),c(ri)) = HbmHMp(C(ri),c(ri)) 

S! H(T) (i+j + k) {qH+o+k)(N-i-j-k)+ij+jk+Hy^ 



where T is the MOY graph in Figure Q2] Using Decomposition (II) fTheorems l5.14[) 
and Corollarv l6.ll we have that 



ff(r)^c(8)(i + i + fc){ 

The lemma follows from these isomorphisms. 



N 




i+ j + k 




i + f 


i+j + k_ 




k 




_ j . 



}■ 



□ 



Remark 7.5. From Corollarv l 5.131 and Lcmma [7.41 one can see that, up to homotopy 
and scaling, a bouquet move induces a unique homotopy equivalence. In the rest 
of this paper, we usually denote such a homotopy equivalence by h. 

7.3. Circle creation and annihilation. 

Lemma 7.6. Let Om be a circle colored by m. Then, as Z 2 © X-graded vector 
spaces over C, 



Rom HMF (C(O m ),C(9)) * Rom HMF (C(9),C(O m )) = C(0){ 
where C(0) is the matrix factorization C — > — > C. 



} i m ) 



Proof. The natural isomorphism Hom(C(0), C(Om)) — C(Om) is an isomorphism 
of matrix factorizations preserving both gradings. So, by Corollarv l6.ll 

"TV" 

m 



Horn 



HMF 



(C(0),cr(O m )) = ff(Om) = C(0){ 



}(m> 



(ill 
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By Corollary 16. 1[ we have 

Hom ffM F(C(Om),C(0)) = Hom c (C(0){ 



}<m),C(0))-C(0){ 



}(m). 

a 



By Lemma [7l)I the subspaces of \Iouyhmf{C{%), C(Q m j) and HoniffMF(C(Om), C($)) 
of elements of quantum degree — m(N — to) are 1-dimcnsional. This leads to the 
following definitions, which generalize the corresponding definitions in |18j . 

Definition 7.7. Let Om be a circle colored by to. Associate to the circle creation 
a homogeneous morphism 

i:C(0)(£* C)^C(Om) 

of quantum degree —m(N — to) not homotopic to 0. 

Associate to the circle annihilation a homogeneous morphism 

e : C(Om) ~+ C(0)(S C) 
of quantum degree — m(N — m) not homotopic to 0. 

By Lemma I7.6[ l and e are unique up to homotopy and scaling. Both of them 
have Z 2 -degree to. By the natural isomorphism Hom(C(0), C(Q m )) = C(Q m ), it 
is easy to see that 

(7.1) i(l)»<8, 

where 25 is the generating class of H(Q) m ). 

Mark Om by a single alphabet X. From the proof of Proposition 16.31 we know 
that there is a Sym(X)-lincar projection 

P ■ C(O m ) -> Sym(X)/(^(X), /^_i(X), . . . , h N+1 ^ m (X)){q-^ N -^} (m) 

satisfying P(G5) = 1. By Corollary 12.261 and Remark 12.231 P induces a quasi- 
isomorphism 

Hom c (Sym(X)/(/ lw (X), ^_i(X), . . . , /ijv+i-mCX))^-" 1 ^-" 1 )} (m) , C) 
Hom(C(Om),C(0)). 
Recall that, by Theorem 14. 5[ there is a C-linear trace map 

Tr : Sym(X)/(ftjv+i-m(X),/ijv+2-m(X), . . . , h N (X)) -> C 

satisfying 



Tr(S- A (X) ■ 5^(X)) 



1 if + /i m+ i_j = N — mVj = 1, . . . ,m, 
otherwise, 



where X, fi G A m jv_ m and (X) is the Schur polynomial in X associated to the 
partition A. Note that P tt (Tr) = Tr o P : C(Om) -» C(0) is homogeneous of 
Z2-grading to and quantum grading —m(N — to), and 



(7.2) P»(Tr)(5 A (X)-5 A1 (X).(S) 



1 if Xj + (J, m+ i-j = N - to. Vj = 1, 
otherwise. 



So P tt (Tr) is homotopically non-trivial. Therefore. 
(7.3) e « P s (Tr) = Tr o P. 
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Corollary 7.8. Denote by m(S\(K)) the morphism C(Om) - * C(Om) induced by 
multiplication by S'a(X). Then, for any X, n € A mi jv-m; 



fom(S A (X))om(S(X))ot 



id 



C(0) 



i/ + n m+ i-j = N — m Vj = 1, . 



,m, 



otherwise. 
Proof. This corollary follows easily from (|7TTj) , (f?T2j) and (fTUj) . 



□ 



7.4. Edge splitting and merging. Let Tq and Ti be the MOY graphs in Figure 
[T4l We call the change Tq ~» Ti an edge splitting and the change Ti ~> To an 
edge merging. In this subsection, we define morphisms <f> and cf> associated to edge 
splitting and merging. 



AU] 



To 



Figure 14. 




m—n)(m-\-n) 


N 




m + n 




m + n 




m 



Lemma 7.9. Let Tq and T± be the colored MOY graphs in Figure [7^ Then, as 
bigraded vector spaces over C, 

Rom H MF (C(r ) , C(rx ) ) = Rom HMF (C(T 1 ) , C(T 

In particular, the lowest quantum gradings of the above spaces are —mn, and the 
subspaces of these spaces of homogeneous elements of quantum grading —mn are 
all 1- dimensional. 

Proof. By Theorem EH C(Ti) ~ C(r ){ [ m + n ] }. So it is easy to sec that 

m + n 



l-Hom^ro^ro)). 



Hom(C(r ),C(ri)) ~ Hom(C(r ),C , (r )){ 



Denote by Om+n the circle colored bym + n. Then, from the proof of Lemma 16. 5 
we have 

Hom(C7(r ),C7(r )) £* C(O m +n){q {N ~ m - n)(m+n) }(m + n) 



m + n 



and the lemma follows. □ 

Definition 7.10. Let To and Ti be the colored MOY graphs in Figure[T4l Associate 
to the edge splitting a homogeneous morphism 

4> ■. c(r ) -» c(r x ) 

of quantum degree — mn not homotopic to 0. 

Associate to the edge merging a homogeneous morphism 

: c(ro - c(r ) 

of quantum degree — mn not homotopic to 0. 
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The morphisms </> and 4> are well defined up to scaling and homotopy. By Lemma 
17.91 both of them have Z2-grading 0. It is not hard to find explicit forms of these 
morphisms. In fact, <fi is the composition 



C(T ) ^ C(T ){q- mn } c(r ){ 



m + n 
m 



} - c(r!) 



and <j) is the composition 

771 + 71 



ccro ^ c(r ){ 



} -» c(T ){q mn } ^ c(r ), 



where and -» are the natural inclusion and projection maps. 
More precisely, from the proof of Theorem 15. 141 we know that 

C(Ti) ~ C(T ) ® S ym(Aui) (Sym(A|B)/Sym(A U B)){a-"" 1 }. 

The natural inclusion map Sym(A Ul) ^ Sym(A|B), which is Sym(A U B)-linear 
and has grading 0, induces a homogeneous morphism 

C(T ) ^ C(Tx) (~ C(r ) ® S ym(AuB) (Sym(A|B)/Sym(A U M)){q~ mn }) 

of quantum degree — ttiti given by <t>'(r) = r <8> 1. 

From Theorem 14. 31 there is a unique Sym(A U B)-linear homogeneous projec- 
tion ( : Sym(A|B) — * Sym(A U B) of degree —2mn, called the Sylvester operator, 
satisfying, for A, fj, € A m n , 

«*<A). *.<-«))-{ J *V^-»Vi-I,..,m. 
The Sylvester operator £ induces a homogeneous morphism 

(C(T ) ® S ym(Au») (Sym(A|B)/Sym(A U M)){q- mn } ~) C(I\) C(T ) 
of quantum Z2 degree and degree —ttiti given by 



4>>{r ® (5 X (A) • 



_ J r if Aj + /J m +i_j = n Vj = 1, . . . , m, 
otherwise, 



where A,/j G A m „. 

Clearly, ^7(S\ mn (A) ■ 4>'{r)) = rVr£ C(r ). So 0' and ^7 are not homotopic 
to 0. Thus, </>«</>' and « 0'. In particular, we have the following lemma. 

Lemma 7.11. Lei To and Ti fee the MO Y graphs in Figure [XT) TTien 

0om(5 A (A).5^(-B))o0«/ ^ ^ + ^ = nVj = 1 '-' ra ' 
r v y ' MV " Y \ otherwise, 

where A,/i £ A mi „ and tti(S'a(A) • 5 M (— B)) is i/ie morphism induced by the multi- 
plication of 5a (A) • 5 jU (— B). 

7.5. Adjoint Koszul matrix factorizations. Let To and Ti be the MOY graphs 



in Figure 1151 Khovanov and Rozansky |18j defined morphisms C(T ) C(ri) 

and C(Ti) ► C(ro), which play an important role in the construction of their 
link homology and the proof of its invariancc. In this and next subsections, we 
generalize their construction of these x-morphisms. First we construct morphisms 
between adjoint Koszul matrix factorizations in this subsection. Then, in next 
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ri r 

Figure 15. 

subsection, wc apply this construction to matrix factorizations of MOY graphs to 
define the general ^-morphisms. 

Let R be a graded commutative unital C-algebra. Suppose that, for i,j = 
1, . . . , n, aj, bi and £y arc homogeneous elements of R satisfying degaj + degbi + 
degUj = 2N + 2. Let 





( 






( * ) 




(T U 




■ T ln \ 


A = 






, B = 




T = 




T-22 ■ 


Tin 




V 


a n J 




{ bn ) 




{ T nl 


T n 2 


Tnn J 



Then M := (A, T t B) R and M' := (TA,B) R are both graded Koszul matrix fac- 
torizations over R with potential w = Y^7j=i a jbiTij. Here, T* is the transposition 
of T. We call M and M 1 adjoint Koszul matrix factorizations and T the relation 
matrix. Our next objective is to construct a pair of morphisms between M and M' 
satisfying certain special properties we need. The following is the main result of 
this subsection. 

Proposition 7.12. Let M and M' be as above. Then there exist morphisms F : 
M -> M' and G : M' -> M satisfying: 

(i) dcg Z2 F = deg Z2 G = 0, deg F = and 

n 

dcgG = dcgdet(T) = 2n{N + 1) - ^](dega fe + dcg& fc ). 

fe=i 

(ii) GoF = det(T) • id M and F o G = det(T) ■ id M ' • 

As a special case of Proposition l7.121 we have the following corollary, which was 
first established in [THl Subsection 2.1]. 

Corollary 7.13. |19| Leta,b,t be homogeneous elements of R with deg a + deg b + 
degt = 2N + 2. Then there exist homogeneous morphisms 

f : (a,tb) R -> (ta,b) R , 
g : (ta,b) R -> (a,tb) R , 

such that 

(i) d cg Z2 / = deg Z2 g = 0, deg / = and deg .9 = degt. 
(ii) g o / = t ■ id( 0it6 ) R and f o g = t ■ id( ta ,6) H • 

Before proving Proposition 17. 1 21 we recall an alternative construction of Koszul 
matrix factorizations given in [T51 Section 2]. 
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Let R n = R®---®R , and e, = (0, . . . , 0, 1 , 0, . . . , 0)*. The {e u ...,e n } is 

n— fold i—th 

an .R-basis for R n . Define T : R n ^ R n by T( ej ) = J2"=i T v e f Let ( Rn )* 
the dual of R n over R, {e*, . . . , e* } the basis of (R n )* dual to {ei, . . . , e n }, and 
T* : (R n )* -> (i?' 1 )* the dual map of T. Then T*(e*) = £"=i T^e*. 
Set 

a = ^ = (ei, . . . , e„)A G i? n , 

i=i 

Then Ta = (d, . . . , e n )TA and T*/3 = (e*, . . . , e* n )T l B. 

From [TS1 Section 2], we know that M = (A,T t B)ji is the matrix factorization 

even odd even 

in which, for any i\ < ■ ■ ■ < ifc, A • • • A e; fc is homogeneous with ^-grading k 
and quantum grading k(N + 1) — Ym=i deg a i; ■ 

Similarly, M' = (TA, B)r is the matrix factorization 

^ Rn AT^ ^ fl „ AT^ ^ 

ei;en odd even 

in which, for any ii < • • • < ifc, A • • • A et k is homogeneous with Z2-grading k 
and quantum grading —k(N + 1) + J2i=i deg^i, . 

Note that T induces an i?-algebra endomorphism T : f\ R n — > /\ R n by 

T(e il A---Ae,-J := Te 4l A--- ATe lfc . 

Define i?-module map V : R n ® (R n )* -> R n © (i?™)* by P(e 4 ) = e* and V(e*) = 
e>. Then D 2 = id. We define T* : i?" i?" by T* = 2? o T* o 2?. Then the 
matrix of T* under the basis {ei, . . . , e n } is the the transposition of T. T induces 
an i?-algebra endomorphism T l : f\ R n — > /\ R n by 

T*(e n A • • • A e ih ) := T f e n A • ■ • A T*e ife . 

Next we introduce the Hodge ^-operator. * : /\ R n — > /\ i?" is an i?-module map 
defined so that, for any ii < • • • < ifc, A • • • A ei k ) = A • • • A ej n _ fc , where 
(e, 15 . . . , ei k , ej lt . . . ,£j n _ k ) is an even permutation of (ei, . . . ,e„). 

To simplify the exposition, we use the the following notations in the rest of 
this subsection. Ifc := {I = . . . ,ifc)|l < *i < • ' ■ < ik < n}. For any 
7 = (it,..., ifc) G Ifc, J is the unique element / = (ji, . . . , j_ n -k) G I„-fc such 
that {ii, . . . , ifc, jX) • • • j jn-fc} = {lj • • • , w}. We denote by (I, I) the parity of the 
permutation (ii, . . . , ifc, ji, . . . , j n -k) of (1, . . . , n). Also, we write ej := A - • -Ae^ . 
Note that *e/ = (— l)' 7 ' 7 ^/. Moreover, for 7 = . . . , ifc), L = (li, . . . , ifc) G Ifc, 
we denote by T^j the minor matrix 





( T hh 


T hi2 . 


■ T hik 


\ 


Tli = 






■ T hik 






\ Tlkii 


T hi2 ■ 




J 
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Lemma 7.14. For any I = (?'i, . . . £ Ik, 

*T**T(ej) = T*T**(ej) = (-i) fe (™- fe ) det(T) • ej. 
Proof. We first prove 

(7.4) *T t *T(e / ) = (-l) fc ("- fc ) dct(T) • ej. 



Note that 



T(ej) = T &il A • • • A Te ifc 



(E T ^ e ^)A---A(^^ ifc e, fe ) 
E dct ( T .//) • e J> 



*ej = (-l) (J < J) ej, 



T\ej) = £ det ( T lj) ' e £ = E det ( T J£) ' e £> 
Lei k Lei k 

*e L = (-l)^W 
Also, if we write J = (Ji, ■ ■ ■ ,jk) an d L = (Zi, . . . , Zfc), then 

m— 1 m— 1 

(L,L) = ^2(n-k + m-l m ) = k(n~k) + -^ '- - E lm- 

m—l m—1 

Using the above equations and the Laplace Formula, we get 
*T**T(ej) 

= (_!)*(»-«.) ^ 2(-l)E5L-xi«-E^i» d Bt(r J£ ).det(r JJ ).e Ji 

= (-l)^ n - fe )det(T) -e/. 
Thus, (|7.4p is true. In particular, if T = id, then T* = id and (|7.4p implies that 

(7.5) **( e/ ) = (-l) fe ("- fe )-e 7 . 
Replace T by T* in CO}, we get 

(7.6) * T * T\ei) = (_i) fc («-fe) det(T*) • e 7 = (-i) fe («-fc) dct(T) ■ e/. 

Note that (|7.4p , (|7.5|) and (|7.6p are true for all fc and all I Elk- So we have that 
T*T**(ej) = (-l)*(*- fc ) **r*r'*(e/) 
= (-l) fc («-fe) *(*r*T'(*e/)) 
= (_ 1 )ft(n-fc) . (_;Qfc(»-fc) . dct ( T ) . + + e/ 

= (-l) fe ("- fe ) dct(T) ■ ei. 

□ 



(><> 
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Lemma 7.15. 

(7.7) T o (Aa) = (AT a) o T, 

(7.8) To(-.T*P) = (^)oT. 



Proof. For any 7 = (ii, . . . , ijt) G X; 



To(Aa)(e 11 A---Ae. i J = T(e il A • • • A e ik A a) 

= T( eil A • • • A e< J A Ta 



(ATa)oT(e H A ■ ■ ■ A e ik ) 



So ((77)) is true. 
Similarly, 



To(-T«/3)( ejl A---Ae ifc ) 

k 

= T(]T (-^^-^(Te^ ) • eil A • • • • • • A e lk ) 



m—l 

k 

= (- 1 ) TO " 1 / 3 ( Te i m ) • T ( £ n) A • • • T(e im ) ■ ■ ■ A T(e t 

m—l 

= (^)(T( eil )A-AT( ei J) 

So fTS]) is true. 
Lemma 7.16. 

(7.9) *o(Aa) = (nPa)oi, 

(7.10) *o(-i/9) = (-l) n-1 (A2>/3) o*. 

Proof. For any / = (ii, . . . , i fc ) <E let J = (ji, . . . J n -k)- Then 

*o (Aa)(e il A • • • A e ifc ) 
= *(e h A • ■ • A e ifc A a) 

n—k 

= *( a J>™ ' e ii A • • • A e ifc A e Jm ) 

m—l 
n— fc 

= XI a ^ ' *( ei i A ' ' ' A ei * A e J'™ ) 

m—l 

= E^-(-l) M+m - 1 'e il A-^-Ae 

m—l 

= (nDajo^A-'AejJ. 



Jn-k 



So (173)1 is true. 
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Similarly, 



*o(^/?)( eil A---Ae,J 

k 

m—l 

k 

^(-l)'"- 1 ^ ■★(e il A---e~ 

m— 1 

fe 

^(-l) m -\ m • (_1)(^)+™- 
m—l 

(-^★(erjA©^ 
(-l)"- 1 (AP/3)o*(e n A--- AeJ. 



So (jTTTU)) is true. 
Lemma 7.17. 

(7.11) 
(7.12) 



□ 



V oT oV 



VoT(a) = (T')*oD(a). 



Proof. Recall that T* is denned by T* = VoT* oV and that V 2 = id. (f7TTT|) follows 
immediately. Replace T by T* in ([77TT]) . wegetPoToD= (T*)*. Plug P(a) into 
this equation, we get (|7.12p . □ 



Lemma 7.18. 

(7.13) 
(7.14) 



(*r**)o(ATa) = (-^"^(Aa) o (*TV), 
(*T**)o(t9) = (-l)"" 1 ^*/?) o (*T**). 



Proof. Note that Lemmas 17.151 through [77X71 are true for any a £ R n , j3 £ (i?™)* 
and T £ HoniR So 



(*T**) o (AT a) = 



This proves ([T7T3j) . 
Similarly, we have 

(*T**) o (^9) 



(*T 4 ) o (-nVTa) O * 
(*T 4 ) o (-,(T*)*X>Q!) o* 
* o (-,£>«) o (TV) 
(-l)"- 1 (Al> 2 o) o (★TV) 
(-l^-^Aa) o (*TV) 



(-l)"- 1 ^*) o (AX>/3) o* 
(-1)"- 1 ★o(AT*2?/3) o (TV) 
(-l^-^-.DT*!?/?) o (★TV) 
(-l)"- 1 ^*^) o (★TV) 



(by (ES)) 
(by (E32)) 
(by (EB» 
(by M)) 
since 2? 2 = id. 



(by 

(by (Z2» 

(by d)) 

(by jnrj) 



This proves ([7714]) . 

Now we are ready to prove Proposition 17. 121 



□ 



Proof of Proposition \7A^ Define F : M -> M' by F = T : A ->■ A#™- Also ; 
define G : M' -» M by G(e 7 ) = (-l) fe («-fc) *F* ★ (ej) VI = . ..,i fc ) £ l k . Then 
Lemmas 17.151 and 17.181 imply that F and G are morphisms of matrix factorizations. 
Lemma [77T41 implies that Go F = det(T) • id M and F o G = det(T) • id at- It is 
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easy to see that deg Z2 F = deg Za G = 0. It remains to show that F and G are 
homogeneous with the correct quantum gradings. 
For I = ...,ifc) € Jfe, let 

k 

s(i) = ^ im > 

k 

S a {I) = ^dega ira , 

m— 1 

k 

S b (I) = ^deg6 ira . 

m— 1 

Recall that, e/ is a homogeneous element of both M and M'. As an element of M, 
the quantum grading of ej is deg M ej = fc(iV + 1) — S a (I). And, as an clement of 
M', its quantum grading is deg M , e, = St (7) — fc(AT +1). It is easy to check that, 
for 7, J 6 Ife, degTj/ is homogeneous with degTj/ = 2k(N + 1) - 5 a (I) - 5 h (J). 
So 

deg M , det(Tj/)ej = 2k{N + 1) - S a (I) - S b ( J) + S b ( J) - k(N + 1) 
= k(N + l)-S a (I) = deg Mei . 

But 

F(ej) = T(ej) = ^ det(r JZ )ej. 

JGl fc 

This shows that F is homogeneous with quantum degree 0. 
Similarly, 

G(ei) = (-l) fe ("- fc ) *T* * (ej) = ^ (_!)S(/)+s(J) d et(r} 7 )ej 

Jei fc 

= £(-i)^s(./) dct(T/j)ej . 

Note that each term det (Tjj)ej is homogeneous in M with quantum degree 

deg M det(T T j)ej 
= 2(n - fc)(JV + 1) - S (J) - 5 6 (I) + fc(7V + 1) - 5„(J) 
= (2ti - k)(N + 1) - S (l, . . . , n) - (S b (l, . . . ,n) - S b (I)) 
= {2n{N + 1) - 5 (1, ■ • • , n) - 5 6 (1, ...,n)) + (S b (I) - k{N + 1)) 
= deg dct (T) + deg M , ej . 

This shows that G is homogeneous with quantum degree deg det (T). □ 

Remark 7.19. First, note that Lemma [2.121 and Corollary 12.161 are both special 
cases of Proposition 17.121 Second, recall that Rasmussen [34] explained that the 
Z2-grading of a Koszul matrix factorization can be lifted to a Z-grading. The above 
construction clearly preserves this Z-grading. 
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7.6. General x-niorphisms. The following proposition is the main result of this 
subsection. 

Proposition 7.20. Let To and T\ be the MOY graphs in Figure [751 where 1 < I < 
n < m + n < N . There exist homogeneous morphisms x° '■ C(Tq) — > C(Ti) and 
X 1 ■ C(Ti) -> C(r ) satisfying 

(i) Both x° and x 1 have ^-grading and quantum grading ml. 
(ii) 



X'ox 



x'ox 1 



( ^ (-l)l A l^(X)5 A c(B)).id c(ro) , 

AeAi, m 

( (-l) |A| ^v(X)5 A c(B)).id c(ri) , 



AeA ; 



where A; >m = {/.t | pL < \ m } = {n = {fii > ■ ■ ■ > m) \ l{p) <l, Hi < m}, 
X' G A m< i is the conjugate of X, and X c is the complement of X in A^ rn , i.e., 
if X = (Ai > • • • > A;) e A; /m , then X c = (m - A; > • • • > m - Ai). 



Before proving Proposition l7.20l wc first simplify C(Tq) and C(Ti) and represent 
their homotopy classes by adjoint Koszul matrix factorizations. 

Let R = Sym(X|Y|A|B). Denote by Xi the i-th elementary symmetric polyno- 
mial in X and so on. Recall that 



/ * 



C(T ) 



X 1 +D 1 -A 1 \ 



*-m-\-n—l 



Yi-Dx- Si 

vn-i 



— m(n — I) 



}■ 



V * Y n -BiD n ^i J 

We exclude D from the base ring by applying Proposition 12.191 to the rows 

* Yi - Di - Si 



* Y n-l - ELo B « 
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This gives us 



(7.15) c(r„) 



X 1 + D 1 - A x 



i-i 



* Yn-l+k — Y^i=0 Bn-l+k-iDi 

V * Y n -BiD n -i 



{q -m(n-l) }; 



where 



D k = 



Y!U(-l)%<*)Yk-i if k = 0, 1, . . . n - I, 



otherwise. 



Since the above sum will appear repeatedly in this subsection, we set 



T, 



Eto(- 1 ) i ^(W- if*>0, 







if k < 0. 



Now consider Y n -i +k - X)"=o -Bn-z+fc-iA- If fc = 1, using equation P~Tj) . we { 



71 — 1 



n—l 



i=0 



n— / n— Z 

= ^n-j+i - y](-i)'" j ft»-iwj n -i +1 -i 

n— / n—l—j 

= Y n _ l+1 -Y,Yj Yl (-l)%(B)B„-i + i-,--i 

j=0 i=0 
n— Z 

= y„_ i+1 +^(-i) n - J + 1 -^V i / l „_ m _ j (B) 
= r„_; + i. 
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If k > 1, then 

n — l 

Yn-l+k — ^ ^n-i+ft-i-Dj 
i=0 

n— £ 2 

j=0 j=0 
n — / n — I 

j=a i=j 

n—l n — l—j 

= Y n -i +k -j2 Y 3 Yl (-i)^wwh 

j=0 1=0 
n — / n — l—j+k 

= Y n - l+k +J2 Y 3 (-l)%WBn-l+k-j-i 
j—0 i=n—l—j-\-l 
n—l k—1 

= Y n . l+k + y 3 X)(-i) T,_,+ *- , '~ < ftn-j+*-i- 

j=0 i=0 
fe— 1 n— i 

= r n _ i+fe + £ b 4 ^ y J -(-i)»-'+ fc -^^ n _ i+fe _ i _ 

i__0 j=0 
fe— 1 n— J+fc— i 

= Yn-i+k + Y^BiiTn-l+k-i- J2 ^(-l) n ~ ,+ *~ i_< ftn-i+fc-i-i(B)) 
z=Q j=n-i+l 
fe— 1 fe— 1 n — / + — £ 

= Y n . l+k + Y,B i T n _ l+k _ i -Y d Bi ^(-l) n ~' +fc ~ i-< hn-i+fc-j- 

j=0 i=0 j=ri-i+l 
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But, by equation (|4.1[) . 



fc— 1 n — / + fc — i 

J2 Y ] (-l) n - l + k -^h,^ l+k ^ l (M) 

i=0 j=n-l+l 
fc-l k-l-i 

= Y,Bi F J -+„_ i+1 (-l) fe - 1 ^-^ fe _ 1 _ J -_i(B) 

i=0 j=0 

fc-l fc-l-3 

= J^+n-l+i E (-1)* _1 - H '»m-h(B^ 

j=0 »=0 
= Y k + n -l- 



So 



n-J fc-l fc-l 

Y n -i + k — ^ B n -i + k-iDi = Y n _i + k + ^ BiT n -i + k-i — Yk+ 7l -i = ^ Sj^n-z+fc-i 

i=0 i=0 i=0 
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and, therefore, 



fe-i 



i=0 i=l 

Thus, we can apply Corollary 12.161 successively to the right hand side of (|7. 15(1 to 
get 







Xx+Dx-Ax \ 










J2?=o Xk-iDi — Ak 






(7.16) C(T ) * 


* 
* 


T n -i+x 


{ ? -m(n- 


0}. 




V * 


T n ) 






Lemma 7.21. If k > n 


then T fc = - X)j=i B j T k-j- 






Proof. For k > n, 




k 

-- ^(-i)%(B)y fc _< = 








T k = 


n 

= E(-D fe 

i=0 




(by J4.U. note that k>n) 


n i 

= X ; >•* iy *E< 

i=0 j=l 












(B) 






I 

z E •-• 






Lemma 7.22. For any 


k > 0, 


define W k = YA=o T i X k-i- Then 






( * 


Wx-Ax \ 








* 








(7.17) C(T ) s 




T n -i+x 


r -m(n- 


() }- 




V * 


T n ) 






Proof. Consider J]"=o x k-iDi 


— Ak. If k < n — I, then 




n—l 
i=0 


*A- 


fc 

i4* = 5^X ik _ i T i -A fc 

i=0 




So the row (*, X)™=o ^ 


-iA- 


- A fe ) in (|7.16|) is already (*, Wfc - 


-A k ) 



□ 
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If k > n — I, then 

n—l n—l k 

Y,Xk-iD i -A k =Y J Xk-iT i -A k =W k -A k - x k-iTi- 

i=n-l + l 



i=0 



i=0 



By Lemma 17.211 if i > n — I + 1 , then Tj can be expressed as a combination of 
T„_; + i, ...,T n . So wc can apply Corollary [311] to the row (*, Yh=o x k-iD t - A k ) 



i=0 

and the bottom I rows in (|7.16|) to change the former into (*, W k — A k ) 

Now consider Ti in Figure [TCI Recall that 

/ * X 1 + Y 1 -A 1 -B 1 \ 



(7.18) 



C(r! 



Lemma 7.23. 



(7.19) 



C(r0 



V 


* 




-^m+n— 




/ * 


Wi - 


A t 






w k - 


A k 






W m +n-l — 


A m +n-l 






Wm+n 


-l+l 



{q~ mn }. 



V 



IT", 



{?- m n }, 



where, as in Lemma \7.22\ W k = Y^i^^i-^k-i- 
Proof. We have 



3=0 



i=0 



and, by (|¥7T]) . 



53(-i) fc - j '^-i(B)x;^ s i-i 

j=o 



i=0 



^ X, ^(-1)^^(1)^ 

fe k — i 

i=0 j=0 

fc 

J2XiT k _i = W k 

i=0 



k k 



□ 
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Thus, 



£(-l) k -1h k - j (B)(£x i Y j . 



3 = 1 
k 



i=0 
3 



J 



j=0 »=0 i=0 

This implies that we can get (|7.19[) by successively apply Corollary 12 . 161 to the right 
hand side of (f77TH|> . □ 

By the definition of W k , we know that 
/ W m+n 

W m +n-l 



\ 




= n 


^m+n— 1 


) 





where is an I x (m + 1) matrix whose (i, j)-th entry is Xj_i. By Lcmma l7.211 we 
have, for k > 1, 

' T n +k \ / T n+ fc_i \ 

= e fe 



T n +k-2 

\ T n -i+i J 



where Ofc is the (fc+Z) x (fc+Z— 1) matrix whose first row is (—Si, — B2, ... , —Bi, 0, . . . , 0) 
and whose next (k + I — 1) rows form the (k + I — 1) x (k + I — 1) identity matrix 
Id fe+i _i. Define 9 = 6 TO 6 ro _i • ■ ■ 9 2 6i. Then 



/ w m+n 


\ 




( T n 


\ 






= no 


T n -i 




\ W m +n-l-\ 


-1 ) 






I 



where QO is clearly an I x I matrix. So 
(7.20) 

/ W x - A 1 \ 



W m + n -l — A m+n -i 

W m+n 
\ W m + n -i+i 



Idm+n-i 

ne 



I W1-A1 

W m + n -i — A m + n —l 
\ Tn-l + 1 



J \ Tn-l + 1 J 

Lemma 7.24. The homotopy classes of C(T ){q m( - n ^} and C(ri){g" m } can be 
represented by adjoint Koszul matrix factorizations with relation matrix 

t 



Id m +n-/ 

no 



Im+n—l 
9*fi* 



Proof. This lemma follows from (|7.20p , Lemmas 17.221 17.231 and Remark 15.41 □ 

The morphisms \° and x 1 m Proposition l7.20l arc constructed by applying Propo- 
sition 17.121 to this pair of adjoint matrix factorizations in Lemma 17.241 To prove 
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that x° and x 1 satisfy all the requirements in Proposition 17.201 all we need to do 
is to compute 

Idm+n-i 

o ne 



det 



det(Oe). 



For this purpose, we introduce some results about Schur polynomials associated to 
hook partitions. 

For i, j > 0, let L\jj = (i + 1 > 1 > • • ■ > 1), the (i, j)-hook partition. Note that 

3 "v* 

Li j = Lji. So 



(7-21) S Li J 



h i+1 {l 


1) h i+2 


(B) 


hi+30 


B) •■• 


h i+j {M) 




1 


hi(l 





h 2 (R) 




hj-i(B) 


hj(B) 





1 




/ii(B) 




hj- 2 (M) 












1 






hj-i(B) 















1 


hi(M) 


B j+1 


B j+2 


B 3+3 




Bj+i 


Bj+i+i 




1 


Bi 


B 2 




Bi-i 


Bi 







1 


By 




Bi-3 


Bi-i 










1 




Bi-3 


Bi-2 















1 


Bi 





(7.22) S Li 



Using (|7.2ip and (|7.22[) . we can extend the definition of Sl 4 (B) to allow one of i, j 
to be negative. 



(i) If j > 0, then 

(ii) If i > 0, then 



S Lz j (B) as in $Hn$) if i > 0, 

-iy m = -j-i, 

if i < and i ^ —j — 1. 



[ S Ll tj (B) as in CLU} if J > 0, 
^(B) = <(-1) 1 ifj = -i-l, 

[fj if j < and j ± -i - 1. 

Lemma 7.25. De/me x tJ = (-l) i+1 Sz, <if (B). T/ien, /or i,j > 0, 
(7.23) 



k=0 



(7.24) (-l) i +J+ 1 / l i +J - +1 (B) = ^(-lfMBK,^.. 

Proof. Let us prove (|7. 23[) first. Note that, for any £ > 0, 

oo 

^ +1 (B) = Y / (- 1 ) k+1 B k h l+1 - k (M), 



k=l 
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where the right hand side is in fact a finite sum. Apply this equation to every entry 
in the first row of (|T.21|) . we get 

oo 

S Li ,(M) = X;(-l) fc+1 B fc fik 4 _ fcJ (B) 

fc=l 

i 

(by (i) above) = C^2{-^) k+1 BkS Lt _ kij (V>)) + (-l) % Bi+j+l. 
fe=l 

Equation (|7.23p follows from this and the definition of Tj j. 
Now we prove (|7.24[) . For any j > 0, 

oo 

Bi+i = X)(-l)* +1 fc*(B)Bi+i-k, 
k=i 

where the right hand side is again a finite sum. Apply this equation to every entry 
in the first row of (|7.22[) . we get 

oo 

S Li .(M) = ^(-f) fc+1 ^(B)5 L ,^ fc (B) 
fe=i 

(by (ii) above) = (" ^ W S L, (») ) + (" 1 Y (») . 

fc=l 

Equation (|7.24|) follows from this and the definition of Tjj. □ 



Lemma 7.26. 



/ T m-lfi T m-l,l 
Tm-2,0 T m -2,1 



6 — ("Tm— l)(;+m)x/ — 



7"0,0 
f 





T0,1 


f 



Proof. Note that T 0i 





1 


-Bi 


-B 2 ■ 


• Bi 


\ 








1 





■ 






Qi = 







f 


• 








\ 








■ f 


) 





Recall that 



and 



( TO 
1 



V o 



8i 
Id fc _i 



T m -\,l—l \ 
Tm-2.l-\ 

7"0,J-1 




f 



7-0,1 • 







■ 


1 


• 
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Using equation (|7.23p in Lemma E25J it is easy to prove by 



■01 — ( T k-i,j-l)(l+k)xl 



( 7Tfc-l,0 


Tfe-1,1 


Tfe-l,i-l 


Tk-2,0 


Tk-2,1 ■ 




T~0,0 


T0,1 


TQ,l-l 


1 





■ 





1 


• 


I o 





■ 1 



nduction that 



But = 6 m 6 m _i • • ■ 0i. So the lemma is the k = m case of the above equation. 

□ 



Define 



(-ly-tfij-iiB) for 1 < i, j < I, 

(~iy+ m ~ i h J+m ^ i (M) for 1 < i < I + m and 1 < j < I. 



Let 



U 



( 1 





3)1*1 



1 




\0 



H-3{ 



{Vi.j)(l+m)xl 



-\) m+i h 



m+l\ 



-hi(M) 



1 






-h!( 



(-l) i - x A«-iCB) \ 

(~iy- 2 h^ 2 (m) 

-hi(M) 



i-iy-^-ii 
(-iy- 2 hi-2( 

(-ly-th^i 



(-l)'fci(B) 

(-ly-^i-ii 
(-iy- 2 h^ 2 ( 

-MB) 



det 



Lemma 7.27. QU = V. 

Proof. This follows from Lemma 17.261 and equation (|7.24p in Lemma 17.251 □ 
Lemma 7.28. 

IjWn-j ^ \ = det(fi0 ) = (-1)™* £ (-l)l A ^ v (X)5 A e(B). 
' AeA,, m 

Proof. Note that det U = 1. So by Lemma[L23 det(fi6) = det (net/) = det(nu). 
Let 

1:={I= (ix, . . . < ii < ••• < tj < Z + m}. 
For any / = (ii, . . . 6l, define 

• n^ to be the / x I minor matrix of n consisting of the i\, . . . , ii-th columns 

of n, 

• Vi to be the I x I minor matrix of V consisting of the i\, . . . , i/-th rows of 
V. 



78 



HAO WU 



Then, by the Binct-Cauchy Theorem, 
(7.25) det(fie) = det(W) 



lei 



detfij • dct Vj. 



Recall that A; jTO = {/x | fx < A;, m } = {/x = (fn > ■ ■ ■ > /i/) | <l, Hi< m}. 
Note that there is a one-to-one correspondence j : Z — * A; !rn given by 

= {ii-l> k-i - I + 1 > ■ • • > ii - 1) 

for any / = (ii, . . . , i/) el. The inverse of j is given by 

j- 1 (A) = (A ; + l,A ; _ 1 +2,...,A 1 +0 



for any A = (Ai > • 
For any / = . 



det fli 



> A/) G Ai,. 
.,ii)el, 





Xi 2 


-1 


■ X ii-i 


-1 


Xh-1 




X% 2 


-2 


■ X ii-i 


-2 


Xh-2 




Xi 2 


-l+l ■ ■ 


■ X k-i 


-l+l 


Aj,-;+i 




Xi 2 


-I 


■ Xii-i 


-I 


X H -i 




Xii- 


-l+l 


.. AV 


2 


X^-i 




X H _ 


l-l+l ■ 


X H _ 


1-2 






Xi 2 - 


-l+l 


Xi 2 - 


-2 


Xi 2 -i 




Xi x - 


-l+l 


Xi x - 


-2 


X^-1 



To shorten the equation, we let hi = hi(M) and tk = (— l)*/ii(B). Then, for any 

I = (h, ...,ii)eX, 
detVi 

^hn-\-l—X—ii ^hn-\-l—ii 



+ 1 — i 2 forri -\-2 — %2 



"m+1— ii—i 



^m+i— 1— fom-\-l — ii _ i 

^m+£ — 1 — fovn+l — ii 



(-1) 



fom+l — i 2 



hm+2-h 
h m +2-i 2 



h m +l-i l _ 1 h m +2-i l _ 
hm+l-i t h m+ 2-ii 



hm+l—l—ix 
h"ni+l — l—i 2 

hm+l-l-ii-i 
hm+l-l-ii 



""m+l—ii 
h"m+l — i 2 

hm+l — ii-i 
hm+l-it 



= (-l) ml+W)l S AI) c{M). 
So (|7T2l>]) gives that 

det(ne) = (-i)^£(-i)W J >is 3W ,(X)s 3(I) .(B) 



lei 



AGA(, m 



□ 
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Proof of Proposition \ 7. 20\ Proposition 17.201 now follows easily from Proposition 
\TJ2\ Lemma EH and Lemma OS □ 

Proposition 7.29. Let To, T\, x° and x 1 be as in Proposition \ 7. 20\ Then \° and 
X 1 are homotopically non-trivial. Moreover, up to homotopy and scaling, x° (resp. 
X 1 ) is the unique homotopically non-trivial homogeneous morphism of quantum 
degree ml from C(Tq) to C(Ti) (resp. from C(Ti) to C(Tq).) 



r 



Figure 17. 



Proof. Using Lemmas 17.221 and 17.231 one can check that, as graded vector spaces, 

Hom H MF(C(ri),C(r )) = H(T) { m + n ){ q (^)(N-m-n)+mn+ m l+nl-l 2 ^ 
Hom H Mp(C(r ), C(r X )) S H(T) ( m + n ) { q (^)(N- m -n)+mn+ m l+nl-l 2 ^ 



where T is the MOY graph in Figure \T7\ and T is T with orientation reversed. By 
Corollary I5.13[ we have H(T) = H(T'). Then, by Decomposition (II) (Theorem 
15. 14)1 and Corollarv l6.11 we have 



H(T) s H(T') = C(0) (m + n) { 

And, similarly, 

H(T) = £7(0) (m + n) { 

Thus, as graded vector spaces, 

Hom HM F(C(r 1 ),C7(r )) 
S Hom H MF(C(r ),C7(r 1 )) 

= C7(0){ 



m + n — I 




m + n 




N 


m 




I 




m + n 



}■ 



m + n — I 




m + n 




' N ' 


m 




I 




m + n 



m + n — I 




m + n 




N 


m 




I 




m + n 



(m+n)(JV —m—n)-\-mn-\-ml-\-7il — l z 



}■ 



In particular, the lowest non- vanishing quantum grading of the above spaces is ml, 
and the subspaces of these spaces of homogeneous elements of quantum degree ml 
are 1-dimcnsional. So, to prove the proposition, we only need to show that x° an d 
X 1 are homotopically non-trivial. To prove this, we use the diagram in Figure [T51 
Consider the morphisms in Figure [T8l where <j>\ and (resp. (f>2 and <j> 2 ) are 
induced by the edge splitting and merging of the upper (resp. lower ) bubble, and x° 
and x 1 are the morphisms from Proposition 17.201 Let us compute the composition 

fa ® 2 ) o m(5 Am , n (-Y) • S Xl n _, (-A)) o x ° o x 1 ° (<t>i ® <h), 



so 
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Figure 18. 



Y 



V 



where m(S\ m n (— Y) • S\ t n l (—A)) is the morphism induced by multiplication by 
S Am „(-¥) -S Xl ,„_,(-A)- By Proposition [7201 we have 

(0! ® 2 ) o m(5 Am ,„ (-Y) • S\ l n l (-A)) o x ° o x 1 o (0! ® 2 ) 

~ (0i®^)om(Sx miB (-Y).5 AllB _,(-A)-( J! (-l) |A| 5 A '(X)5 A c(B)))o(</, 1 ® ( /, 2 ) 



J2 (-l) |A| (^i ° m(5 Am ,„ (-Y) ■ 5 V (X)) o ^) ® (0 2 o m(5 Ai _„_, (-A) • S X o(M)) o 2 ). 



AeA ; 



But, by Lemma l7.11[ we have that, for A G A; jm , 
^i°m(5A mn (-Y)-5v(X))o^ « i 



2 om(5 Ai ,„_,(- 



o 02 



id if A = (0 > • • • > 0), 

if A ^ (0 > • • • > 0), 

id if A = (0 > • ■ • > 0), 

if A ^ (0 > ■ ■■ > 0). 



So, 



\ ® fa) o m(5 Am ,„(-Y) • 5 A (-A)) o x ° o x 1 o 



id, 



which implies that x° and x 1 are not homotopic to 0. 



□ 



7.7. Adding and removing a loop. Using the x-morphisms and the morphisms 
associated to circle creation and annihilation, one can construction morphisms as- 
sociated to adding and removing loops. 



r 



m + n 

Y 



Figure 19. 



Lemma 7.30. Let Tq and Ti be the colored MOY graphs in Figure [751 Then, as 
bigraded vector spaces over C, 



Rom HMF (C(T ), CfTt)) S Hom ffM HC(ri), C(r )) * C(0){ 



"iV" 




"AT - m" 


m 




n 



m(N —m) 



}(n) 
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In particular, the subspaces of these spaces of homogeneous elements of quantum 
degree —n(N — n) + inn is 1- dimensional. 

Proof. By Theorem EM we have that CfTi) ~ C(T ){ [ N ~ m ] } (n). So 

~N - m 



HorxiHMp(C(r ), C(ri)) = Hoitlhmf {C(Tq ) , c(r )){ 



}(n) ^Hom H MF(C(ri),C7(ro)). 



Denote by Om a circle colored by m. Then, from the proof of Lemma 16.51 we have 



HoniHMF(C(r ),C(r )) = H{O m ){q m{N - m) } <m) * C(0){ 
And the lemma follows. 



m 



m(N —m) 



}■ 



□ 



Definition 7.31. Let To and T\ be the colored MOY graphs in Figure[T9l Associate 
to the loop addition a homogeneous morphism 

V : c(r ) - c(rx) 

of quantum degree —n(N — n) + mn not homotopic to 0. 
Associate to the loop removal a homogeneous morphism 

^: c(rx) ^c(r ) 

of quantum degree —n(N — n) + mn not homotopic to 0. 

By Lemma 17.301 ip and ip are well defined up to homotopy and scaling. Both of 
them have Z2-grading n. 



Y 



r 2 

Figure 20. 



The above definitions of ip and ip here are implicit. Next we give explicit con- 
structions of ip and ip. Consider the diagram in Figure 1201 where x°: X 1 are 
the morphisms given by proposition 17.201 l, e are the morphisms induced by the 
apparent circle creation and annihilation. Then x° ° 1 '■ C(Tq) — ► C(Ti) and 
e o x 1 ■ C(Ti) — > C(Tq) are both homogeneous morphisms of Z2-degree n and 
quantum degree —n(N — n) + mn. 

Proposition 7.32. ip m x° ° ip ~ e ° X 1 - Moreover, we have 
(7.26) ^om(5 (U (B)) o V « 



idc(r ) if (A = ^n,N-m-n, 

«/ < n(7V -m — n), 



(7.27) V°m(S M (Y))oV « 
where m(*) is £/ie morphism given by the multiplication by * 



idc(r ) */m — A„,Ar_ m _„, 
«/ \ fj,\ < n(N -m — n), 
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Proof. To prove ijj m x° ° i and ip ~ eo/, we only need to show that x° o i and 
to x 1 are not nomotopic to 0. We prove this by showing that 

id C(r ) if A* = K 
if \fi\ < n(N — m — n), 



(7.28) eo X 1 om(S' p (l))o X ot 



which also implies ()7.26[> . 

Note that the lowest non- vanishing quantum grading of HomHMF(C(ro), C(Tq)) 
is and, if < n(N — m — n), then the quantum degree of eo x 1 otn(S M (B)) o x° ° l 
is negative. This implies that fo^'o tn(5 M (B)) o x° ° l. ~ if \n\ < n(N — m — n). 
Now consider the case \i = \ n ,N-m-n- By Proposition [7201 We have 

eo X 1 om(5 A „, JV _ m _„(B))o X °o t 

= eom(5 A „, JV _ m _„(B))o X 1 o X °o t 

= eora(S XntN _ m _ n (M)- V (-l)l A IS A ,(X)S A c 



AeA„ 



E 

AeA„ , 



(-l)l A l5 A ,(X).eom(5 A „, JV _ m _„(B)-5 A c(B))o t 



{M I A* < A„ jTO } = {/i = (Ml > • • ■ > Mn) I < Ml < m }- 

A' G A mj „ is the conjugate of A, and A c is the complement of A in A„. m , i.e., if 
A = (Ai > ■ • • > A n ) G A„ !?Tt , then A c = (m — A„ > • ■ • > m — Ai). By Corollary 
7.81 we have, for A G A r 



i C(ro) if A = (0 > - • • > 0), 
if A 7^ (0 > • • • > 0). 



This completes the proof for (|7.28[) . Thus, we have proved ip w x° ^ V 1 ~ 6 ° X 1 
and ([7726)) . 

It remains to prove ([7727]) . Note that m(S Al (Y)) ~ m(5 M (B U X)) as endomor- 
phisms of C(r x ) and S M (B U X) = S^B) + F M (B,X), where F M (B,X) G Sym(B|X) 
and its total degree in B is strictly less than 2|/x|. Then, by (|7.26[) for any partition 
fi with < n(N — m — n), we have 

^om(S^(Y))o?/> ~ ^om(S', I (BUX))o^ ~ ^om(S' Al (B)+F M (B, X))o^ ~ ^om(5 M (B))o^. 

So ([77271) follows from ([7726]) . □ 

7.8. Saddle move. Next we define the morphism r/ induced by the saddle move 
in Figure 1211 Unlike the morphisms in the previous subsections, we will not give 
an explicit form of 77. Instead, we prove two composition formulas of 77, which are 
all we need to know about rj in this paper. 




Figure 21. 
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Lemma 7.33. Let Tq and Ti be the colored MOY graphs in Figure WfS. Then, as 
bigraded vector spaces over C, 

~N~ 

Hom i?MF (C7(ro),C7(r 1 ))SC(0){ 



2m(N-m) 



}(m> 



In particular, the subspace ofHoniHMF(C(To),C(Ti)) of homogeneous elements of 
quantum degree m(N — m) is 1- dimensional. 

Proof. Let Om be a circle colored by m with 4 marked points. By lemmas I2.11| 
l2~T2l and l2~T3l one can sec that Hom(C(r ), C(T{)) S C(Om){<? 2m(Ar ~ m) }- The 
lemma follows from this and Corollary 16. II □ 



Definition 7.34. Let To and Ti be the colored MOY graphs in Figuref^]] Associate 
to the saddle move To ^ Ti a homogeneous morphism 

T] : C(r ) - <7(Ti) 

of quantum degree m(N — m) not homotopic to 0. By Lemma[733l r\ is well defined 
up to homotopy and scaling, and dcg Z9 r\ = m. 

7.9. The first composition formula. In this subsection, we prove that the change 
in Figure [22l induces, up to homotopy and scaling, the identity map of the matrix 
factorization. Topologically, this means that a pair of canceling 0- and 1-handlcs 
induce the identity morphism. 



Fi 

Figure 22. 



Lemma 7.35. Let Tq and T\ be the colored MOY graphs in FiQure WfK Then under 
the identification 



Hom(c(r ),C7(ri)) = c(ri)®sym 



/ 



c(r ). = 



A 1 -X 1 

A — Y 
Yl-Bi 



Xi-Yx \ 

Bx-Ax 
R — A 

* 
* 



Sym 



where Xj is the j-the elementary symmetric polynomial in X and so on, we have 
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where p is of the form 

E 



iWs.Ea) 1 ^ ® le 2 ® l Es . 



Proof. Write i? = Sym(X|Y|A|B), and 



Define 



R/iAt-Xx,. 
R/iAx-Xt,. 

( 



M, 



if 1 < k < to, 

A m - X m , Fi - B u . . . , Y k - m - Bk-m) if m + 1 < fc < 2m. 
* X x -Yx \ 



B m - A 



A k+1 - X, 



k+l 



A — X 

Yi-Bx 



* 



V Y m 



if < k < to- 1, 



( 




-Yx \ 


* 








Bx 


-Ax 


* 


B m 


— A m 






* 



if m < k < 2m — 1. 



and 



M 2m = 



Xx-Yx \ 



X 7n Y 7n 
Bx-Ax 



\ 



= C(T), 



B 7n A 7n J 



R 2 „ 



where T is a circle colored by to with two marked points shown in Figure [TT1 Then 
Hotuhfm (C(To), C(Tx)) can be computed by the following homotopy 

M k {q n *} (k) ~ • • • ~ M 2m {q n ^} (2m) 



Hom(C(r ),C(ri)) = M ~- 

s c(r){ g 2m ( JV - m )}~c(0){ 



2m(N-m) 



}(m) 



where can be inductively computed using Corollary 12.251 In particular, n2 m = 
2m(N — to). Let % G be the image of 77 under the above homotopy. Then 7?fc 
represents, up to scaling, the unique homology class in H(M k ) of quantum degree 
m(N — to) — 
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By Lemma 16.51 

£G/ m 

where s(e) = J2^=i ( m — for £ = (ei, • ■ ■ e TO ) G Assume that 



%«p fe + (E (-l)^ il+ ^ +1 )l e l + < E )l e l r ) ® 1, . . . , 1) G M fc , 



ee jm v ' 

2m- k 

where pk is of the form 

£i,e 2 e/ m , e 3 6-f 2m - fc , e s ^(l,l,...,l) 

Note that 

£ (-i)^ 1 ^ ii+(m+1)|£|+s(e) i £ ® 1 F ) ® 1 (1) X) . . . } 1} 

is a chain in M&_i mapped to r]^ under the homotopy 

Mfe-r^"*- 1 } (k - 1) ^ Af fe {g" fc } (*) , 

where 

Pk= £ /fc.Cei.es.ea)^! ® X e2 ® l(l,e 3 )- 

ei,£26/ m , e 3 6/ 2m - fc , e 3 ^(l,l,...,l) 

Then, by Corollary |2.25l and Remark l2.2f 1 we have that 
Vk-i « Vk - h o d(rf k ) 

= T k -ho d{i%) + ( £ (-i)^ il +(™+ 1 )H+ s ( £ )i £ ® i F ) ® i (1) i, . . . , i). 

See the proof of Proposition ^. 20l for the definition of h and note the slightly different 
setup here. (We are eliminating a row here by mod out its first entry rather the 
the second.) By the definition of h, (again, note the difference in the setup,) it is 
easy to see that h o d(rjk ) is of the form 

h o d{ff k ) = £ flfc,(ei,e 3 ,e 3 ) 1 ei ® l e 2 ® l(0,e 3 )- 

Therefore, pk-i := pit — ho d(ffk) is of the form 

Pk-l = £ /*-X 1 (ei,ea,e 3 )lei ® 1 £2 ® W 

ei,£2e/ m , Ese/^-'+S e 3 ^(l,l,...,l) 

Thus, we have inductively constructed & p = po E Mq of the form 

P= £ /( E1 ,e 2 ,e 3 )lei ® le 2 ® le 3 

£i,£2e/ m , e 3 e/ 2 "N e 3 ^(1,1,...,1) 

such that 

r?«p+(£ ( -i)^^+(™+i)l^)l e ® i r ) g, x ly 

□ 
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Proposition 7.36. Let T and Ti be the colored MOY graphs in Figure i : 
C(r) — > C(ri) </ie morphism associated to the circle creation and rj : C(Ti) — ► C(r) 
</ie morphism associated to the saddle move. Then 77 o i « idc(p) • 



g"»(AT-m)i 



Proof. From the proof of Lemma 16. 5[ we know that 
Hom ffM F(C(r),C(r)) =C(0){ 



In particular, the subspacc of Hoto.hmf{C(T), C(T)) of elements of quantum degree 
is 1-dimensional and spanned by idcrr)- Note that the quantum degree of 77 o i is 
0. So, to prove that r\ o t w idp(r): w e only need to show that ry o i is not homotopic 
to 0. We do so by identifying the two ends of T and showing that rj» o ^ 0. 






Identify the two end points in each of the colored MOY graphs in Figure [5U and 
put markings on them as in Figure [221 Denote by T and T\ the resulting colored 
MOY graphs. Denote by <S the generating class of H(T) and ©x 7 ©y the generating 
classes of the homology the two circles in H(Ti). Then t*(<5) oc ®x <S> ©y- And, 
by lemmas Ell E3 [63] and E3S r)*(<S x ® ©y) oc 0. Thus, r?* o t*(0) cx <S. This 



shows that 77 o t is not homotopic to and, therefore, r\ 1 



id 



c(r)- 



□ 



Remark 7.37. From the proof of Proposition 17.361 we can see that 77 gives i?(r) a 
ring structure and i?(f){q m ( JV -" 1 )} = H*(G m , N ;C) as Z-gradcd C-algebras. 

7.10. The second composition formula. In this subsection, we show that the 
change in Figure [Ml also induces, up to homotopy and scaling, the identity map. 
Topologically, this means that a pair of canceling 1- and 2-handles induce the 
identity morphism. The key to the proof is a good choice of the entries in the left 
column of the matrix factorizations involved. Our choice is given in the following 
lemma. 



Figure 24. 
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Lemma 7.38. LeiX, Y be disjoint alphabets, each having m (< N ) indeterminants. 
For j = 1, . . . ,m, define 



Uj(x,Y) = (-ly-^+^M + ^-i^jXHhN+i-k-sOt) 

fe=l 

m m 

+ E SC-lJ^'^fc^eAr+i-fc-w (X, Y), 
fe=i i=i 

where Xj and Yj are the j-th elementary symmetric polynomials in X and Y, and 



£n,;(X,Y) 



h m ,n{Yi, ■ ■ • , Yj-i, Xj, . . . , X m ) — h m . n (Yi, . . . , Yj, Xj + ±, . . . , X m ) 



X 3 ~ Y 3 



Then Uj(&, Y) is homogeneous of degree 2(N + 1 — j) and 

m 

- Yj)Uj(X,Y)= PN+1 {X)-p N+1 (Y). 

3 = 1 

Proof. The claims about the homogeneity and degree of Uj (X, Y) are obviously 
true. So we only prove the last equation. Since N > m, by Newton's Identity (|4.3|) . 
we have that 

PAr + l(X) -p N+ i(Y) 
m 

= ^(-l^^fcPJV+i-^X) - Y kPN+1 _ k (Y)) 
fc=i 

m m 

= ^(-l) fe - 1 (X fe -y fc )p Ar+1 _ fc (Y)+^(-l) fe - 1 X fc (p Ar+1 _ fc (X)- m+1 _ fe (Y)). 
fe=l fc=l 

By 621), 

J5iV+l-fe(X) -pAr+i_fc(Y) 



m m 

= - Yi)h N +i- k -i (Y) + ^(-ly-^XK/ijv+i-fc-ifX) - h JV+1 _ fc _,(Y)) 

i=i i=i 

m mm 

= ^(-l)^ 1 /^ -^)^+i- fe - ; (Y)+^(-l) i - 1 /X i ^^+i-fc-i J (X,Y)(^ 
2=1 (=i 3=1 

Substituting this back into the first equation, we get 
Pat+i(X) - p N+ i(Y) 

m mm 

= ^(-i) fe - 1 (x fe -r fc )p w+ i- fc (Y) + ^(-i) fe - 1 x fc ^(-i)'- 1 /(x i -y ; )W- fe - ( W 

fe=i fc=i z=i 

m rn m 

+ ^(-i) fc - 1 x fc ^(-i)'- 1 ?x i ^W- fc - iJ (x,Y)(x J -r,) 

fc=i i=i j=i 

m 

= E( X i-W(X,Y). 
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□ 



The next lemma is a special case of Remark 12.211 

Lemma 7.39. Let R be a graded commutative unital C-algebra, and X an homo- 
geneous indeterminant over R. Assume that fi t o(X), fi t i(X), . . . , fk,o(X), fk t i(X) 
are homogeneous elements in R[X] such that 

degf jt0 (X) + degf jtl (X) = 2N + 2, 
k 

Suppose that fi,i{X) = X — A, where A 6 R is a homogeneous element of degree 
degA = degX. Define 



M 



( fi, (X) /i,i(X) \ 

/ 2 , P0 / 2) l(X) 



and M 



( hfi{A) h,x{A) \ 
f 3l0 (A) f 3A (A) 



\ fkM fk,i(A) J R 



V fk,o( x ) fk-i(X) J R[x] 

Then M and M' are homotopic graded chain complexes. Let F : M — > M' be the 
quasi-isomorphism from the proof of Proposition \2.2(A If 

a = 2J a eXe 
eel*- 1 

is a cycle in M' , where a e £ R, then 

5= E "eho,*)- E a £ (j2(-i) m ^ 9j ,s S (x)i (1< 



where |(0,e)|j = X)i=2 £ l and 9o,e ] (X) 
F(a) = a. 



fi,eAX)-fi,eM) . . 

— - — x-A — > ts a c ?/ c ' e m M and 



Proof. Let (3 = J^eei"- 1 "^(o.e) G M. Then F{J3) = a. By Remarkd^H we know 
that d(/3) € ker F, (3 — h o d((3) is a cycle in M and F(/3 -/io = a, where 

h : ker F — > kerF is defined in the proof of Proposition ^. 201 But 

hod{[3) = hod{ E ^1(0,6)) 

fe 

= m E ««(/yWiM+E(- 1 ) IMIi ^ww./M^ + ir.« 

e=(e 2 ,...,Efc)6/ fc - 1 J=2 

By the definition of h, we know that ft,(l(x, e )) = 0. Moreover, since a is a cycle in 
M', we have 



)))■ 



= ^ = E « e (E(- 1 ) l( °' 8)l, ^-i( A ) 1 (-».-^- 

e=(e 2 ,...,e fc )el fc - :1 J=2 

So, in M, we have 

k 

= E «e(E(- 1 ) l( °' £)l3 /«^) 1 (0^,...^- 1 ^e J + 1 ,...^)). 

e=(e 3 ,... 1 e fc )e/*- 1 J=2 



.))• 
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Thus, 

k 

hod{(3) = h{ J2 «e(E(- 1 ) KO ' £)lj (/«W-/«^)) 1 (0, £2 ,...^- 1 ^,e J + 1 ,.., 1 

e={e 2 ,...,e k )el k - 1 3=2 
k 

e=(e 2 ,..., £fe )e-f* ! - 1 J= 2 

where the last equation comes from the definition of h. This shows that /3—hod(j3) = 
a and proves the lemma. □ 



Y 



ml I m 



To 



Figure 25. 



Let T and Tj be the colored MOY graphs in FigureSD And rj : C(T ) -> C(ri) 
the morphism induced by the saddle move. We have 

/ 7i(A,X) JTi-Ai \ 



K„(A,X) X m -A m 

Vi(B,Y) B 1 -Y 1 

V m (M, Y) S m -F m 

Ai-Bi t/i(A,B) 

A m -S m t7 m (A,B) 

n-Xi t/i(x,Y) 



Hom(<7(r ) ) c(r 1 ))^c(r)c 



'Sym(X|Y 



c(r„). 



\ Y m X m U m (X,Y) j Sym(X | Y | A | B) 

where Xj is the j-the elementary symmetric polynomial in X, Uj is given by Lemma 
17351 and 



VS(X,Y) 



_Pm,JV+l(Xl7 ■ ■ ■ i Yj-1> Xj, . . . , X m ) — Pm,JV+l(^l; • • • j^ji -Xj'+l) • • • ) X n 



By definition, it is easy to see that 

d 



(7.29) 
(7.30) 



dX k 




Vj(K,Y) = 0ifj>fc, 



— Vj(X,Y) = if .7 < fc. 
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Set i? = Sym(X|Y|A|B) - C[Xi, . . . , X m , Yi, . . . , Y m , Ai, . . . , A m , B u . . . , B m ], 
and, for 1 < k < m, 



Rk 
Rm+k 



= R /(X 1 -A 1 ,...,X k -A k ) 

— C [Xi , . . . , X m ,Y]_,..., Y m , A k+ i , . . . , A m ,Bi,..., B m ] , 

— Rq/ (Xi — Ai, . . . , X m — A m ,Bi — Yi, . . . , Bu — Yu) 

— C [Xi , . . . , X m , Y\ , . . . , Y m , Bk+i , ■ ■ ■ , B m ] . 



Define 



M, 



lU 



2m 



( Vk+i( 


A,X) 


Xk+i — Ak+i ^ 


V m (A,X) 
Vi(M, Y) 


X m ~ A, 
B 1 -Y 1 


n 


V m {l 
Ai- 


B,Y) 
-B 1 


B -Y 
C/i(A,B) 


A m - 
Yi - 


- B m 
Xi 


U m (A,M) 
Ui(X,Y) 


V Y m - 


X m 


U m (X,Y) J 


( V k+ i{ 


1,Y) 


B k+ i - Y k 


+ i \ 


V m (l 
Ai~ 


l,Y) 
Bi 


B —Y 
C/i(A,B) 


A m ~ 

Yi- 


- B m 
Xi 


u m (A,m) 

Ui(X,Y) 


V Y m - 


x m 


t/ m (X,Y) / 


/ x t - 


Yi 


Ui(X,Y) \ 




x m — 

Yi - 


Y 
Xi 


t/ m (X,Y) 
C/i(X,Y) 




V Y m - 


X m 


C/ m (X,Y) yi 


Sym(: 



for fc = 0, 1, . . . , to — 1, 



for fc = 0, 1, . . . , m — 1, 



By Proposition 12.191 Mo ~ M\ ~ • ■ • ~ M2 m . Let 77fc be the image of rj in Mfc. 
Then, use method in the proof of Lemma 16.51 one can check that 



>l2i 



£(-l) j5l ^+M-M»l.®l a 



where s(e) := S^l/Cm - j>j for e = (ei, . . .,s m ) G 7 m . 

Next, we apply Lemma 17.391 to find a cycle representing 77 in M$. 
Write 



9j,o(^ij ■ ■ • j X m , Yi, . . . , Y m ) — Xj — Yj, 
9 j , 1 (X 1 ,...,X m ,Y 1 ,...,Y m ) = Uj(X,Y). 



A COLORED sl(jV)-HOMOLOGY FOR LINKS IN S J 91 

And define, for k = 1, . . . , to, e 6 Z2, 
p./s 9j,e(Xi, . . . , Afc . . . , A m , Bi, . . . , -B m ) — 6>j ;g (Xi, . . . , Xfc, Afc+i . . . , A m , Si, ... , B m ) 

" J ' £ X k - A k ■ 

„ m+ fe Qj tS (Xi, ... , X m ,Yi ... , Yfc-i, B k , ■ ■ ■ , -Bm) - 6j, E (Xi, . . . , X m , Yj . . . , Yfc, -Bfc+i, ■ ■ ■ , B m ) 

j ' £ B k -Y k 

It is easy to see that, for 1 < k,j < m, 



(7.3i) e* = e™ +fc 



-1 if j = fc, 

if j ^ fe. 



In the following computation, we shall call an element of Mq an irrelevant term 
if it is of the form c ■ l ei ® 1 £2 ® 1 E3 where c G Ro, £1 G I 2m and e 2 , £3 £ ^ m such 
that either £1 ^ (1,1,..., 1) or e 2 7= £3. 

Define J 7 to be the set of functions from {1,2,..., 2m} to {1, 2, . . . , m} and 

•Feuen = {/ 6 J 7 | is even for j = 1, 2, . . . , m}, 

= {/e^| #/- 1 (i) = 2fori = l,2,...,m}. 

For / e 7,1 = 1,2,..., 2m, define 

*/,fc = I k < k' < 2m, f(k') < f(k)}, 

2m 



fe=l 

= I * < A' < 2m, /(fc') = /(fc)}. 

For / G J 7 , £ = (ei, . . . , £ m ) G I m , define y>/(e) = (ei, . . . , e rn ) G I m , where ej G / 
satisfies 

ej = Sj + #{fc | 1 < k < 2m, /(jfe) = j} mod 2. 
Applying Lemma l7. 391 repeatedly, we get that 

m 

2m 

ee/™ /e.F fc=i 

+ irrelevant terms, 

where £j is the j-the entry in e. Note that, if / ^ T even , then ff(e) 7= £ and the 
corresponding term in the above sum is also irrelevant. So we can simplify the 
above and get 

2m 

*> - £(-i)^+i^ £ (-ircneW,^ 1 ^^ 1 ^ 

e£/ m fEFeven k=l 

+ irrelevant terms. 

In Figure \25\ identify the two end points of To marked by X and A, and identify 
the two end points of To marked by Y and B. This changes To into V in Figure 
1261 Similarly, by identifying the two end points of Ti in Figure [25] marked by X 
and A and identifying the two end points of Ti marked by Y and B, we change Ti 
into Ti in Figure l26l Let 6 be the generating class of -ff(r), and ©x and ©y the 
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Y 



Y 



Figure 26. 



generating classes of the homology of the two circles in IV By Lemma [6.51 (5 is 
represented in 



C(T) 



t 


E/i(X,Y) 


Yi 


-x x 


\ 




U m (X,Y) 


Y 


- x m 






Ui(X,Y) 




-Yl 






U m (X,Y) 




— v 

1 m 


) 



by the cycle 



g=J2 (-i) Jsm ^ + < m+1 >i c i +a Mi e ® h 



Define 0* o , 0™ +K , 0*^ 0™+* by substituting ^ = X u . . . , A ro = X m , Si 



Yl,..., B m = Y m into e); , 0™ +fc , 0^, 0™ +fc . Then, for 1 < fc, j < 



(7.32) 0> o = QT +k 



-1 if j = fc, 
if j ^ fc - 



(7.33) 0^! := 0j ! i|Ai=Xi,...,A m =x ra ,Bi=ri,...,s m =y ro 



■^■(X,Y), 



(7.34) 0™ +fe 



0™i +fc Ui=x 1 ,...,A m =x m ,B 1 =r 1 ,...,B ra =Y m - gy-Uj(X,Y). 



Using the formula for 770 and lemmas [2. 11 112 .121 we get that 77(G) is represented 



c(ro 



/ V 1 (X,X) \ 

V m (X,X) 
Vl(Y,Y) 



V y m (Y,Y) y Sym(x|¥) 



by the cycle 
77(G) 

- EH) 1 



^ + |£|+s(e) + 



+ (m+l)|e|+s(e) + - 



)1(1,..,D 



fc=l 



irrelevant terms, 
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where the "irrelevant terms" are terms not of the form c • In i). By definition, it 
is easy to see that 



m — 1 



., m(m - 1) 
s{e)+s{e) = J2(™-3) = - L -z -■ 



Then one can check that 



|e|(|e|-l) ._. ,_, |e|(|e|-l) , iSI , , m(m - 1) 
' + i - L ^- + (m + l)|e| + s(e) + — ^- - 



2 2 
. l2 m(m + l) . . m(m+l) , _ 

= l £ l =l £ l + — 2 m0d2 ' 

Therefore, 

2m 

„(G) « (-l)^E E (-l) |£| ^(II%), e;w+w ,Jl(i D 

e£/ m f eleven fc=i 
+ irrelevant terms. 

This shows that 

2m 

c 

/(«)> e /(fe)+M.f,fc 



E (-i) w+ "'(II e W./ W +M/.J-( ,8 » 



eeJ m /ef e „„ fc=i 

Hence, 

2m 

e,o ^(©) oc(-i)^ e ,(x: e c-i) w+, ' / (ii § w, w +M/.j 

egjrn fl=F even fe = l 

where e : C(ri) — > C(r) is the morphism associated to the annihilation of the circle 
marked by Y. 

Since rj is homogeneous of degree m(N — to), the polynomial 

2m 

§ = E E (- 1 ) w+ " / (n § W./ W +M/.J 

eG/ m /ere.™ fc=i 

is homogeneous of degree 2m(N — m). Let 3 + be the part of 3 with positive total 
degree in X. Then the total degree of 3 + in Y is less than 2m(N — to). By the 
definition of 77, we know that e*(S + • <5y) = 0. So 

e„(S ' «y) = c((S - 3+) • Y ) = e,((5| Xl =x s =...=x m =o) • «y). 
Next, consider 3 := 3| Xl =x 2 =-=X m =o- Let 8?? = 6^ |xi=X 2 =-=X m =o- Then 



S= E E (-1)^(11^ 



3,£ J>el 

2 m 



eel m /6f„ en fe=l 
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Moreover, by equations (|7.32|) . ()7.33|) . (|7.34p . the definition of Uj in Lemma [7.381 
and Lemma l4.1[ we have, for 1 < k,j < m, 



A fc 



Am + fc 



-1 if j = k, 
ilj^k, 



©*i = -gj r U j {X,Y)\ Xl=Xa= ..^ Xm=0 = (-l) k+j+1 j ■ h N+1 . k .j(Y), 



' = Qyfi<& Y)| Xl =x 2 =...=x m =o = (-l) fc+J (VV + 1 - j) • h 
Now split S into 3 = Si + S2, where 



N+i-k 



-iOO- 



2 m 



— 1 



—2 



E Em^OI© 



fc=i 



E E (- 1 ) w+ "'(II 6 W/ W+ m,v 



We compute Si first. For every pair of / £ .7-2 and e = (ei, . . . , e m ) £ J™, there 
is a bijcction 

/ B :{l,2,... J 2m}-f{l,2,...,m}xZ 2 

given by f £ (k) = {f(k),£f/k) + M/.fc)- Note that (/, e) 1— > / e is a bijcction from 
^2 x 7 m to the set of bijcctions {1,2,..., 2m} — > {1, 2, . . . , m} x Z2. Define an 
order on {1,2,..., to} x Z2 by 

(1, 1) < (1, 0) < (2, 1) < (2, 0) < • • • < (to, 1) < (to, 0). 

Then, for (/, e) e T 2 x 7™, 

kl + ^ = *0 I 1 < k < k' < 2m, f £ (k) > f £ (k')}. 

Thus, 

2m 



Q2m 



(-I)" 





k=l 












to 

?,0 


eii 

©I,! 


©1,0 




A 1 

°m,l 


A 1 
u m.0 

A 2 


2m- 1 
1,0 
2 m 
1.0 


A2m- 
C, 2,l 

u 2,l 


-1 A2m- 
U 2,0 
P)2rn 


1 


A2m- 

Q2m 
w m,l 


-1 A2m-1 

Ci2m 
u m,0 


©1,0 






©ll 




©m,l 




A m 

Am+1 
u l,0 




A™ 
^m,0 

^m,0 


©ri 

u l,l 




0^,1 

u m,l 




A2m 
U l,0 




A2m 
^m.,0 


u l,l 




Q2m 
u m,l 





A COLORED s[(JV)-HOMOLOGY FOR LINKS IN S 3 



95 



Note that both m x m blocks on the left are —I, where I is the m x m unit matrix. 
So 



—l 



m(m+l) 

(-i)^.(-ir 



Am+l Al 

u l,l u l,l 

n2m Am 
u l,l 



Am+l _ Al 
m,l w m,l 

o2m Am 



= (-i) 11 ^ det((-l) fe + J '(iV+ l)fc JV+ i_ fc _ J (Y))i< fclJ -<T B 

= (-l) I!ii! 5= ii (7V + l) m det(/ij V+ i_ fc _ J -(Y)) 1 < fe , J -< m 

= (N + l) m &A(hN-m-wW)l<kJ<m 

= (iV+l) m S AmiJV _ m (Y), 

where A TO ,jv-m = QV — m > ■ ■ ■ > N — m). 

m parts 

The sum £2 is harder to understand. But. to determine e*(£2 • ©y), wc only 
need to know the coefficient of S\ m jv_ m (Y) in the decomposition of £2 into Schur 
polynomials, which is not very hard to do. First, we consider the decomposition 
of £2 into complete symmetric polynomials. Since £2 is homogeneous of degree 
2m(N — m), we have 



"2 



E 

|A|=m(JV-m), Z(A)<m 



ca-/*a00, 



where c\ £ C. Note that £2 is defined by 



2m 



= 2 =e e (- i ) w+, "(n 6 /w. w , +w .j. 

in which every term is a scalar multiple of a complete symmetric polynomial as- 
sociated to a partition of length < m. If the term corresponding to £ £ I m and 
/ £ J 7 even \ J~2 makes a non-zero contribution to c\ m N _ m , then wc know that, for 
every k = 1, . . . , m, 



and 



/(*0 
/(m + fc) = 



k if £ /(fe) + = 0, 

m + 1 - k if £f( fc ) + fj,f tk = 1, 



A: 



1 



if £/(m+fc) + fJ-f.rn+k — 0, 
if £/(m+fc) + M/.m+fc = 1- 



In particular, 

/ £ '■= {g £ Teven \ F 2 \ g(k),g(m + k) £ {k, m + 1 - k}, V k = 1, . . . , m}. 

Now, for an / £ J-^ 1 we have / £ J- eV en \J~2- So there is a j £ {1, . . . , to} such 
that is an even number greater than 2. From the above definition of T° , 

we can see that f~ x (j) C {j,m + j, m+l — j, 2m + 1 — j}. Thus, = 4 and 

f (j) = {j, m + j, to + 1 — j, 2m + 1 — j}, which implies that / _1 (to + 1 — j) = 0. 
Let e,a £ I m be such that £ m +i-j i= Cm+i-j an( f = cr; if i ^ m + 1 — j. Then 



(-i)i e i+^/(jje 



/( fc ) ! E/(fc)+A'/,& 



) = _(_l)M+"/(JJ£ 



/( fe ). CT /(fc)+A'/,fc ' 



fc=l 



fc=l 
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This implies that, for every / G J 70 , 



2)n 



eel" 



(_l)l=l+" ; 



(II 6 ? 



( fc ).e/(fc)+«.fc 



,) = o. 



k=l 



Therefore, c\ m N _ m = 0. By Lemma 14.21 one can see that the coefficient of 
S\ m N _ m (Y) is in the decomposition of S 2 into Schur polynomials. So £»(S2-©y) = 
0. '"' 

Altogether, we have shown that 



7?,(<8) 



oc 



(-1) 

(-1)' 
(-1)' 
(-1) 



x(m+l) » 



e*(S-© Y )-0 



»(m+l) A 



e,(Hi.0 Y )-C + (-l) 



(iV 
(TV 



l) m e*(^ m , 
l) m © ± 0, 



e*(S 2 
(Y) • <S Y ) ■ © 



© Y ) • © 



which proves the following lemma. 

Lemma 7.40. Let T and Y\ be the colored MOY graphs in Figure [2b\ r\ : C(T) — > 
C(Ti) the morphism associated to the saddle move and e : C(Ti) — > C(T) the 
morphism associated to the annihilation of the circle marked byY. Then e*o?y*(©) oc 
©, where © is the generating class of H(T). In particular, e* o ?y„ ^ 0. 

Now, using an argument similar to that in the proof of Proposition 17.361 we can 
easily prove the following main conclusion of this subsection. 

Proposition 7.41. Let V and T± be the colored MOY graphs in Figure [24\ 77 : 
C(T) — > C(Ti) the morphism associated to the saddle move and e : C(Ti) — > C(T) 
the morphism associated to circle annihilation. Then £oi)« idc(r). 

Proof. We know that the subspace of Homn mf(C(T), C(T)) of elements of quan- 
tum degree is 1-dimcnsional and spanned by id^(r)- Note that the quantum 
degree of e o r/ is 0. So, to prove that e o r/ w idcrr) > w e only need the fact that eor/ 
is not homotopic to 0, which follows from Lemma 17. 401 □ 



8. Direct Sum Decomposition (III) 

In this section, we prove Theorem 18. 11 which "categorifies" 
generalizes direct sum decomposition (III) in [18] . 



Lemma 5.2] and 



m + 1 M 



r 



To 



Figure 27. 

Theorem 8.1. Let T, Tq and Ti be the colored MOY graphs in Figure \27\ where 
m < N — 1 . Then 



C(T) ~ c(r ) © C(r!){[JV - m - 1]} (1) . 
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Remark 8.2. Theorem 18. II is not directly used in the proof of the invariance of the 
colored s[(iV)-homology. 

8.1. Relating T and T . In this subsection, we generalize the method in [4"T1 
Subsection 3.3] to construct morphisms between C(T) and C(To). In fact, the 
result we get in this subsection is slightly more general than what is needed to 
prove Theorem 18. II 




r 



Figure 28. 



Lemma 8.3. Let T be the colored MOY graph in Fiaure [SSl Then, as graded matrix 
factorizations over Sym(A U B), 

C(T) ~ C(0)8>c(Sym(A|B)/(/i JV (AUB) ! . . . , h N . m . n+1 (AUM))){q- ( - m+n ^ N - m -^} {m + n) 
and, as graded C-linear spaces, 



Rom H MF (C ((/}), C(T)) = Uom HM F(C(T), C(0)) = H(T) = C(0){ 



N 




m + n 


m + n 




n 



} (m + n) 



In particular, the subspaces of these spaces consisting of homogeneous elements of 
quantum degree — (m + n)(N — m — n) — mn are all I -dimensional. 



Proof. The first homotopy equivalence follows from Proposition l6 .31 and the proof of 
Theorem 15. 141 The rest of the lemma follows from this homotopy equivalence. □ 

Denote by Om+n a circle colored by m+n. Then there are morphisms C(Q m+n ) — 

C(r) and C(T) — » C(Q m+n ) induced by the edge splitting and merging. Denote 
by l and e the morphisms associated to creating and annihilating Om+n- Then 

C(0) - ^ ot > C(r) and C(T) e ' e °^> C(0) are homogeneous morphisms of quantum 
degree — (m + n)(N — m — n) — mn and Z 2 -degree m + n. 

Lemma 8.4. T and 1 are not homotopic to 0, and, therefore, span the 1-dimensional 
subspaces of~Rom.HMF(C($),C(T)) and Horny m f (C (T) , C (0)) of homogeneous el- 
ements of quantum degree — (m + n)(N — m — n) — mn. 

Proof. We only need to check that Z* and e* are non-zero. By Lemma 15731 as graded 
Sym(A U B)-modules, 

H(T) S (Sym(A|B)/(/ lJV (AuB), . . . , h N . m - n+1 (AUM))){q^ m+n ^ N - m -^} (m + n) . 

We identify these two modules by this isomorphism. By the explicit descriptions 
of l and <fi in Section [71 it is easy to see that 

T*(l) = 0* o oc 0*(1) oc 1. 

So Z + 0. 
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By the module structure of H(T) and Theorems 14. 3[ l4~5j one can see that 

{S\(A) • 5 M (A U B) | A < A m ,„, /j < \ m+n ,N~ m -n} 

is a C-linear basis for H(T). Using the explicit descriptions of e and <f> i n Section 
[3 it is easy to see that 



e *(5 , A m ,„(A) • S\ m+n N _ 
So e. + 1 0. 



,(AUB)) = e.o^(5A m , B (A).5 Am+BiW _ ra _ B (AUB)) 
oc c.(5 Ara+niW _ m _ n (AuB))«l. 

□ 



r 2 

Figure 29. 



Lemma 8.5. Denote by T 2 i/ie colored MOY graph in Figure f^PI and 07/ Om+n 
circle colored by m + n. As C-linear spaces, 

2 



Rom HMF (Cm,C(T 2 )) S Hom ffM F(C(r 2 ),C(0)) S C(0){ 



TV 




771 + 71 


771 + 71 




71 



} (771 + 71) 



In particular, the subspaces of these spaces consisting of homogeneous elements of 
quantum degree — (m + n)(N — m — n) — 2mn are 1- dimensional, and are spanned 
by 



C(0) ± C(Om+n) 



c(r 2 



id c(r 2 



01 ®02 



» C(Om+n) ^ C(0), 



where i and e are morphisms associated to creating and annihilating Om+n> cind 
01, 4>2 (resp. (f> 1 , 4> 2 ) are morphisms associated to the two apparent edge splitting 
(resp. merging.) 



Proof. By Theorem 15. 141 and Proposition 16. 1[ we have 



c(r 2 ) ~ c(0){ 



N 




771 + 71 


771 + 71 




71 



} (m + 71) 



The conclusion about Hom H mf(C(0), C(T 2 )) and Hom ffM F(C(r 2 ), C(0)) follows 
easily from this. It then follows that the subspaces of these spaces consisting of 
homogeneous elements of quantum degree — (m + n)(N — in — n) — Iran are 1- 
dimcnsional. It is easy to check that [<f>\ <E> 2 ) o 1 and e o (</j 1 <g) 2 ) are both 
homogeneous with quantum degree — (m + n)(N — m — n) — 2mn. So, to finish 
the proof, we only need to show that they are not null homotopic. It is clear that 
(0i <g> 4>2)* and are both injective, and e* and ® 2 )* are both surjective. 
So (</>i ® 2 )» o /,„ and e* o (</3 1 <g> <p 2 )* ar e both non-zero. Thus, (0i g) 2 ) o t and 
e o (0 1 (g) 02 ) are not null homotopic. □ 
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n m 



r 2 u Om u O* 



Om U Or, 



Figure 30. 



For simplicity, we denote by Tthe composition C(0) ^ 1 ®^ >2 - > '> (7(r 2 ), and by e 



the composition C{T2) 



C(0) in the rest of this section. 



Lemma 8.6. Denote by Om U On ^ e disjoint union of two circles colored by m 
and n. Define the morphism f : C(0) —> C(Om LI On) ^° ^ e ^ e composition in 
Figure [ffOl i.e. / = e o (77^ (g) ) o T. Then f t m (8) t n , where L m , t„ are i/ie 
morphisms associated to creating the two circles in Om U On • 



Proof. It is easy to see that 
Hom ffMF (C(0), C(Qm U On)) = H(Q m U On) = C(0){ 



'AT 




"AT 


m 




n 



} (m + n) 



In particular, the subspace of HoniyA/i?(C(0), C(Om LI On)) of homogeneous ele- 
ments of quantum degree —m(N — m) — n{N — n) is 1-dimensional and spanned 
by L m <g> L n . One can easily check that / is homogeneous of quantum degree 
—m(N — m) — n(N — n). So, to prove the lemma, we only need to check that 
/ is not null homotopic. We do this by showing that /*(1) 7^ 0. 
Note that / = e o (jj-f ® tjj) o ? = (e o 77^.) o o V) . 







m -\- n m 



11 m 



m 



n m 



Figure 31. 




Figure 32. 

We consider r/j o T first. By Proposition 17.321 one can see <f> o ip o i m . where 
the morphisms on the right hand side are given in Figure 1311 So 77^ o t is given 
by the composition in Figure 1311 If we choose marked points appropriately, then 
<j> o ip and act on different factors in the tensor product of matrix factorizations. 
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So they commute. Thus 77^ o t = (<f> o tp) o (j]^ o b m ~), where the composition on the 
right hand side is given in Figure [32] Denote by i% and ex (resp. ly and cy) the 
morphisms associated to creating and annihilating the circle marked by X (resp. 
Y.) Then (ix)*(l) an d (ty)*(l) are the generating classes of the homology of the 
circles marked by X and Y. By Proposition 17.411 we have €y ° T}-\ ° t m ~ ix- So 
(ey ° ?7t i m)*(l) oc (ix)*(l). This implies that 

( ??t o tro )*(l) cx (5 AmtJV _ m (Y) + H) • (ax).(1) ® (t Y ).(l), 

where H is an element in Sym(X|Y) whose total degree in Y is less than 2m(N — m). 
By Proposition [7321 and the definition of T, we have that 

(0°VO*((iY)*(l)) oc 

Thus, 

fa ot).(l) oc (S w _ m (Y) +fl) • (ix),(l) ® 




Figure 33. 





+ n 




m + n 








71 








m 

Y 


n m 
- m + n 


71 












t 


»7} 


n 




n 








w 


A 




B A 








B 































r 3 

Figure 34. 

Next we consider eorjj. Since the circle marked by X is not affected by these 
morphisms, we temporarily drop that circle from our figures. By Proposition 17.321 
e « e A o ?/; o 0, where the morphisms on the right hand side are given in Figure 
1331 So e o r)i is given by the composition in Figure [33] If we choose marked points 
appropriately, then 'ip o cf> and act on different factors in the tensor product of 
matrix factorizations. So they commute. Therefore, e o r]\ is also given by the 
composition in Figure [34] By Proposition I7.41[ e A ° rj$ w id. So e o ^ th rj) o <j>, 
where ip and arc given in Figure 1341 Denote by T the morphism given in Lemma 
18.41 associated to creating T3 in Figure |3~H Then, by [53] Proposition Gr3], 

Ms\ m , N - m (j) + h) ■ ( ix ),(i) ® r*(i)) oc (S' Am , JV _ TO _„(w) + /i) • (t x ),(i) ®r*(i), 

where h is an element of Sym(X|W) with total degree in W less than 2m(N—m—n). 
Let ipn ■ C(On) ~~ * CfTs) be the morphism associated to the loop addition. (Note 
that this morphism is different from the ip in Figures |3"T1 13"2"1 ) Then, by Proposition 
17.321 one can see that T « ip n o t„ . 
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Altogether, we have 

/*(1) oc (e o T7j)* o (771 o fc)*(l) 

oc (eo »ft).((S w _ m (Y) + fl) ■ (t x ).(l) ® 

cc (?o^),((5A m , w _ m (Y) + • (i x )*(l)®t*(l)) 

« ^*((S , A m , w _ m _„(W)+/i)-(t x )*(l)®I*(l)) 

oc (ix)*(l) <8 (?* o m(5 Am . JV _ m _„(W) + h) o (V„)„ o (t„)»(l)) 

oc (tx)*(l) ® 

where the last step follows from equation (|7.27| in Proposition l7.32l It is clear that 
the circle marked by X is the "Om" in Qm UOn- So the above computation shows 
that /*(!) oc (t m )*(l) ® 7^ 0. And the lemma follows. □ 




Definition 8.7. Let T and To be the colored MOY diagrams in Figure [35] (They 
are slightly more general than those in Thcorcm l8.il ) Define the morphism 

F : C(T ) - C(T) 

to be the composition in Figure I36[ and the morphism 

G : C(T) -» C(T ) 

to be the composition in Figure I37[ where T, e are as above, and rjo , T]A , Vh Vi are 
the morphisms associated to the corresponding saddle moves. 



r\ 


m + r 




n 

w 


m 7i 
m + r 


m 

vJ 



Figure 36. Definition of F 



Proposition 8.8. Let F and G be the morphisms given in Definition \8. 7\ Then 
F and G are both homogeneous morphisms of quantum degree and degree 0. 
Moreover, GoFk idc(r ) • 



102 



HAO WU 



r\ 


rn + r 


r\ 


n 

w 


m 71 
m + r 


m 



Figure 37. Definition of G 



r„ 



Proof. Recall that t, e are homogeneous morphisms of quantum degree — (m + 
n)(N — m — ri) — 2ran and Z2-degree m + n, and r]n ® »7oj ?7t ® are homogeneous 
morphisms of quantum degree m(iV — m) + n(iV — n) and Z2-degree m + n. So F 
and G are homogeneous morphisms of quantum degree and Z2-degree 0. 

Next we consider the composition GoF. By marking the MOY graphs appropri- 
ately, rjo ®r)o and G act on different factors of a tensor product. So they commute. 
Hence, 

G o F = (rj n ® 770) G ot= (rjn ® 770) (e (?7t ® ? 7t) *Di 
where the right hand side is the composition in Figure [3"51 By Lemma 18.61 

where i m and t„ are the morphism associated to creating Om and On- So 

G o F w (rjn ® 770) o (t„ ® t m ) = (?/□ o t„) ® (770 o «, m ) w id c(ro) , 
where the last step follows from Proposition l7.36l □ 



CO (77| <g> 7J t ) O t 



»?□ &> ?7o 



To 



r u Om u Or 



Figure 38. 



8.2. Relating T and IV Let T and Ti be the colored MOY graphs in Figure 
|2"71 In this subsection, we generalize the method in [TH1 Section 6] to construct 
morphisms between C(T) and C(Ti). To do this, we need the following special case 
of Proposition 17. 201 




Figure 39. 
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Corollary 8.9. Let T' 4 and T' 5 be the colored MOY graphs in FigureUM Then there 
exist homogeneous morphisms 

X °:C(T' 4 )^C(T' 5 ), 

x'-.c^^c^), 

such that 

• both x° and x 1 have quantum degree 1 and X 2 -degree 0, 

• X 1 ° X° - (s - t) ■ id c(r ^) and x° ° X 1 - (s - t) ■ id C (r' 5 )- 




r r 7 r x 



Figure 40. 



If wc cut r horizontally in half, then we get two copies of T' 5 in Figure [39] These 
correspond to two copies of T' 4 in Figure [351 Now we glue these two copies of T' 4 
together along the original cutting points. This gives us Tj in Figure 1401 There 
are two %° morphisms and two x 1 morphisms corresponding to the two pairs of 
T 4 and T' 5 . The morphism x° ® X° (resp. x 1 ® X 1 ) is the tensor product of these 
two x° morphisms (resp. x 1 morphisms.) Denote by ip : C(T\) C(Ti) (resp. 
ip : C(Tj) — > C(Ti)) the morphism associated to the apparent loop addition (resp. 
removal.) 

Definition 8.10. Define morphisms 

a : C(T0 (1) C(T), 

d : c(r) - c(ro (i) 

by a = (x° ® X°) ° V* an d = ip (x 1 ® X 1 )- 

Moreover, for j = 0,1, . . . , N — m — 2, define morphisms 

a s : CiTJiq"-™- 2 - 2 ^!)^^), 
P 3 : C(T) C(T 1 ){q N ~ m - 2 - 2 ^} (1) 

by ay = m(s w ~ m ~ 2 ~ : ') o a and j3j = (3 o m(hj), where m(») is the morphism 
induced by multiplication of •, and hj = hj({r, s, t}) is the j-th complete symmetric 
polynomial in {r, s,t}. 

Lemma 8.11. aj and j3j are homogeneous morphisms that preserve both gradings. 
Moreover, 



0j ° on 



id if i = j, 
if i > j. 
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Proof. It is easy to verify the homogeneity and gradings of otj and /3j. We omit it. 
Note that x° ® X° an d X 1 ® X 1 are both C[r, s, t]-linear. So, by Corollary 18. 9[ 

ft-ooi = ?o( x 1 ® x 1 )om(/i J )°m(s JV - m - 2 - l )o( x ® x °)oV 
= ^ o m(/i J ) o (x 1 ® x 1 ) o ( x ° ® x °) o m(s w - m - 2 - J ) o V 
~ ^ o m (fy) o m((r - s)(s - i)) o m(s N - m - 2 - 1 ) o V- 

Denote by /ij the j-th complete symmetric polynomial in {r, i}. Then 

3 
1=0 

So 

s N - m - 2 - i (r-s){s-t)h j 
= s N - m - 2 - i+l {-s 2 + (r + t)s - rt)^_i 

= -J2 s N ~ m ~ i+ %-i + s N - m - i+l (r + Qhj-i-! - J2 s N - m - i+l rth j . l - 2 

1=0 l=—l l=-2 

= _ s N-m-i+j + s JV-m-i-l^. +i _ g iV-m-i-2 rt ^ 

J-2 

+ J2s N ~ m - l+l (-h J - l + (r + t)ftj_ w - rtfy_,_ a ) 
= _ s i\r-m-i+j + /-"'-'-i^j _ s N - m - i - 2 rth j . 
Note that ^ is C[r, t]-linear. So 

fto«i ~ Jjom{h J )om{{r-s){s-t))om{s N - m - 2 - , )o,jj 

= -i> o m(s Ar - ,n ~ l+J ) o V + ro(Vn) o i> o m(s JV -" l - ? - 1 ) o ^ 
-m(rthj) ojjo m( s N - m - 1 - 2 ) o ^ 

id if i = j, 
if i > j, 

where the last step follows from Proposition [7221 O 



Proposition 8.12. Let T and Ft be as in Theorem \8.1\ Then there exist homoge- 
neous morphisms 

a : C(ri){[iV-m-l]}(l)^C(r), 
/3 : C<F)^C(Tx){[N-m 
that preserve both gradings and satisfy 

[3 o a ~ id. 

Proof. The [3j in Definition 18.101 is defined up to homotopy and scaling. From 
Lemma 18.111 we know 

a f id if i = 7, 

t- : "<H if i>j. 
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So, by choosing an appropriate scalar for each j3j, we can make 
fo -,\ a f id if i = j, 

(8.1) „ if f ->;-: 

We assume (|8.1[) is true in the rest of this proof. 

Define Tj ,i : C{T 1 ){q N - m - 2 - 2i } (1) C^Of^-™" 2 -^} (1) by 

EwEktK-^-Kjt- 1 ) 1 ^ ^-!) ^-! o %- a ) o -" o fe i f * <j 

id if i = j, 

if i > j. 



T .i-> 



Then define (3 3 : C(T) -► C^Ofg^-™- 2 -^'} (1) by 

N-m-2 
fe=0 

Note that 

N-m-2 

C(rr){[iV-m-l]}(l}^ C(r 1 ){g JV - m - 2 -^'}(l) 

We define a : C(ri){[JV - m - 1]} (1) C(r) by 

a = (a>o, aAr_ m -2), 
and define (3 : C(T) -> C*(ri){[7V - m - 1]} (1) by 

ft 



0. 



N-m-2 



It is easy to check that a, and /3j are homogeneous morphisms preserving both 
gradings. So are <S and (3. 

Next we prove that (3 o a ~ id. Consider 



N-m-2 



Pjoai^ ^ Tj,ko(pk°aii). 

k=Q 

By (|8.ip and the definition of r^fe, it is easy to see that 

a f id if i = j, 

Pj o an ~ < n . . 
J 10 if « > j. 
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Now assume i < j. Again, by (18. ip and the definition of Tj t k, we have 
j3j o a, 

N-m-2 
fc=0 

i 

/C— 2 

= rj,i o (/3j o a,) + Tj t j o (/^ o a,) + ^2 r-j.k o ((3k o on) 

i<k<j 

— T h i + j3j O OLi 

+ Y1 (-^'(ft ° Q fei-i) ° ° ■ ■ • ° (4 ° afe) ° (A ° "i) 

1>1 i<fc<fci<-<fci_i<j" 

Altogether, we have (3 o a. ~ id. □ 

8.3. Proof of Theorem 18.11 With the morphisms constructed in the two pre- 
ceding subsections, we are now ready to prove Theorem 18.11 Our method is a 
generalization of that in [15] and [5T] . 

Lemma 8.13. Let V , Tq and Ti be the colored MOY graphs in Figure \27\ Suppose 
that F and G are the morphisms defined in Definition \8. 7| (for n = 1), and a and 
(3 are the morphisms given in Provosition \8. 12l Then (3 o F ~ and G o a ~ 0. 




r 8 

Figure 41. 

Proof. Let T 8 be the colored MOY graph in Figure EU Denote by r (rcsp. Y\, 
T%) the colored MOY graph obtained by reversing the orientation of all edges of To 
(resp. Ti, T$.) Let Om be a circle colored by m. Then 

Hom HMF (C(r ),c(r 1 )) - i/(C(r 1 )®c(r )){g m(Ar - m)+Ar - 1 }{m + i) 

= H(T s ){q m{N - m)+N - 1 }(m+l) 

= i/(O m ){H-9 m(Ar " m)+Ar_1 }(™ + i) 



C(0){ 



[ m ]. g m(J>T-m)+iV-lj^ 



In particular, the lowest non-vanishing quantum grading of Homn m f {G (Tq) , C(Ti)) 
is N — to. But when viewed as a morphism C(ro) — > C(ri), the quantum degree 
of /3j o F is —N + to + 2 + 2j, which is less than N — m for j = 0, 1, . . . , N — m — 2. 
So ftoF ~ 0, for j = 0, 1, . . . , N - m - 2. That is f3 o F ~ 0. 
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Clearly, the matrix factorization of Ti is the same as that of T'^ in Figure | 
Similar Lemma \7. 221 one can check that 



C(Ti) ~Af' := 



(Xi - Yi) + (s - t) 
(X k -Y k ) + {s-t)Eto(-t) 



\ 



k-i-t Xl 



(x m -Y m ) + ( S - t )j:z'o 1 (-t) 



i-i-i 



x. 



{q- m+1 } 



J 



where X, Y, {s}, {t} are markings of T' 4 in Figure | 
end points of Tq by the same alphabets. Then 



Sym(X|Y|{ S }IW) 

Mark the corresponding 



Hom ffMF (C(r 1 ),C(r )) - Hom HMF (M',C(r )) 

* ff (tf(T ) <8 Mi) 

* #(G(r ) ® c(r 1 )){g ro C JV - ro )+ iV - 1 } (m + 1) 

= i?(r 8 ){g( ro ( JV - m ) +iV - 1 } (m + 1) 

s H(r 8 ){g( ra ( JV - m )+ iV - 1 } ( ? n + 1) 

~N~ 

777, 



= C(0){ 



•[m\-q 



m(N-m)+N-l 



In particular, the lowest non- vanishing quantum grading of HoniffA/i?(G(Fi), C(Tq)) 
is N — 777. But when viewed as a morphism C(ri) — > C(ro), the quantum degree 
2 — 2j, which is less than N — m for j = 0, 1, . . . , N — m — 2. 



of G o aj is iV — m 
So G o ay ~ 0, for j = 0, 1, . . . , N - m - 2. That isGoa-0. 



□ 



Recall that the morphisms F and G are defined only up to scaling and homotopy, 



and, by Proposition 
scalars, we can make 

(8.2) 



we have G o F ss id 



G o F ~ id f 



!c(r )- 

For minor technical convenience, we assume that 
section. 



C(r )- So, by choosing appropriate 

2l is true for the rest of this 
Then 



Lemma 8.14. Let T, To and Ti be the colored MOY graphs in Figure 
there exists a graded matrix factorization M , such that 

G(r) ~ G(r ) © C(Ti){[JV — m — 1]} (1) © M. 

Proof. Define morphisms 

F : G(r )©G(r 1 ){[7V- 777 -l]}(l) ^G(r), 

G : G(r)^G(r )ffiG(r 1 ){[iV-m-l]}(l) 

by 

F = (F, a) and G = ( ^ 

Then, by Proposition 18.81 (especially (|8.2|) above) , Proposition 18.121 and Lemma 
I8.13[ F and G are homogeneous morphisms preserving both gradings and satisfy 



G o F ~ id 



c(r )ec(r 1 ){[jv- m -i]}<i) ■ 
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Therefore, F o G : C(T) — > C(T) preserves both gradings and satisfies 

(FoG) o (FoG) ~ FoG. 
By Lemma 13.141 there exists a graded matrix factorization M such that 
C(r) ~ C(T ) © C(Ti){[JV - m - 1]} (1) © M. 



Lemma 8.15. Lei M 6e as m Lemma \8.14\ Then M ~ 0. 
{*} 

Y 

r r 

Figure 42. 



+ 1*/ 

' 1 { S } 




□ 



Proof. Mark T, T and T t as in Figured 

Consider homology of matrix factorizations with non- vanishing potentials defined 
in Definition 13.41 By Corollary 13.91 to show M ~ 0, we only need to show that 
H(M) = 0, or, equivalently, gdim(AJ) = 0. But, by Lemma T8. 141 we have 



H{T) S H{T ) © (Ti){[JV - m - 1]} (1) © H(M). 



So, 



gdim(C*(r)) = gdim(C(r )) + r • [N - m - 1] • gdim(C(r 1 )) + gdim(M). 

Therefore, to prove the lemma, we only need to show that 

(8.3) gdim(C(r)) = gdim(C(r )) +r • [N - m - 1] ■ gdim(C(r 1 )) 

In the rest of this proof, we prove (|8.3p by directly computing gdim(C(r)), gdim(C(r )) 
and gdim(C(ri)). 

We compute gdim(C*(r)) first. Let A = X U {s}, B = Y U {r}, D = Y U {*}, 
E = Z U {s}. By Lemma T5. 121 we contract the two edges in T of color m + 1 and 



ret 



/ C/i 



C(T) 



U m +\ A m+ \ — B m+ \ 
Vi Di - E l 

\ Vrn+l An + 1 _ E m+ i ) 



Sym(X|Y|Z|{r}|{s}|{i}) 



where Aj is the j-th elementary symmetric function in A and so on, and 



U* = 



Pm+l,N+l(Bl, ■ ■ ■ , Bj_i,Aj, . . . , A m+ i) — Pm+l,N+l{Bi, . . . ,Bj, Aj + i, . . . , A m+ i) 



Pm+i,N+i{E\, . . . , Ej-i, Dj, . . . , D m+ i) — p m _|_i i jv+i(^'i, ■ ■ ■ ,Ej, Dj + i, . . . , D m+ i) 



Dj - E 3 
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Recall that C(T) is viewed as a matrix factorization over Sym(X|Z|{r}|{i}). So the 
corresponding maximal ideal for C(T) is the ideal 3 = (X%, . . . , X m , Z\, . . . , Z m , r, t) 
of Sym(X|Z|{r}|{t}). Identify 

Sym(X|Y|Z|{r}|{s}|{t})/3 • Sym(X|Y|Z| {r}\{s}\{t}) = Sym(Y|{ S }) 

by the relations 

(8.4) X x = ■ ■ ■ = X m =Z x = -- = Z m = r = t = 0. 

Then 



C(T)/J.C(T) 



( 


lh 


s-Yi \ 




u 2 


-Yi 






u m 






U m +i 









Vi 


Y\ - 


s 




Vi 


Y 2 






v m 


Y 




\ 


V m +i 





) 


( 




^ 
























V m 







\ 


V m +i 


o J 





{q- Am } 



Sym(Y|{s}) 



{q- 2m }, 



where, in the second step, we applied Proposition 12. 191 repeatedly to eliminate the 
indeterminants Y± , ■ • ■ , Y m by the relations 



(8.5) Y 1 = s, Y 2 = 

Under relations (18.411 and (18. 511. we have 



Y m = 0. 



I'. >h I', 



s if j = 1, 

if i = 2,...,m+ 1. 



So, by Lemma |4~T1 we have 



U j = V J = 



dp m +i,N+i{Ai, . . . , A m + i) 

dA 4 



\A 1 =s,A 2 = ---+A m + 1 =0 



= (-iy(N + i)h m+hN+1 ^( s , o, . . . , o) 

= (-l) j (N + l)s N+1 - j . 
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Using Lemma \7. 131 and Corollarv l2.251 we then have 



H(T) = H( 



( s N - m 



\ 



V s N - ,n J 

f N \ 

Ojv-i 

V Q N -m J 



(On \ 

Ojv-i 

V OiV-m / 



){q-^} 

C[s] 

){9 1 - W }(1) 

cw/( s «—) 



C[s]/( S «- 

where 0j is "a that has degree 2j" . So 

N-m-i 



m+l 



gdim(c(r)) = rV-M 2 <? 2fc )- n( 1 + r « 2 ^ 1 ) 



fc=0 3 = 1 

m+l 



t ■ q- m ■ [N -m] ■ JJ (1 + r^'-^- 1 ). 



Next, we compute gdim(C(r )). Let 

t N+l _ r N+l 



u = 



u, 



t - r 



Pm,N+l(Zi, . . . , Zj-i, Xj, . . . , X rn ) — p m ,N+\\Zli ■ ■ ■ i Zj, -Xj+1, ■ ■ ■ , X m ) 



Then 



c(r ) 



/ U t-r \ 
Ui Xx - Zi 

\ t^m -^m / 



Sym(X|Z|{r}|{t}) 



So 



C(T )/3-C(r ) = 



( W \ 

o w o 

Ojv-i 

\ 0at_„ 1+ i J 



and 



lim(C(r )) = (1 + rq 1 -") J](l + V^" 1 ). 
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Now we compute gdim(C(ri)). Let F = W U {t} and G = W U {r}. Define 

Pm,N+l(Zi, . . . , Zj-i, Fj, . . . , F m ) — p m ,N+l{Zl, ■ • ■ i Zj, Fj + i, . . . , F m ) 



Then 



Pm,N+l(Gl, ■ ■ ■ , Gj-1, Xj, . . . , X m ) — Pm,N+l(Gl, . . . , Gj,Xj + i, . . . , X m ) 



X 3 ~ Gj 



( V x Fi-Zi \ 

Ufri -^m 

V x X l - G x 



{« } 



Sym(X|Z|W|{r}|{t}) 



Identify 



Sym(X|Z|W|{r}|{t})/3 • Sym(X|Z|W|{r}|{i}) = Sym(W) 
by relations (JHHJ). Then, by Proposition f^TT^l 



ccrxj/j-c^) 



U m -i 


W m -l 


Urn 





% 


-W 1 


V m -i - 









/ OjV+l-m 


\ 


On 





On-i 





\ OjV-ro+1 


o / 



Sym(W) 



So 



Write 



gdim^)) = g 1 -" 1 • (1 + rg 2 ™-"- 1 ) JJ(1 + 



p=na+^- JV - 1 ). 

3=1 



2j-N-U 



Then 



gdim(C(r)) 
gdim(C(r )) 
gdim(C(r 1 )) 



r • • [JV - m] ■ (1 + Tq 2m - N+1 ) ■ P, 
(l+Tq 1 - N )-P, 
q 1 



4 " m ■ (1 + T q 2m - N - 1 ) P. 



Note that 



[N - m] = [N - m - 1] • q + q-t*-™- 1 ). 
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So, 

gdim(C(r)) - gdim(C(r )) - r • [N - m - 1] ■ gdim(C(r 1 )) 
= ((r • q- m + q m ~ N + 1 ) . [N - m] - 1 - r ■ q l ~ N - (g 1 "" 1 + r • g™"^) • [TV - m - 1]) ■ P 
= ((r • <T" 1 + . ([JV - m - 1] • q + q -( N ~ m -V) - 1 - r . g 1 -^ 

_( 5 i-m + T . . [jv — m — 1]) • P 

= ([JV - m - 1] • (q - g- 1 ) • g m - Ar + 1 + qStm-Af+l) _ !) . p 
= 0. 

This shows that (|8.3p is true. □ 

Proof of Theorem \8.1[ Lemmas 18.141 and 18.151 imply Theorem 18.11 □ 

9. Direct Sum Decomposition (IV) 

The main objective of this section is to prove Theorem l9.1[ which "categorifies" 
p29l Lemma A. 7] and generalizes direct sum decomposition (IV) in [15] . 




r r r 1 



Figure 43. 



Theorem 9.1. Let T, Tq and Ti be the MO Y graphs in Figure where l,m,n 
are integers satisfying < n < m < N and < l,m + I — 1 < N . Then 



(9.1) 



c(r) ~ C7(r ){ 



m — 1 
n 



}®C(T 1 ){ 



m — 1 
n- 1 



}• 



Similarly, if T, Tq and Ti are T, Tq, Ti with the orientation of every edge 
reversed, then 



(9.2) 



C(T) ~ C(r ){ 



777 — 1 




m — 1 


}©c(ri){ 


77 - 1 


77 



}• 



The proofs of decompositions ()9.1|) and (|9.2| are almost identical. So wc only 
prove (|9.1[) in this paper and leave (|9.2[) to the readers. 

Remark 9.2. Although direct sum decomposition (IV) is formulated in a different 
form in |18j , its proof there comes down to establishing the decomposition 

(9.3) C(T')^C(T , Q )®C(T , 1 ), 

where T' , T' and T[ are given in Figure [44l This is also what is actually used 
in the proof of the invariance of the Khovanov-Rozansky sl(7V)-homology under 
Reidemeister move III. Clearly, if we specify that I = n = 1, 777 = 2 in Theorem 19. 1[ 
then we get decomposition (|9.3I) . 
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To prove Theorem 19.11 we need the following special case of Proposition 17.201 




r 5 

Figure 45. 



Corollary 9.3. Let and T§ be the colored MOY graphs in Figure \JS[ where m, n 
are integers such that < n < m < N . Then there exist homogeneous morphisms 

X° : C(T 4 ) -» C7(r 5 ), 

x 1 : c(r 5 ) -> c(r 4 ), 

both of quantum degree m — n and Z2- degree such that 

m — n 

X ^X° ~ fe Y fc ).id c(r4) , 

m — n 

x'ox 1 * (^(-r)™— fc y fc ).id c(r5) , 

fe=0 

where Yk is the k-th elementary symmetric polynomial in Y. 

9.1. Relating T and To- Consider the diagram in Figure |4"1)1 in which the <j> and 
4> are the morphisms associated to the apparent edge splitting and merging, ho 
and hi are the homotopy equivalence induced by the apparent bouquet moves, x° 
and x 1 arc the morphisms from applying Corollary 19.31 to the left half of T. All 
these morphisms are Sym(X|W|T|{r})-linear. Moreover, ho, hi, x° an d X 1 are also 
Sym(A|Y)-linear. By Corollary 19. 3[ we know 

n 

(9-4) x 1 o X ° = (2(-r) fc A l _ fc )-idc ( r I0 ). 

fe=0 
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T ' 
l 

l + n 



I + n - 1 




m — n 

Y 



{'•! 



m + I - 1 




1 

M 



Z + n - r* 



m — n 

Y 



m + i — 1 



Figure 46. 



{r} 



m — n 

Y 



m + i - 1 
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Definition 9.4. Define / : C(T ) -> C(r) by / = x°°h o(j), and 5 : C(T) -> C(r ) 
by 3 = 0° hi o x 1 - 

Note that / and g are both homogeneous morphisms with quantum degree 
—n(m — n — 1) and Z2-degree 0. 

Let A = A„, m _„_i = {A | l(X) <n, Ai < m — n— 1}. For A = (Ai > • • • > A„) e 
A, define A c = (Af > • • • > A£) £ A by A| = m — n. — 1 - An+i-j, j = 1, . . . ,n. 

Definition 9.5. For A G A, define / A : C( r o) -> C(r) by / A = m(S A (A))o/, where 
S\(A) is the Schur polynomial in A associated to A, and tn(5 A (A)) is the morphism 
given by multiplication of S\(A). fx is a homogeneous morphism with quantum 
degree 2|A| — n(m — n — 1) and Z 2 -degree 0. 

Also, define g x : C(T) -> C(T ) by j A = S o m(S' A c(-Y)) ! where 5 A c(-Y) is the 
Schur polynomial in — Y associated to A c . gx is a homogeneous morphism with 
quantum degree n(m — n — 1) — 2|A| and Z2-degree 0. 

Lemma 9.6. Let A be an alphabet with n indeterminants. Denote by Ak the k-th 
elementary symmetric polynomial in A. For any k = 1, ...,n and any partition 
A = (Ai > • • • > A n ), there is an expansion 



A k ■ 5 A (A) 



/(^i)<n 



where c a S Z>o- J/ c a ^ 0, i/ien |/z| — |A| = k and Aj < /ij < Aj ■ + 1 Vj = 1, 
in particular, 

A n ■ S\(A) = S'( Al+ i> A2+ i>...> Ari+ i)(A). 
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Proof. Note that Ak = S\ k l {K) = > . . . > ij(A). This lemma is a special case 

k parts 

of the Littlewood-Richardson rule (see e.g. [TTJ Appendix A]). □ 
Lemma 9.7. For A,/i £ A, 

a o f i ~ I idc ( r «) i f X = »> 
o l /A< M - 

Proof. For A,^i e A, by (|9.4p . we have 

,9m ° A = 9 om(VR))om(S A (A))o/ 

= o hi o x 1 o m( V (-Y) • 5 A (A)) o x° o /to o 
= o fci o x 1 o x ° o o m(5 M <= (-Y) • 5 A (A)) o 

n 

~ o m((^(-r) fe A„_ fe ) • 5a (A) • (-¥)) o 0. 

fe=0 

Write A = (Ai > • •• > A n ) and A = (Ai + 1 > • • • > A„ + 1). By Lemma 191)1 we 
know that 

n 

(^(-r) fe A„_ fe )-5 A (A) = Sj(A) + ^ Ci ,(r) ■ 5„(A), 
where c„(r) £ Z[r]. So 

ff M o/ x ~0om(^(A).5 M o(-Y))o0+ ^ c„(r)^om(5„(A)-S^(-¥))o^. 

A<i/<A 

Now the lemma follows from Lemma [7. Ill □ 

Lemma 9.8. There exist homogeneous morphisms F : C(Tq){ [ rn ~ 1 ] } — > C(T) and 
G : C{T) —> C'(To){ l" 1 ^ 1 ] } preserving both gradings such thatGoF ~ id^p^jm-ijj . 

Proof. Note that 

m — 1 



c(r ){ 



} = 0c(r o ){9 2W " n(m ^ 1) }. 

AeA 

We view f\ as a homogeneous morphism f\ : (7(ro){g 2 ' A '~ ,l ' r ™~"~ 1 " ) } — > C(T) pre- 
serving both gradings and g\ as a homogeneous morphism g\ : C(T) — > C(To){q 2 ' A ' _,l( ' m_,l ~ 1 ' ) } 
preserving both gradings. Also, by choosing appropriate constants, we make 

Define H^x ■ C(T ){q 2W - n{m ~ n ~ 1) } -> C^qX? 2 ^!""^-™- 1 )} by 

{id c(ro) if A = /u, 

if A < n, 

E fc >i 'E fl<Vl< ... <Vk _ 1< \(- 1 ) k (9n %J ° (ft/i %,) • • • ° (.9^-2 ° U k -i) ° (.9^-i ° fx) if A > /x. 
Then define ^ : C*(T) -> C(r ){g 2 l' 1 l- n ( m -"- 1 )} by 
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Note that is a homogeneous morphism preserving both gradings. 
Next consider g M o fx . 

(i) Suppose A < 11. Then, by flO]) , 

9n ° A = ^ o g, y o f x ~ 0. 

(ii) Suppose A = /i. Then, by 



fx = ^2 H ^ S"°/f- ^mm ° 9m % - id c(r ) ■ 



(iii) Suppose X > fi. Then 



-f^A ° .9A o /a + # W ° 9v ° fx + H v ° 5" ° A 

)i<u< A 

^a + g^° f\ 

+ (- 1 ) fe (.9 Al %i) ° (flW JW) ° • • • ° (dvk-i ° U) ° (fff ° A) 

fc>l /i<i/i<" <r/)s_i<i/ <A 

#^A — #pA = 



Now define 

F : C(T Q ){ 



m — 1 



by 



and 



by 



}(= CtroHg 2 !*!-"^-"- 1 )}) - C(T) 
AeA 



AeA 



G : c(r) - c(r ){ 



m — 1 
ii 



}(=0c(r o ){<z 



2|A|-n(m-n-l) 



}) 



AeA 



G = ^ffA- 

AeA 

Then i* 1 and G arc homogeneous morphism preserving both gradings, and 

GoF - id c(r ){["*- 1 ]}- 



□ 



9.2. Relating T and IV Consider the diagram in Figure ET71 in which the <fi and 
4> are the morphisms associated to the apparent edge splitting and merging, ho 
and hi are the homotopy equivalence induced by the apparent bouquet moves, x° 
and x 1 are the morphisms from applying Corollary 19.31 to the lower half of T. All 
these morphisms are Sym(X|W|T|{r})-linear. Moreover, ho, hi, x° and x 1 are also 
Sym(A|Y)-linear. By Corollary 19.31 we know 



(9.6) 



X° °X 



1 = (J2(-r) k Y m -n-k)-id c{ri 



a)- 



fc=0 
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Figure 47. 



Definition 9.9. Define a : CfT^) -> C(r) by a = x lo hi°<j>, and /? : C(r) -> C^) 
by /3 = o ho o x°- 

Note that a and (3 are both homogeneous morphisms with quantum degree 
— (n — l)(m — n) and Z 2 -degree 0. 

Let A' = A m - n ,n-i = {A | l(X) <m-n, Ai < n - 1}. For A = (Ai > • • • > 
X m -n) G A', define A* = (A* > • • • > A^_J e A' by A* = n - 1 - X m - n +i- 3 , 
j = l,...,m-n. 

Definition 9.10. For A G A', define a x : C(Ti) -> C{T) by a x = m(S" A (Y)) o a, 
where S\(Y) is the Schur polynomial in Y associated to A. a\ is a homogeneous 
morphism with quantum degree 2|A| — (n — l)(m — n) and Z 2 -degree 0. 

Also, define X : C{T) -> CfTi) by /3 A = o m(S , A . (-A)), where S A .(-A) is 
the Schur polynomial in —A associated to A* . [3\ is a homogeneous morphism with 
quantum degree [n — l)(m — n) — 2|A| and Z2-degree 0. 



Lemma 9.11. For A,/i 6 A', 



if X< fi. 
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Proof. For X, fx E A', by (|9.6|) . we have 

ftoa A = /3om(V(-A))om(S A (Y))oa 

>'/< 



o ^ o x ° o m (5„. (-A) • SxOO) ° X 1 o hi o 



o h o x ° o x 1 o fti o m (5 M . (-A) • 5 A (Y)) o 

m — n 

0om(( XI (-r) fe F m _„_ fc ) ■ 5 A (Y) • 5 M , (-A)) o <\>. 



k=0 



Write A = (Ai > • • • > A TO _„) and A = (Ai + 1 > • • • > A m _„ + 1). By Lemma f976| 
we know that 

rn — n 

(^(-r) fc Y m _„_ fe ).5 A (Y) = S A (Y)+ £ c(r) • S„(Y), 

fc=0 A<^< A 

where c„(r) £ Z[r]. So 

/3 /1 oaA^om(%(Y).S /1 .(-A))o^+ £ Cl/ ( r ) .^om(S tf (Y) • S„.(-A)) o 

A<i/<A 

Now the lemma follows from Lemma [7.111 □ 

Lemma 9.12. There exist homogeneous morphisms a : C(Ti){ [™Zi] } — * C(r) and 
(3 : C(r) — > C(Ti){ [™^i] } preserving both gradings such that /3oa ~ id c ^ ri ^rm-ii^. 

Proof. Note that 

m — 1 



c(ri){ 



n - 1 



} = C(T 1 ){q 2 ^-^- 1 ^ m - n ^}. 
AeA' 

We view a\ as a homogeneous morphism cka : C(ri){(7 2 l A l _ (" _1 ^ m_n '} — > C(r) 

preserving both gradings and /3a as a homogeneous morphism /?a : C(r) — > CfTi)!*/ 2 ^"'™ -1 ^" 1- ™'} 

preserving both gradings. Also, by choosing appropriate constants, we make 

Define t>a : C(ri){ g 2 l A l-("- 1 )( m - n )} C(ri){g 2 W-( n - 1 X m -™)} by 

!id c(ri) HX = fx, 

if A < /i, 

Then define /?„ : C(T) -> C(T )-C« a| '* |— ^ > by 

Note that (3^ is a homogeneous morphism preserving both gradings. 
Next consider p^o a>\. 
(i) Suppose A < li. Then, by (|977|) . 
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(ii) Suppose A = ,u. Then, by ([9J]) . 

3m o «a = ^ y, o /3„ o a M ~ t mm o o ~ id c(ri ). 

(iii) Suppose X > fi. Then 

H<u<X 

— T p.x + Pfj, ° a\ 

+ X! {- l ) k {P^°OL Vl )o{f3 Vl o a U2 ) o ■ ■ ■ o {f3 Vk _ t o a v ) o (/3„ o a x ) 

k>l ^<vi< - <v k _i<u<X 
= TpX - TftX = 



Now define 

3:C(Ti){ 



m — 1 
ri-1 



AeA' 



by 



and 



by 



/3: C(T) -> C(ri){ 



m — 1 

71 — 1 



}(= ccri)^ 2 ^!-^- 1 ^™-")}) -> c(r) 
= "a, 

}(= c(r 1 ){g 2 i A i-(' l - 1 )(" 1 -™)}) 

AeA' 

AeA' 

Then cf and P are homogeneous morphism preserving both gradings, and 

/3oa~id c(ri){[r i ]} . 

9.3. Homotopic nilpotency of (3 o F o G o a and G o a o (3 o F. 
Lemma 9.13. Le£ To and Ti 6e as m Figure Then 

Rom HMF (C(r ), C(Ti)) = Hom ffM F(C(r 1 ), C(T )) 



□ 



c(0){ 



£ + to — 1 




^ + m 




TV 


TO 




1 




Z + 771 



q 



(l+m)( L N+l-l-m)+ml-l 



h 



where C(0) is C — > — * C. In particular, the lowest non-vanishing quantum grading 
of these spaces is to. 
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Figure 48. 



Proof. Mark Tq and Ti as in Figure |4"51 Then 



c(r„) 



( * Ti-r-Di 

* T k - r2? fc _i - D k 

* Ti — rDi-i 

* D 1 +X 1 -Wi 



{9 



-(Z-l)m 



}• 



Sym(X|' 



.|T|M) 



where the the /c-th elementary symmetric polynomial in X and so on. By 
Proposition 1 2 . 1 9l we exclude D\, . . . , from this matrix factorization using the 
right entries of the first I — 1 rows. We get the relation 



and 



C(T ) 



So 



c(r„). 



/ * 



D k = 



E j=0 (-r) j T k -j if < fc < Z - 1, 

if k < or k > I - 1, 



Ti - r + Xr - Wi 



EtJ(-r) i r i _ 1 _ i x m -w m+ /_ 1 y 



-(Ti - r + Xr - Wi) 



-(J-l)r 



Sym(X|W|T|{r}) 



-(Ei=oE J i=o(-»-)%--^fc-j-Wfc) 
"(Ei=o(~ r ) 1T, i-i-i^™ - w m+ /_i) y Sym(X | W | 



| ? (;+m)(7V+l-;-m) + (/-l)m| ^ + m ^ 
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Let Tq be Tq with the orientation of every edge reversed. Similar to above, we have 
/ * -yi_„f-rV'Ti_,- \ 



C(T ) 



-e;=o(-^^ 

■(T 1 -r + X 1 -Wi) 



(Y, l j -JoT,L (-r) i T j -iXk- j -W k ) 



\ * 



(H^li-rfTi-i-iXm - W m+ i-i) J 



Sym(X|W|T|{r}) 



Thus, C(r ). ~ C(T ){q^ l + m ^ N+1 - l - m '> +lm - 1 } (I + m) and, therefore, 

Hom(C(r ), C(Ti)) S C(ri)®G(T ). C(T 1 )^C(T ){q( l+m ^ N+1 - l - m ^ +lm - 1 } (I + m) 

Let r u , . . . , Tn be the MOY graphs in Figure l48l Then 

"to + Z - 1" 



c(r )®c(ri) 



c(r u ) ~ C(r 15 ) ~ c(Ti 6 ){ 

C(Tir){ 



} 



to + Z 




1 





m + Z - 1 
m 



C(0){ 







to + Z 




m + Z — 1 


rn + Z 




1 




to 



So 



Hom™.(C , (r ) ) C , (ri)) <* C(0){ 



~l + m- 1 




I + m 




N 


to 




1 




I + m 



(l+m)(N+l-l-m)+ml-li 



The computation of Koitih m f (C (T i) , C(To)) is very similar. Using the fact that 
/ * T 1 +X 1 -r-W 1 \ 

{q~ lm }, 



c(ro 



V 



E j=0 T 3 X k ^ ~ rW k ^ 
TiX m - rW m+ i-i 



J 



Sym(X|W|T|{r}) 

one gets C(ri). ~ C(T 1 ){ g (Hm)(iV+i-i-m)+im-i-j. ^ + m ^ whcrc p x ig Fi with thc 
orientation on each edges reversed. So 

Hom(C(r 1 ),c(r )) = c(r )(g)C(ri). 

~ C(r ) <g> c , (r 1 ){ q ( i+m ) (Ar+1 - i - m ) +tol - 1 } (z + m) 
~ c , (r 14 ){q( i +™)( Ar + 1 - i -" i )+'™- 1 } (l + m ) 



cm 



where Ti4 is Ti4 with the orientation on each edges reversed. 



1 + m- 1 




I + m 




N 


m 




1 




I + m 



<1 



(l+m)(N+l-l-m)+ml-l-] 



□ 



Lemma 9.14. For \i 6 A and A £ A', Ze£ a\, /3\, and g^ be the morphisms 
defined in the two preceding subsections. We have 

• // |A| - \fx\ < n, then g^ o a x ~ 0. 



// \n\ -\\\<m-n, then (3\ o 



0. 
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Proof. Note that g^oax : C(Ti) — > C(Tq) is a homogeneous morphism of quantum 
degree 

2|A| - (n - l)(m - n) - 2|/i| + n(m - n - 1) = 2(|A| - - n) + m, 
and Px° fp, '■ C(Tq) — > C(ri) is a homogeneous morphism of quantum degree 

— 2 1 A | + (n - l)(m - n) + 2|^| - n(m - n - 1) = 2(|/x| - |A| - (m - n)) + to. 
Then the lemma follows from Lemma [9.131 □ 

Lemma 9.15. Let at, f3, F and G be the morphisms defined in the two preceding 
subsections. Then (3 o F o G o a and G o a o /3 o F are both homotopically nilpotent. 

Proof. For A, fx £ A', the (/i, A)-componcnt of ((3 o F o G o d) k is 

X] 0^f^ o 9u 1 °ax 1 )°(Px 1 °f^°gu 2 °a X2 )o- ■ •o0x k - 1 o f Vh o 9u h oax)- 

Ai,...,A fc _ 1 eA',^ 1 ,...,y fc eA 

By Lemma T9. 141 for the term corresponding to Ai, . . . , Afc_i 6 A', i/i, . . . , € A to 
be homotopically non- vanishing, we must have 

|A| -\v k \ > n, 

> m-n, 

|Aj | - \uj | > n, for j = 1, . . . , k - 1, 

kj+il - l-^jl ^ m-n, for j = l,...,fc- 1. 

Adding all these inequalities together, we get |A| — > fcm. Note that |A| — \/j,\ < 
(n — l)(m — n). This implies that ([3 o F o G o d) k ~ if fcm > (n — 1)(to — n). 
Thus, fioFoGoais homotopically nilpotent. Since 

(G o d o /3 o = Goao(/3oFoGo<3) fc o/3oF, 

GocJo/3oFis also homotopically nilpotent. □ 

9.4. Graded dimensions of C(T), G(T ) and C(Ti). 

Lemma 9.16. Let T, T and I\ 6e i/ie MO Y graphs in Figure where l,m,n 
are integers satisfying < n < to < N and < I, m + I — 1 < N. Then 

m+l-l 

gdimG(r ) = q - lm+m (l + rq 2l - N -') J[ (1 + rq 2 ^' 1 ), 



gdimC(ri) 



gdimG(r) = 

In particular, 

(9.8) gdimG(r) 



q -lm n m+i (1 + ^j-AT-l) if I + m < N> 

i/ l + m = N + l, 

q-lm+m-n [mj ^ + Tg 2n+2Z-AT-1 ) J]™^ 1 (1 + Tq 2 ^- 1 ) j/ / + TO. < AT, 



? _ im+m |-m-lj (1 + Tq N+l-2m} jj^+'-^i + rq 2 ^'-"- 1 ) j/ l + m = N + l. 



TO — 1 

n 



gdimG(r ) 



TO — 1 

n - 1 



gdimGlTi). 
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Proof. We mark T, T and Ti as in Figure 03 Then C(T), C(T ) and C(ri) are 
matrix factorizations over Sym(X|W|T|{r}). The corresponding maximal ideal is 

3 = {X u ...,X m ,W u ..., W l+m - 1 ,T 1 , T l: r), 

where Xj is the j-th elementary symmetric polynomial in X and so on. 
We compute gdimC(ro) first. 
From the proof of Lemma 19.131 we know that 



C(T ) 



T 1 -r + X 1 -Wi 



\ 



TUYtUi-rfTi-iXk-j -W k 
T.^i-rfTi-i-iXm-Wm+i-i ) 



-(/-l)r 



Sym(X|W|T|{r}) 



So 



/ o 0, 
Oi 



\ 



(i-l)m 



c(r )/3 • c(r ) ~ 

V o o ro+i _! j 

where 0^ means "a of degree 2j" . then it follows easily that 



m+l-i 

gdimC(r ) = g-"»+»»(l + rg 2 '^- 1 ) [J (1 + rg 2 ^- 1 ). 

3=1 

Next we compute gdimC(ri). 

If I + m = N + 1, then C(Ti) ~ 0. So gdimC(ri) = 0. 
If / + to < AT, then 



/ 



c(r x ) 



and, therefore, 



Ti + Xi - r - Wi 



\ 



* YU^X^-rW^-Wu 



\ 



T,X m - rW, 



{q- lm } 



m+l-l 



Oi 



Sym(X|W|T|{r}) 



{q- tm }- 







m+Z 



So 



m+l 



gdimC(ri) = q- lm H (1 + rg 2 ^- 1 ). 

3=1 



Now we compute C(r). 
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Let D = AUT and E = {r} U B. Denote by D, and E 3 the j-th elementary 
symmetric polynomials in D and E. Define 

Pl+n,N+l(El, . . . , Ej^i,Dj, . . . , Dl+ n ) — Pl +rli N+l(El, . . . , Ej,Dj + i, . . . , Dl+n) 



u 



Dj - Ei 



Vj = (-iy- 1 p N+1 - J (AuY) + J2(-V k+J 3Xkh N+1 - J - k (AuY) 

k=l 

m m 

+ Y,{-l) k+i iX k X^ N+1 - k . i;j (X, A U Y), 

k=X i=l 

rn+l-l 



k=X 



m+i — 1 fn-\-l — 1 

+ £ (-l) H W t W I ^ +1 - fc -,. J (W,BUY), 

fc=l i=l 

where is defined as in Lemma 17.381 Then, by Lemma 17.381 we have 



C(T) 



( U1 


Di- 


Ex 


\ 


U n +l 


Dn+l 


— E n+ i 




Vi 


x t - 


Ai-Yt 




v m 


x m - 


A V 

-^n 1 m—n 




Vi 


Bi + 


Yx-Wx 




\ Vm+l-l 


B n+ i 


-lY m -n ~ W m+ 


l-l I 



u 



-ln — (l-\-n—l)(m—n) 



}• 



Note that 



Sym(X|Y|W|A|B|T|{r}) 



^•|x 1= ...=x m =o = (-irV+i-i(Au¥), 



V j \ Wl= ... =Wm+l _ 1=0 = (-ly-'MHtBUY), 



D 



j|Ti=...=T,=0 



E 



j\r=0 



A 

B, 



J ■ 



So 



C(T)/3-C(T) 



( Ui 

U„ 
U n +i 

Un+l-l 
Un+l 

Pn(A U Y) 



Ax - B x \ 

A n ~ B„ 

— B n+ x 

—B n +i-x 


-Ax - Yx 



(-l)" l -Wi- m (AUY) 
PN (MUY) Bx+Yx 

V (-l) m+H P» + i- ( ™ + i-i)(BUf) B n+l _xY m - n J 



-l7i — (l-\-n—l)(m—n 



'}• 



Sym(Y|A|l) 
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where 

Uj = Uj\ Tl =-=Ti=r=0' 

Next, we exclude B\ , . . . , by applying Proposition ^. 191 to the first n + 1 — 1 

rows of this matrix factorization. This gives the relation 





[Aa if 1 < j < n, 
Bj=Aj = I J — J — 

[0 if n+1 < j < 


n + I - 1, 


and 








^ U n +l \Bj=Aj 

p N (AuY) 




-Ax - Yi 


C{T)/3-C(T) ~ 


(-l) m -Wi-m(AUY) 
p N {AU Y) 


4 V 

-^n 1 m — n 
A, 4- Vi 




(-l) m -V+i-m(AU¥) 
(-l) w Pw-Ki)(AU¥) 


4 V 

-^m J m—n 

Om+1 




(-r+'-V+i-Ki-nlAUY) 


Om+Z-1 


Bv Corollarvl2.16l we have 











-A - n 


C(T)/3-C(T) ~ 




Pat(AU Y) 


Oi 




^ (_l)m+J-2 pjv+i _ (nvfl _ i)(AuY) 


Om+i-1 



-Zn — (Z+n 



Sym(Y|A) 



-ln—(l+n 



Sym(Y|A) 



Since m + I — 1 < iV, PAr+i-( m +z-i)(A U Y), . . . ,pat(A U Y) belong to the ideal 
generated by A\ + Y±, . . . , J2j=o AjYk-j, ■ ■ ■ , A n Y m - n . So. by Corollary 12.151 we 
have 







C(T)p ■ C(T) 



V o 

Note that, by Lemma T4.1[ 



-A x - Y x 
— AY 

-^n 1 m—n 

Oi 

m +(-i / 



— In— (l+n— l)(m— n) ] 



Sym(Y|A) 



+l\B j =A j 



u, 



n+l\T 1 = ---=Ti=r=0,Bj=A j 



-pi+n,N+l{Dl, • • ■ , Dl+n^D^Aj 



dD l+n 

(-lY+ n+1 (N + l)h l+n , N+1 -i- n (A 1 , . . . , A n ,0 . . . , 0) 
(_l)i+«+i(j V + l)^ +1 _ i _„(A). 
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Using Lemma [7331 it is easy to see that 



/ /uv+i-i-»(A) \ 
-A 1 - Y 1 



C(T)/3 ■ C(T) 






V o 



A V 

J ra—n 



m +(-l J 



— In— (l-\-n— 1) (m— n) 



}■ 



Sym(¥|A) 

Next we exclude Y\ , . . . , Y m _ n by applying Proposition 12.191 to the second row 
through the (to — n + l)-th row. This gives the relation 



Yj = (-l) j h 3 (A) for j = 0, 1, . . . , m - n, 



and 



/ h N+ i-l- n (A) 






C(T)/3-C(T) 






V o 



-Er=7(-i) J MA)A m -„+i-, 

'E™To n (-l) J ^(A)A fe _, 
-(-l)" 1 -"ft m _„(A)A„ 



0i 



Om+i-1 

By equation (|4. 1 [) . we have that, for k = m — n + 1, . . . to 

m—n k 

^2(-iyh j (A)A k - j = - (-iVhjMAk-i 

j—0 j—m — n+l 

So, using Corollary 12. 161 and Lemma 17. 131 we have 

/ &jv + i_i_«(A) \ 
h m - n+1 (A) 



{'1 



— ln—(l-\-n — l)(m—n) 



}• 



Sym(A) 



C(T)p ■ C(T) 








h m (A) 
0i 

Om+i-l / 



-l7i — (l-\-n—l)(m—n) 



}• 



Sym(A) 



If to + Z < N, then TV + 1 — I — n > m — n + 1 and, therefore, /ijv+i_;_„(A) is in 
the ideal (/i m _ n+ i(A), . . . , h m (A)). So, by Corollary 12.151 



c(r)/3 • c(r) 



/ o o n+l \ 

ft, m _ n+ i(A) 

MA) 

0i 

V m+ i-i J 



-ln—(l-\-n—l)(m—n) 



}■ 



Sym(A) 
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Thus, by Proposition EL2Q1 
H(C(T)/3-C(T)) 



( 0„+, \ 
Oi 



{'1 



-l'n — (l-\-n—l)(m—n) ~] 



V O m +i-i J 



Sym(A)/(hm- n .+i(A),...,h r . 



Since the graded dimension of Sym(A)/(/i m _„ + i(A), . . . , h m (A) ) is [™] • 
it follows that 



gdimC(r) = g 



—lm-\-m—n 



m+l—1 

{l+Tq 2n+2l-N-l ) - {1+Tq 2j-N-1 

3=1 



)■ 



If m + I = N + 1, then iV + 1 — Z — n = m — n. Note that h m (A) is in the ideal 
(/i m _„(A), . . . , Zi m _i(A)). By Lemma T2. 131 and Corollarv l2.161 we have 



c(r)/3 • c(r) 



/ Zi m _„(A) \ 

Zi m _„+i(A) 

h m (A) 

Oi 

V O m +i-i J 

( Zi m _„(A) \ 



h m -i( 
rn 
Oi 



U 



-ln-(l+n-l)(m-n)+N +l-2(m- 



Sym(A) 



r q -ln-(l+n+l)(m-n)+N+l\ 



V ro+ ;_! / 

Thus, by Proposition [2720^ 

/ m \ 

Oi 



Sym(A) 



H(C(T)/3-C(T)) 



r q -ln-(l+n+l)(m-n)+N+l\ /]\ 



V ro+i _! / 



Sym(A)/(ft m _, 



Since the graded dimension of Sym(A)/(/i TO _„(A), . . . , /i m _i(A)) is f™; 1 ] 
it follows that 



gdimC(r) 

-Zn-(Z+n+l)(m-ri)+JV+l+n(m-ri-l) 



rg 



-Im+ra 



m — 1 
n 



(1 + rq 



N+l-2m 



771—1 
71 

m+i-1 

) n 

i=i 



m+i-l 

{1+Tq 2m-N-l ) Y[ (1 + 



2j-AT-lN 



2J-JV-1 



Finally, let us consider equation ([97 
Assume m + I = N + 1. Then gdimC(ri) = and it is straightforward to see 
that gdimC(r) = [ , ™- 1 ]gdimC(r ). So I^E) is true. 
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Assume m + I < N. Note that 



So 



(1 + rg 



TO — 1 

n 



2n+2l-N-ly 



m — 1 
n- 1 



771—1 

n 



-m+n 



TO — 1 
71-1 



777, — 1 

n 

771 — 1 
77 



— m+n 



777 —1 
77-1 



+ rg 



2n+2i-JV-l/„-n 



777 — 1 




777 — 


1" 






1 


77 




77 — 



2i— JV-1\ I _-m+n 



(i + V™) + <7 



777 — 1 
77-1 



(1 + rg 



2m+2i-iV-l 



Multiplying j-jm+i + Tq2 j-N-ij tQ this cquatiori; we get (^g]) , □ 



9.5. Proof of Theorem 19.11 With all the above preparations, we are now ready 
to prove Theorem 19. II 

Lemma 9.17. Let T, Tq and T\ be the MOY graphs in Figure where l,m,n 
are integers satisfying < n < m < N and < l,m + I — 1 < N . Then there exist 
homogeneous morphisms 



to — I 
n 



777 —1 
77 — 1 



}®C{Y 1 ){ 

}©c(r 1 ){ 



C(T), 



777 — 1 

n 



in — 1 

77-1 



$ : C(T Q ){ 

* : C(T) c(r ){ 

preserving both gradings such that 

o $ ~ id c(ro){[m - 1]}ffiC(ri){[r i ]} . 

Proof. Let F,G,a,f3 be the morphisms defined in Subsections 19. II and 19.21 Define 

777 —1 
77-1 

777 —1 
7? 



777 —1 

n 



}®C(T 1 ){ 



C(T), 



777 —1 
77-1 



} 



$0 : C(T ){ 
* : C(r) C(r ){ 

by $ = (F,o) and * = (G,P) T . Then 

/id God 
* oO * oSi {0oF id 

Since (3o F oGod and Go do f}o F are homotopically nilpotent, id — f3oF oGod and 
id — G o d o f3 o F arc homotopically invcrtible. In fact, their homotopical inverses 
are 



(id-^oFoGoa)" 1 ~ ^(/JofoGoaf, 

fe=0 
oo 

(id-Goao/^oFf 1 ~ ^(Goao/Joff. 



k=0 
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Note that the sums on the right hand side are finite sums in the Hoitihmf- Now 
define 



# = 



$0, 



(id-Goao^oF)- 1 



id 



-G> 



(id-^ofoGoa)' 1 I V ~P°F id 

It is easy to check that $ and \& satisfy all the requirements in the lemma. □ 



Proof of Theorem \9.1[ By Lemma 19.171 and Lcmma l3.14| we know that there exists 
a graded matrix factorization M such that 



c(r) ~ C7(r ){ 

But, by Lemma f9. 161 
gdimM = gdimC(r) 



TO — 1 

n 



}©c(rx){ 



TO — 1 

n 

Thus, by Corollary EU M ~ 0. So 



gdimC(r c 



TO — 1 
71—1 

TO — 1 
71 — 1 



}®M. 



gdimC(Ti) = 0. 



c(r) ~ c(r ){ 



TO — 1 
71 



}ec(r!){ 



TO — 1 

n - 1 



}■ 



□ 



10. Direct Sum Decomposition (V) 

The main objective of this section is to prove Theorem 1 10.11 which "catcgorifies" 
[29) Proposition A. 10] and further generalizes direct sum decomposition (IV) in 
[18] . The proof of Decomposition (V) is different from that of Decompositions (I- 
IV) in the sense that we do not explicitly construct the homotopy equivalence in 
Decomposition (V). Instead, we use the Krull-Schmidt property of the category 
hmf to prove this decomposition. 



r 1 

1 k 



it 



Figure 49. 
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Theorem 10.1. Let m,n,l be non-negative integers satisfying N > n + l,m + I. 
For max{?n — n, 0} < k < m + / and max{m — n, 0} < j < m, define T\, F|, F| 
and r| to be the MOY graphs in Figure pP[ Then, for max{m — n, 0} < k < m + ^, 

I 



(10.1) 



c(ri) 



j— max{m— n,0} 



.7 



c(rj){ 



/ 



}■ 



(io.2) c(r£) ~ 

j-max{m-n,0} 

where we use the convention [^] = if 6 < or b > a. 

10.1. The proof. The n > m case and the n < m case of Theorem 110.11 may seem 
different. But. by flipping 1^, T|, r 2 and horizontally and shifting the indicics 
k, j, one can easily see that the n > m (resp. m > n) case of equation p0.1[) is 
equivalent to the m > n (resp. n > m) case of equation (|10.2p . So, without loss of 
generality, we prove Theorem 110.11 under the assumption n > m. 

We prove Theorem 1 10. II by inducting on k. If k = 0, the decompositions (|10.1D 
and (|10.2[) are trivially true. We prove the k = 1 case in the following lemma. 



r{ 



r 2 

1 



Figure 50. 



Lemma 10.2. Let T\, r| } r 2 and T| to be as in Theorem \10.1\ Assume that 
n > m. Then 

(10.3) 
(10.4) 



C(T{) 
C(Tl) 



c(r 2 )ec(r 2 ){[;]}, 

C(Ti)®C(Tt){[l}}. 



Proof. The proofs of (|10.3p and (|10.4p are very similar. So we only prove (|10.3p 
here and leave (|10.4[) to the reader. 




n + / 



m + I - 1 



m + I 



Figure 51. 
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Consider the MOY graph T in Figure [ST] Applying Decomposition (IV) (Theo- 
remEUJ to the left square in T, we get C(T) ~ C{T\) © C(V){[m - 1]}, where V 
is given in Figure [5_H By Corollary 15.131 and Decomposition (II) (Theorem I5.14p , 
we have C(V) ~ C(T") ~ C(r2){[m + Z]}. Thus, 

(10.5) C(T) ~ C(r}) © C(rg){[m - l][m + i]}. 



n + I 



m + I - 1 



n — m 



n + ( 



m + I - 1 



m + I 



r' 



Figure 52. 



Now apply Decomposition (IV) (Theorem 19. ip to the right square in T. This 
gives C(r) ~ C(rf) © C(r"'){[m + / - 1]}, where V" is given in Figured By 
CorollaryOTUand Decomposition (II) (ThcorcmEUJI) , we have C{V") ~ C{T"") ~ 
C(Tg){[m]}. Thus, 

(10.6) C(T) ~ C7(r2) © C(r2){[m][m + J - 1]}. 



n — m 



n — m + 1 



m -\- I 



m — 1 1 



n — m 



n + ( 



Figure 53. 



Note that [m] ■ [m + I - 1] - [m - 1] • [m + I] = [I]. So, by the Krull-Schmidt 
property of the category hmf (Proposition ^. 16l and Lemma f3. 171) . (|10.5f> and (|10.6|) 
imply PU3|) . □ 



With the above initial case in hand, we are ready to prove Theorem 110.11 in 
general. 



Proof of Theorem \10.1\ From above, we know that (|10.1[) and (|10.2[) are true for 
k = 0,1. Now assume (|10.1[) and (|10.2[) are true for a given k > 1 and all m, n, I 
satisfying the conditions in Thcorcm llQ.il We claim that (jlO.ip and (|10.2p arc also 
true for k + 1. The proofs for the k + 1 cases of (|10.ip and (|10.2p arc very similar. 
We only proof (jlO.ip for k + 1 here and leave (|10.2p to the reader. 
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r 1 

1 fe+i 



r 2 



n + k 



r 1 

1 fe+i 



r 2 



Figure 54. 



Recall that Tjf, +1 and r 2 +1 are the MOY graphs in the first row of Figure! 
We define r£ +1 and T 2 +1 to be the MOY graphs in the second row in Figure [ 
By Corollary 15 . 131 and Decomposition (II) (Theorem 15. 14p . we have 

C(T£ +1 ) * C(Tl +1 ){[k + l}}, 

C(f 2 +1 ) ~ c(rf +1 ){[j + i]}. 



T. + fc + 1-m, 



71 + / — fe 



Figure 55. 



Case 1. k < I. Apply (j 10. 3[) to the upper rectangle in T\ +1 . This gives 

c(rl +1 )~c(rl)®c(rl){[i-k}}, 

where Tj, is the MOY graph in Figure [55] and Tj. is given in Figure [49] Recall that 
we assume f|10.1[) is true for the given k and all m, n, I satisfying the conditions in 
Theorcm llO.il Thus, we can apply p0.1[) to the lower rectangle in T\ and get 

m— 1 



i + i 

k — j 



c(fl) ~ ®c(r J 2 +1 ){ 

3=0 
m— 1 

* 0^(r, 2 + i){b + i] 

3=0 



} 

z + r 

fc — j 



} = ®c(r, 2 ){b1 

J=0 



l + l 
k - j + 1 



}• 
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Again, recall that we assume (|10.1[) is true for r£. That is, 
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c(rjt)=,0c(rf){ 



3=0 



k-j. 



}■ 



Note that [j] [fcJ^+J + [I — k] [ fe •] = •] [fc + 1]. So, combining the above, we 

get 

C(Tl +1 ){[k + 1]} ~ c(f£ +1 ) ~ C(r 2 ){ 

3=0 

By Proposition 13 . 201 this implies 



k+l-j 



[*+!]}• 



fc + 1 - j. 



}• 



c(ri +1 )^0c(r|){ 

So pTTTjl is true for fc + 1 if k < I. 

Case 2. k > I. In this case, we apply (|10.4[) to the upper rectangle of Ti. This 
gives 

c{rl)~c(Tl +1 )®c(rl){[k-i}}. 

Note that, in this case, we also have 

l + l 



c(fi)^0c(r J 2 ){[ J ] 



3=0 



k-j+ 1 



} 



and 



C(ri)c0c(r j 2 ){ 

i i r i 



}■ 



Note that [j] [ fc i^ x ] - [k - I] [ fc i .] = [ fc+ [_ .] [fc + 1]. So, by Lemma gHH we have 



C(Tl +1 ){[k + 1]} ~ C(Tl +1 ) ~ c(r 2 ){ 

3=0 

By Proposition 13 . 201 this implies 

Z 



fc + 1 - j; 



[* + !]}■ 



c(ri + i)^0^(r 2 ){ 

So (flUTj) is true for fc + 1 if fc > L 



k + 1 - j 



}• 



□ 



11. Chain Complexes Associated to Knotted MOY Graphs 





Figure 56. 



Definition 11.1. A knotted MOY graph is an immersion of an abstract MOY 
graph into R 2 such that 
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• the only singularities are finitely many transversal double points in the 
interior of edges (i.e. away from the vertices), 

• we specify the upper edge and the lower edge at each of these transversal 
double points. 

Each transversal double point in a knotted MOY graph is called a crossing. We 
follow the usual sign convention for crossings given in Figure 1561 

If there are crossings in an edge, these crossing divide the edge into several parts. 
We call each part a segment of the edge. 

Note that colored oriented link/tangle diagrams and (embedded) MOY graphs 
are special cases of knotted MOY graphs. 

Definition 11.2. A marking of a knotted MOY graph D consists the following: 

(1) A finite collection of marked points on D such that 

• every segment of every edge of D has at least one marked point; 

• all the end points (vertices of valence 1) are marked; 

• none of the crossings and interior vertices (vertices of valence at least 
2) is marked. 

(2) An assignment of pairwise disjoint alphabets to the marked points such that 
the alphabet associated to a marked point on an edge of color m has m 
independent indeterminants. (Recall that an alphabet is a finite collection 
of homogeneous indeterminants of degree 2.) 

Given a knotted MOY graph D with a marking, we cut D open at the marked 
points. This produces a collection {D\, . . . , D m } of simple knotted MOY graphs 
marked only at their end points. We call each Di a piece of D. It is easy to see 
that each Di is one of the following: 

(i) an oriented arc from one marked point to another, 

(ii) a star-shaped neighborhood of a vertex in an (embedded) MOY graph, 

(iii) a crossing with colored branches. 

For a given D i; let X l7 . . . , X ni be the alphabets assigned to all end points of D i7 
among which Xi , . . . , X/^ are assigned to exits and Xj^+i , . . . , X ni are assigned to en- 
trances. Let R4 = Sym(Xi| • • • |X„J andw t = YljLiPN+iQt^-Y^jLki+iPN+iQtj)- 
Then the chain complex C(-D,) associated to Di is an object of hCh (hmf_R iimi ). 

If Di is of type (i) or (ii), then it is an (embedded) MOY graph, and its ma- 
trix factorization C(Di) is an object of hmf/? iiU)i . We define the chain complex 
associated to D i} which is denoted by C(Di) = C(Di), to be 

-» C{Di) -» 0, 

where C{Di) has homological grading 0. (The abuse of notations here should not 
be confusing.) 

If Di is of type (iii), i.e. a colored crossing, the definitions of C(Di) and C(Di) 
are much more complex. The chain complexes associated to colored crossings will 
be defined in Definition II 1 .161 below. 

Remark 11.3. In the present paper, C(*) stands for the unnormalized chain complex 
of * and C(*) stands for the normalized chain complex of *. For pieces of types (i) 
and (ii), there is no difference between their normalized and unnormalized chain 
complexes. For a piece of type (iii), i.e. a colored crossing, these two complexes 
differ by a shift in all three gradings. See Definition 1 1 1 . 1 61 below for details. 
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Once we denned the chain complexes associated to each piece Di, then we can 
define the chain complex associated to D. 

Definition 11.4. 



C(D) := 



C(D) := 



iC-(A), 



i=i 



|C(A), 



where the tensor product is done over the common end points. For example, for 
two pieces and Di 2 of D, let Wi, . . . , W; be the alphabets associated to their 
common end points. Then, in the above tensor product, 

C(D h ) ® C(D i2 ) = C(D n ) ® S y m(Wl |...| Wl ) C(A 2 ). 

If D is closed, i.e. has no endpoints, then C(D) is an object of hCh b (hmfc,o)- 
Assume D has endpoints. Let Ei , . . . , E„ be the alphabets assigned to all end points 
of D, among which Ei , . . . , E& are assigned to exits and E^+i , . . . , E n are assigned to 
entrances. Let R = Sym(Ei| • • • |E„) and w = J2i=i PiV+i( E i) - S"=fe+iPiV+i(%)- 
In this case, C(D) is an object of hCh (hmfR )W ). 

Note that, as an object of hCh b (hmffl jU) ), C(D) has a Z2-grading, a quantum 
grading and a homological grading. 

In the rest of this section, we define and study the chain complexes associated to 
colored crossings. For this purpose, we need to understand the morphisms between 
matrix factorizations associated to MOY graphs of the type shown in Figure \57\ 



n 



Figure 57. 



11.1. Change of base ring. There is a change of base ring involved in the com- 
putation of HomiiMF(C(r|), *), which is the subject of this subsection. 

Let A = {ai, . . . , a m }, B = {bi, . . . , b n } and X = {x±, . . . , x m +„} be alphabets. 
Denote by Ak, -Bfc and the k-th elementary symmetric polynomials in A, B and 
X. Define 

k 

Ek = Xk — ^ AjBk-j, 

3=0 

k 
3=0 

{Y^oi-tfhjWXk-j - B k if k = 0, 1, . . . , n, 
\Y5=o(-lYhj(*)Xk-j if k = n + 1, . . . , n + to. 
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Define I\ and I2 to be the homogeneous ideals of Sym(A|B|X) given by 

I\ = (Ei, ■ ■ ■ , E m+n ), 
h = {Hi, • • • , H m+n ). 

Lemma 11.5. Ii = I 2 . 

Proof. First, note that 

J2(-iyhiWEk-i = ^(-l) i /ii(A)X fe _ i -^^(-l)^ i (A)A fc _ i _,S j 

4=0 i=0 i=0 j=0 

k k fc— j 

= ^2( r -l) i h i (A)X k - i ~Y, B i ^(-l) 4 ^(A)A fe _ 4 _, 

i=0 j=0 i=0 

k 

(by equation J4J}) = E(~ ^■) % hi(A)X] e -j - B k = H k . 



i=0 



This shows that I2 C I\ . 
Next, we have 



k 
i=0 


k k — i 
i=0 j=0 


■i-j (A)Xj 


fc 

i=0 




= E^-Ec- 1 )^-^- 

j=0 i=0 


-i-j(A)Ai 


k 

-E A * B < 

i=0 


(by equation J4.lt) 


fc 

= X k — E AiBk-i = Eh- 

i=0 







So Ii a 1-2- Altogether, we have I\ = J2. D 

Note that, for fc = n + 1, . . . ,n + in, H k £ Sym(A|X). Define 7 3 to be the 
homogeneous ideal of Sym(A|X) given by I3 = (H n+ i, . . . , H n+m ). 

Lemma 11.6. The quotient ring Sym(A|X)/i3 is a finitely generated graded-free 
Sym(X) -module of graded rank [ m ^ n ] ■ 

As graded Sym(A|X) / 1%-modules, we have 

(11.1) Hom Sym(x) (Sym(A|X)// 3 ,Sym(X)) = Sym(A|X)// 3 {q- 2mn }. 

Proof. Note that 

Sym(A|X)// 3 = Sym(A|B|X)// 2 = Sym(A|B|X)//i, 

where the isomorphisms preserve both the graded ring structure and the graded 
Sym(X)-module structure. 

By Theorem 14.31 Sym(A|B|X)/ii is a finitely generated graded-free Sym(X)- 
module of graded rank [ m ^ n ] ■ From the above isomorphism, so is Sym(A|X)// 3 . 
Moreover, by Theorem 14.31 there is a Sylvester operator on Sym(A|B|X)//i and a 
pair of homogeneous Sym(X)-basis of Sym(A|B|X)/7i that are duals of each other 
under the Sylvester operator. These induce a pair of homogeneous Sym(X)-basis 
{S\\X £ A mj „} and {S' x \\ £ A„ i: „} of Sym(A|X)/J 3 and a Sylvester operator 

C : Sym(A|X)// 3 -> Sym(X) 
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such that, for A, fx £ A m , n , 

C(Sx ■ S') 



1 if n = A c , 
if/i^A c . 



(Recall that A m ,„ = {A = (Ai > • • ■ > A,„)|Z(A) < m, \i < n}, and A c = (n— A m > 
••• >n-Ai).) 

One can see from the above that {C(5a ■ *)|A G A TOj „} is the Sym(X)-basis of 
Hom Sym (x)(Sym(A|X)/I 3! Sym(X)) dual to {S' X \X e A m , n }. So the Sym(X)-module 
map 

Sym(A|X)// 3 -» Hom Sym(x) (Sym(A|X)// 3 , Sym(X)) 

given by u >— ► £(u ■ *) is a homogeneous isomorphism of Sym(X)-modulcs of degree 
—2mn. It is easy to see that this map is also Sym(A|X)//3-lincar. This proves 

ipxiji . □ 

Lemma 11.7. Let A = {a\, . . . , a m }, X = {x\, . . . , x m + n }, Yi, . . . , Yj, 6e alphabets. 
Define 

R = Sym(A|X|Y 1 |---|Y fc )/(77„ +1 ,...,/7 n+TO ), 

i? = Sym(X|Yi|...|Y fc ), 

where fln+i, . . . , H n+m are the polynomials in Sym(A|X) given above. Then R is 
a subring of R through the composition of the standard inclusion and projection 
£-+Sym(A|X|Y 1 |---|Y fc ) R. 

Suppose that w is a homogeneous element of R of degree 2(N + 1) and M is 
a finitely generated graded matrix factorization over R with potential w. Then, 
Hom^(M, R) and Rom R (M, Hom^,(i?, R)) are both graded matrix factorizations 
over R of potential —w. Moreover, as graded matrix factorizations over R, 

(11.2) Rovn R (M, R) = Rom R (M, Rom R (R, R)) = Rom R (M, R){q~ 2mn }. 

Proof. Recall that the R- module structures on Rom R (M, R) and Hom R (R, R) are 
given by "multiplication on the inside". From Lemma 111.61 we know that, as 
graded i?-modules, R = R{[ m ^ n ]} and, as graded i?-modules, Rom R (R, R) = 
R{q- 2mn }. So Hom R (M, Uom R {R, R)) ~ Hom R (M, R){q- 2mn } is a graded matrix 
factorization over R of potential —w. 

Define a : Rom R (M,R) Hom fl (M, Rom R (R, R)) by a(/)(m)(r) = f(r ■ m) 
V / G Rom R (M,R), m G M, r G R. Define (3 : Rom R (M, Rom R (R, Rj) -> 
Rom R (M,R) by f3(g){m) = g(m)(l) V g G Hom fl (M, Rom R (R, R)), m G M. It is 
straightforward to check that 

• a and (3 are i?-module isomorphisms and are inverses of each other. 

• a and (3 preserve both the Z2-grading and the quantum grading. 

This implies that Rom R (M, R) is a Z2 Z-gradcd-free R- module isomorphic to 
Rom R (M,Rom R (R, R)) = Rom R (M, R){q~ 2mn }. It is easy to check that the dif- 
ferential of M induces on Hom^(M, R) an R- linear differential making it a graded 
matrix factorization over R of potential — w. 

To prove the lemma, it remains to check that a and (3 commute with the differ- 
entials of Hom^,(Af, R) and Rom R (M, Hom^(i?, R)). Since a and (3 are inverses of 
each other, we only need to show that a commutes with the differentials. Recall 
that, if / G Rom R (M, R) and g G Rom R (M,Rom R (R, R)) have Z 2 -degree e, then 
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df = (-l) e+1 f o d M and dg = {-l) E+1 g o d M . So, for any / £ Hom^(M, R) with 
Z2-degree e and m G M, r 6 iJ, we have 

a(4f)(m)(r) = (d/)(r • m) = (-l) e+1 /(<Mr • m)) = {-l) e+1 .f{r ■ d M (m)) 
= (-lY +1 a(f)(d M (m))(r) = d(a(f))(m)(r). 



This shows that a o d = d < 



□ 



11.2. Computing HoniHMF(C(r^), *). Let r 2 . be the MOY graph in Figure EH 
We mark it as in Figure I58[ where we omit the markings on the two horizontal 
edges since these are not explicitly used. 



r 2 



1 upper 

Figure 58. 



r lower 



Lemma 11.8. 

/ * S l +Y 1 -T 1 -B l 



whe 



En+l + k ;ny rp p \ 

t=0 Kpi^n+l+k—i ~ J-i-On+l+k-i) 



s k + i 



T 



n—k+m+1 



Sym 



-fc(n+2) — (m— fc)(n+fc— m) 



T, 



i=0 
3 



i=0 



andXj, Yj, Aj, Bj, D,j 1 Ej are the j -th elementary symmetric polynomials in the 
corresponding alphabets. 
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Proof. Cutting T\ open horizontally in the middle, we get the MOY graphs T u 
and r 'lower in Figure l58l Applying Lemma \7. 221 to T upper , we get 



C( ^ upper ) 



S l + Y x - E x 

(Ei=o s i Y i-i) - E i 



\ 



lZ^i=0 di*n+l+k-i) — ^n+l+k 
Sm. 



\ 



s k + i 

Applying Lemma \7. 221 to Ti ower , we get 
/ * 



-k(n+l) 



}■ 



Sym(X|Y|D|E) 



c(r. 



lower ) 



E\—T\— Bi 

Ej - v; i: . /;/;, , 



T, 



- (m—k)(n-\-k—m) 



}■ 



n— fc+m+1 



i|E) 



Thus 

^2 



C(Tfc) — C(r«pj,er) ( 8>Sym(D|E) C(r; OUJer ) 

/ * S 1 + Y 1 -E 1 



(ELo^-i)-^ 



VZ^i=0 a i x n+l+k-i) ~ ^n+l+k 

S m 

s k + i 

Ei - Ti - Si 
£j- - Ei=o / - / '/ • 



-C'n+Z+fe — Z^i=0 1 i&n+l+k-i 



\ * 2n-fc+m+l 



-fc(n+i) — (m— /c)(n+fc — m) 



/ 



Sym 



From here, the lemma is obtained by excluding Ei, . . . E n+ i + k from the base ring 
by applying Proposition 1 2 . 1 9l to the rows 

/ * E 1 -T 1 -B 1 \ 

* Ej-YLoTiBj-i 
V * E n+ i + k — E"=!o +fe TiB n+ i + k-i 
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in the above Koszul matrix factorization. 



□ 



Lemma 11.9. Let T 2 , be the MOY graph in Figure\E^ and T 2 the MOY graph 
obtained by reversing the orientations of all edges of V 2 .. Suppose that M is a 
matrix factorization over R := Sym(X|Y|A|B) with potential 



w = p N+1 {X) + p N+ i(Y) - p N+1 (A) - p N+1 (M). 



Then, 



HoniHMF (C(-Tfc),A7) = H(M ® R C(TjJ)) (m + n + I) {q (i+™+n)(N-i)- m Z-n*^ 
where H(M <& R (7(1^)) is the usual homology of the chain complex M ® R C(T 2 ). 



Proof. Let Sj and Ta be as in Lemma Til. 81 Define 



R= Sym(X|Y|A|B|B)/(5, 



fe+ii 



Let 



/ * Si + Y x - Ti - B l 
* ~Yl,l=o{SiYj-i — TiBj-i) 



M 



En + l + k / Q V rji 73 \ 

i=0 Wiln+l+k-i — J-i&n+l+k-i ) 



\ * T n -k+m+l 



M = 



\ * 



-(Si+Y 1 -T 1 -B 1 ) 
- ^2i = o(SiYj~i — TiBj-i) 

En+l+k j Q y rp 7^ \ 

i=0 Wil n+l+k-i — J-i-On+l+k—i) 

-T 



R 



Then 



Uom R (M, R)^M (m + n + l) { q ( m + n + l )( N + l )-^=l +k 2i-E? = „_ fe+TO+1 

By Lemma 111.81 and Proposition I2.22[ we have 

Hom H MF(Ca1),M) := H(Rom R (C(r 2 k ), M)) 

= H{Uom k (M{q- k{n+l) - {m - k){n+k - m) } 7 M)) 
= H{Uom k (M,M)){q k{n+l)+{m - k){n+k - m) }. 

Note that M. is finitely generated over R and over R. By Lemma I'll .71 we have 

Rom A (M,M) ^ M ® R Tk>m R (M, R) 

= M®f,Rom R (M,R){q- 2k(m - k) }. 



A COLORED s[(JV)-HOMOLOGY FOR LINKS IN S 3 



141 



Altogether, we have 

HomHMF(C(r|),M) s H{^oia k {M,M)){q k(n+l)+{m ~ k){n+k - m) } 

S i7(M® A Hom fl (7W,i?)){ 9 fe( ™ + ' )+(m ~ fc)(n+fe - m) - 2fe(m ^ fc) } 
= H{M ® k M){m + n + l){<f}, 

where 

n+l+k n 

<; = k(n+l)+(m-k)(n+k-m)-2k(m-k)+(m+n+l)(N+l)- V] 2i- V] 2j. 



_7— n— fc+m+1 



On the other hand, 



H(M ® A C(f|)) S H(M ® k M){ q -H™-k)-(ni+l)(n+k- m )y 

So 

Hom H MF(C(r^), M) = H(M ®^ C(f|)) (m + n + Z> {g*+fc(m-*)+(«+0(n+*+"»)}. 
One can check that 

C + k(m -k) + (m + Z)(n + fc + m) = (I + m + n)(N - I) - m 2 — n 2 . 
This proves the lemma. □ 

11.3. The chain complex associated to a colored crossing. Let c+ n and c~ n 

be the colored crossings with marked end points in Figure l59l In this subsection, 
we define the chain complexes associated to them, which completes the definition 
of chain complexes associated to knotted MOY graphs. 





Figure 59. 

For max{m — n,0} < k < m, we call and in Figure |6T)1 the fc-th left and 
right resolutions of c^j n . The following lemma is a special case of Decomposition 
(V) (Theorem MB) 



1 A- 



If 



Figure 60. 



Lemma 11.10. Let m,n be integers such that < m,n < N. For max{?7i — 
n i 0} < fc < m, define and to be the MOY graphs in Figure \6(A Then 

c(r[)^(rf). 
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Lemma 11.11. Letm,n be integers such thatO < m,n < N . For max{m — n, 0} < 

j, k <m, 

HoniHMF (C (r^ ) , C(r£)) = Hom HM F(C(rf ), C(Tf )) 
S Hom HM F(C(r^), )) = Hom H MF(C(rf ), c(rf )) 



C(0){ 



4 



n+j+fe— m n+j + fc — m AT+m— n— j— N-\-m — n—j — k N 

k J [_ J J L m — k J [_ rn—j J L^+j+fc - 

/n particular, the lowest non-vanishing quantum grading of these spaces are all 
(k — j) 2 . And the subspaces of homogeneous elements of quantum degree (k — j) 2 
of these spaces are 1-dimensional and have I2 grading 0. 

Proof. By Lemma 111.101 the above four Hoitihmf spaces are isomorphic. So, to 
prove the lemma, we only need to compute one of these, say HoniHMF (CfTj 1 ), C(r£ )). 
Let R = Sym(X|Y|A|B). By LemmaES 

Hom H MF(C(rf ), C{T L k )) = H{C{T L k ) ® k C(ff )) (m + n) {g (™+«)^-« 2 -™ 2 } , 
where is Tf with the opposite orientation. 





j ' 










m—j { 
n+k 








k 






rr+j-m 




r 





n+j+k-m 




-j 








n+k m—k 






K.+3+h-m 




r' 



T" 



Figure 61. 



Let F, r and T" be the MOY graphs in Figure ED Then, by Corollary EH and 
Decompositions (I-II) (Theorems 15.161 and 15 . 14[) , we have 

c(r£)® A c(rf) = c(r) 



n+j+fe— m 
k 



C(T'){ 
C(T"){j + k){ 
(7(0) (m + n) { 



n+j+fc— m 
n+j+fc— m 
n+j+fe— m 



n+j+fe— m 
n+j-j-fc— m 



N+m—n—j—k 
m — k 

N-\-m—n—j — k 
m—k 



N-\-m—n—j~k 

m—j 
N-\-m—n—j—k 

m-j 



N 

n-\-j-\-k—m 



}■ 



This shows that 

HomHMF^rf), C(T£)) 

= C(0){ 



n+j+fe— m 




n+j+A;— m 




iV + m — ? 1 —j—k 




N-\-m—n—j — k 




N 


fc 








m—k 




m-j 




n-\-j-\-k—m_ 



The rest of the lemma follows from the above isomorphism. 



(m+n) N — n 2 — m 2 



□ 



Corollary 11.12. Let to, n be integers such that < m, n < N. For max{m — 
n i0} < k <m, the matrix factorizations C(T k ) and C(T k ) are naturally homotopic 
in the sense that the homotopy equivalence C(F k ) ^+ C(T k ) and C(T k ) C(T k ) 
are unique up to homotopy and scaling. 
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Proof. The existence of the homotopy equivalence is from Lemma 111.101 The 
uniqueness follows from the j = k case of Lemma 111.111 □ 

Corollary 11.13. Let m,n be integers such that < m, n < N. For max{m — 
n , 0} < j,k < m, up to homotopy and scaling, there exist unique homogeneous 
morphisms 



a j,k 


C(Tf) - 


- c(r£), 


a j,k 


C(Tf) - 


+ C(r£), 


; LR 

a J.k 


C(Tf) - 


- C(r£), 


jRR 

a j,k 


C(Tf) - 





satisfying 

• dj'fr, , dj'k and d^j? have quantum degree (j — k) 2 and ^-degree 0, 

• dj'fc, d^L , d^ R and d^J? are homotopically non-trivial. 

Moreover, up to homotopy and scaling, every square in the following diagram com- 
mutes, where the vertical morphisms are either identity or the natural homotopy 
equivalence. 

C (Tf) — fL^c ( r£) 

C(Tf) ^L^C(lf) 

c(r?) ^-^c(r«) 

Proof. This corollary follows easily from Lemma 1 11. Ill □ 

From Corollarv lll.131 we know that, up to homotopy and scaling, the morphisms 
d^ki dfk, djk and d^j? are identified with each other under the natural homotopy 
equivalence C(Ff) ~ C(Tf) and C(T%) ~ C(T%). So, without creating any confu- 
sion, we drop the superscripts in the notations and simple denote these morphisms 
by dj.k- 

Definition 11.14. Let to, n be integers such that < to, n < TV. For max{77i — 
71,0} + 1 < k < to, define d~£ = dk,k-i- For max{m — n, 0} < k < to — 1, define 
dZ = dk.k+i- Note that these are homogeneous morphisms of quantum degree 1 
and Z2-degree 0. 

Theorem 11.15. Let m,n be integers such that < to, n < N. For maxjm — 
n, 0} + 2 < k < m, d~^_ 1 o d^ ~ 0. For max{m — n, 0} < k < m — 2, d^ +1 o d^ ~ 0. 

Proof. For max{m - n, 0} + 2 < & < to, o d+ : C(T£) -> C(r£_ 2 ) is a 

homogeneous morphism of quantum degree 2. But, by Lemma [11.111 the lowest 
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non-vanishing quantum grading of HomHMF(C'(r^), C(T£_ 2 )) is 2 2 = 4. This im- 
plies that d~^_ 1 o d\ ~ 0. The proof of d^ +1 o ~ is very similar and left to the 
reader. □ 

Definition 11.16. Let n be the colored crossings in Figurel59l R = Sym(X|Y|A|B 
and 

w = p N+1 (X) +p N+ i(Y) -p N+1 (A) -p N+1 (M). 

We first define the unnormalized chain complexes C(c^ n ). 
If to < n, then C(cf n n ) is defined to be the object 

- C(T L m ) ?k cir^iq- 1 } ^...^L C{T L ){q- m } - 

of hCh b (hmf^, ), where the homological grading on C7(c+ n ) is defined so that the 
term C(T^){q~^ m ^ k ^} have homological grading to — k. 
If m > n , then (7(c+ n ) is defined to be the object 

o - ^ c^Hg- 1 } ^ • • • c(it_n){9- n } - o 

of hCh b (hmf^, ), where the homological grading on (7(c+ n ) is defined so that the 
term C(T^){q~^ m ~ k ^} has homological grading to — k. 
If to < n, then C(c~ „) is defined to be the object 

o - c(r£){<n ^ • • • — c-^.jig} ^ c(r£j - o 

of hCh b (hmf^, w ), where the homological grading on C(c~ n ) is defined so that the 
term C(T^){q m ~ k } has homological grading k — to. 
If to > n , then (7(c~ „) is defined to be the object 

- C(r m _ n ){g"} • • ■ ^ CO^.JM ^ C(T L m ) - 

of hCh b (hmf a ), where the homological grading on C(c~ n ) is defined so that the 



R,w' 

k 1 



term C(T^){q m k } has homological grading k — to. 



The normalized chain complex C(c* „) is defined to be 

+ fc-« m ) (m) || -m\\{q^ N + 1 -^} if to = n, 

[C\C„i,rJ if TO 76 71, 

fc*(c- m ) (to) j|m||{ g - m ( Ar+1 - m )} if to = n, 
IC'fe.n) ifTO^n. 



C( C m,n) 



(Recall that ||m|| means shifting the homological grading by to. See Definition 

EM) 

Corollary 11.17. Replacing the left resolutions in Definition [77773 ngftt 
resolutions does noi change the isomorphism types of (7(c^ n ) and C(c^„) as 
objects of Ch (hmf^). 

Proof. This is an easy consequence of Lemma ril.lOl and Corollarics ll 1 . 1 21 and l 1 1 . 13l 

□ 
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Corollary 11.18. The isomorphism type of the chain complexes C(D) and C{D) 
associated to a knotted MOY graph D (see Definition al.^ is independent of the 
choice of the marking of D. 

Proof. We only need to show that adding or removing an extra marked point on a 
segment of D does not change the isomorphism type. Note that adding or removing 
such an extra marked point is equivalent to adding or removing an internal marked 
point in a piece of D next to this extra marked point. 

If the adjacent piece is of type (i) or (ii), i.e. an (embedded) MOY graph, then, 
by Lemma 15.61 adding or removing an internal marked point does not change the 
homotopy type of the matrix factorization of this piece. Moreover, it is easy to see 
that the chain map of this piece is with or without the extra internal marked 
point. So, in this case, the addition or removal of the extra marked point does not 
change the isomorphism type of C(D). 

If the adjacent piece is of type (iii), i.e. a colored crossing, then, by Lemma l5.6[ 
adding or removing an internal marked point does not change the homotopy types 
of the matrix factorizations associated to the resolutions of this colored crossing. 
Moreover, by the uniqueness part of Corollarv lll.131 up to homotopy and scaling, 
the differential map is the same with or without the extra internal marked point. 
So, again, the addition or removal of the extra marked point does not change the 
isomorphism type of C(D). □ 

11.4. A null-homotopic chain complex. In this subsection, we construct a null- 
homotopic chain complex that will be useful in our proof of the invariance under 
fork sliding. The construction of this chain complex is similar to the chain complex 
of a colored crossing. 

The next lemma is a special case of Decomposition (V) (Theorem 110. 11 ) 



Figure 62. 



Lemma 11.19. Let m,n be integers such that < m,n < N — 1. For max{m — 
n, 0} < k < m + 1 and max{77i — n, 0} < j < m, define I\. and Y[j to be the MOY 
graphs in Figure [EM Then, for max{m — n, 0} < k < TO + 1, 



C(T k ) 



C(T'J ifk = m + l, 

C(T' k ) © CXrVJ if max{m - n, 0} + 1 < k < m, 



C(T> 



max{m-n,0} 



) if k = max{m — n, 0}. 



Lemma 11.20. Let Y k and T' be as in Lemma \ll.l9l Then 



Hom HM F(C(r;-),c(r fc )) 



C(0){ 



n+fc+j— m 
k 



n-\-k-\-j — m 
3 



N-\-'m — n — k—j 
m—j 



N-\-m — 7i — k—j 
7n-\-l — k 



N 

n-\-k-\-j — m 



(m+n+l)(AT- 
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In particular, the space is concentrated on Z2- grading 0. The lowest non-vanishing 
quantum grading of the above space is (J — k)(j — k + 1). Moreover, the subspace 
of homogeneous elements of quantum degree (j — k)(J — k + 1) is 1- dimensional. 



Proof. By Lemma 111 .91 we have 

Hom HM F(C(r;.), C{T k )) = H{C{T k )® k C{T^)) (m + n + 1) {q {™+n+i){N-i)-m*-n* }> 
where R = Sym(X|Y|A|B) and 1^- is 1^ with the opposite orientation. 



C m 


3 i 






7z + k-m 




m—j 








TTl+l-fc 




k i 


m+1 


V " 


ji+j-m 




r 



j + k-m ^\ 



r 

Figure 63. 



Let T, T' and T" be the MOY graphs in Figure El Then, by Corollary E33] and 
Decompositions (I-II) (Theorems 15.161 and !5.14|) . we have 



c(r k ) ® A c(r;.) = c(T) 

re+fc+J — m 
fc 



c(r'){ 
c(r")(j + fe + i}{ 

C(0) (TO + 71 + 1} { 



ro+fc+j — m 

n+fc+j— m 
fc 

ra+fe+j — m 



n+fc+j— m 

j 

n+fc+j — m 



N-\-7n — n — k—j 

m-j 
N-\-m—n—k—j 
m-j 



N-\-m — n — k—j 

m+1— 
AT+m— n— fe— j 

m+1— & 



Thus, 



Hom HM F(c(r;.),c(r fc )) 

C(0){ 



n+fc+j— m 




rt+fc+j— m 




N-\-rn — 7i—k—j 




N -\-rn—n — k— j 




N 


fc 




j 




m-j 




m+l— fe 




n-\-k-\-j—m_ 



N 

n+k+j — m 



Jm+n+l)(N -l)-m 2 -n 2 



Hom hmf (c(rj),c(r;.)) = 



The rest of the lemma follows from this isomorphism. □ 
Lemma 11.21. For max{m — n,0} < i,j < m, 

C ifi = j, 
ifi^j. 

In the case i = j, Homi lm f (C(I^), C(r^)) is spanned by idprr'.)- 

Proof. If i > j, then by LemmaEEOOl Hom hmf (C(T$, C(Tj)) = 0. But, by Lemma 
ITLT51 Cpf) = C{Y' j ) © C( r;._ x ). This implies that Hom hmf (C(r<), C(TJ)) S 0. 

If i < j, then by Lemma [TOOl Hom hmf (C(r^), C(r j+ i)) = 0. But, by Lemma 
UTTQl C(T j+1 ) = C(r; +1 ) ffi C(r;- ). This implies that Hom hmf (C(T$, C(TJ)) = 0. 

If i = j, then by LemmaHODl Hom hmf (C(r^), C(r j+1 )) = C. But, by Lemma 
m~T9l C(r i+1 ) = C(r' i+1 ) © (7(TJ) and, from above, Hom hmf (C(r<), C(rJ +1 )) = 0. 
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This implies that Hom hm f (C(r<), C(r<)) ^ C. It follows that C{T[) is not null- 
homotopic and, therefore, idc(r') is not null-homotopic. So idc(r') spans the 1- 
dimensional space Homhmf (C(rj), C(r-)). 

□ 



Lemma 11.22. For max{m — n, 0} < j, k < m + 1, 

Hom hmf (C(r j ),C(r fe )) £ 



© C «/ max{m — n, 0} + 1 < j = k < m, 
if j = k = max{m — n, 0} orm+1, 
if\j-k\ = l, 
if\j-k\>l. 

Proof. This follows easily from Lemmas II 1.191 and II 1.211 □ 



c(r' fe ) -> c(r fe ) 
c(r;_i) - c(r fe ) 
C(T fc ) - c(r' fc ) 
c(r fc ) - C(rU) 



Definition 11.23. Denote by 

Jk,k 
Jk,k-1 

Pk,k 
Pk,k-1 

the inclusion and projection morphisms in the decomposition 

C(T k )~C(T' k )®C(r' k _ 1 ). 

Define 

# = Jfc-i.fc-1 o Pfe.fe.! : C(r fe ) -» C(r fc _i), 
^7 = Jk+i,koP k ^:C(T k )^C{T k+1 ). 

5~£ and <5^T are both homotopically non-trivial homogeneous morphisms preserving 
both the Z2-grading and the quantum grading. By Lemma 1 11. 221 up to homotopy 
and scaling, 6^ and 6^ are the unique morphisms with such properties. 

Lemma 11.24. 5^_ 1 o ~ 0, <5 fc+1 o 6~ ~ 0. 

Proof. From Lemma Til .221 we have that 

Hom hmf (C(T fc ), C(r fc _ 2 )) = Hom hmf (C(r fe ), C(r fc+2 )) = 0. 

The lemma follows from this. □ 

Let i? = Sym(X|Y|A|B) and to = Pjv+i(X) + PA r +1 (Y) -pjv+i(A) -p w +i(B). 
The above discussion implies the following. 

Proposition 11.25. Lei fci and fc 2 oe integers such that max{m — n, 0} + 1 < k\ < 
ki<m. Then 



c(rjj c(r fe2 ) • • • -^c(r kl ) -^Xb^-i) — - o, 
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are both chain complexes over hmf^ and are isomorphic in Ch (hmf^ ) to 



C(TJ) 



■ cm; 



o,) 



e (o- 

j=*!i-i 

which is homotopic to fi.e. isomorphic in hCh b (hmf^ ) to O.J 

11.5. Explicit forms of the differential maps. In the proof of the invariancc 
of the s[(7V)-homology, we need to use explicit forms of the differential maps in 
the chain complexes defined in the previous two subsections. In this subsection, 
we give one construction of such explicit forms. (There are more than one explicit 
constructions of the same differential maps. See e.g. [2"Tl Figure 17].) 





' n + k-r^ 


'n+l 


■f* 








f 


> 


■ 1 


m + l 










+ h 










k 


•m+l 



dt 



'■n + k-m-i 




n + k-H 




1 


k-1 


k 







r 


i 

t- 


1 






<t>k,2 






,2 






n + k~r 




1 


n + l 










' m + l-k + 1 








f 


~% 




+ k-l 




i 




J 


' rn + l-k 










■ TTl + Z-fc+1 




k—1 1 


m+l 



Figure 64. 



Consider the MOY graphs and the moronisms in Figurc loH Here, <fik,i> 4>kii 4>k.2, 4>k 
are the morphisms associated to the apparent edge splittings and mergings define 
in Definition 17. 101 x° an d X 1 are the morphisms from Proposition 17.201 (more pre- 
cisely, Corollary 19.31 ) hk, hk are the morphisms induced by the bouquet moves. 
(See Corollary 15. 131 Lemma l7~4l and Remark 1731 ) and d^_ 1 are defined by 

d t = ~§k.i ° h k ° (x 1 °4>k,i- 

= <f>k,i ° (X° ®X°) °~ h ~k o0fc,2- 

Theorem 11.26. and d^Lj are homotopically non-trivial homogeneous mor- 
phisms of Z2 -degree and quantum degree 1 — I. 

When 1 = 0, and d k _ 1 are explicit forms of the differential maps of the chain 
complexes associated to colored crossings defined in Definition ] 11.16] 

When I = 1, d~^ and d^_i are explicit forms of the differential maps 5t and S^_ 1 
of the null-homotopic chain complexes in Proposition 111. 25i 

Consider the diagram in Figure 1651 where the morphisms are induced by the 
apparent local changes of MOY graphs. We have the following lemma. 
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f n + k 



] n + k 



<t>3 




Figure 65. 



Lemma 11.27. 

(0; ® 4>' 2 ) o (f>' 3 

That is, the diagram in Figure | 
directions. 

Proof. Let 



h o (x 1 ® x 1 ) o 03 (01 ® 02), 

(01®0 2 )O0 3 O( X O ® X O )O^. 

commutes up to homotopy and scaling in both 



f = (0i ® 2 ) ° 03, / = 0i°(0j®0j), 

S=/i° (X 1 ® X 1 ) o (/) 3 o (0! <g> </> 2 ), g = {(j) 1 ® cj) 2 ) o 03 o (x° (8 X°) ft- 

Then /, /, <?, g are homogeneous morphisms of Z 2 -degree and quantum degree 
r := m — k + 1 — m(n + k — m) — nk. 

Using Decomposition II (Theorem 15 .14j) . we have 



C(r') ~ C(T){[n + k] 



'n + k-l 




'n + k-l 


m 




n 



}■ 



Denote by On+fc an oriented circle colored by n + k. It is easy to check that 

Hom H MF(c(r),c(r')) = Hom HM F(C(r'),c(r)) 

~n + k — 1 



H(On+k)(n + k){[n + k] 



(n+k)(N-n-k) 



} 



mi 



N 
n + k 



[n + k] 



(n+k)(N-n-k) 



}• 



n + k-l 

m 

n + fc— 1 n + fc— 1 
m n 

These spaces are concentrated on Z 2 -grading 0. The lowest non- vanishing quantum 
grading of these spaces is r, and the subspaces of these spaces of homogeneous 
elements of quantum grading r are 1-dimensional. Thus, to show that / ~ g and 
/ ss g, we only need to show that /, /, g, g are all homotopically non-trivial. 
By Lemma l7.11[ we have 

/^tV-H-.-JA) • ^-.(B) • {-r) n+k - 1 ) o f » id c(r) . 
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This implies that/, / are not homotopic to 0. 
By Corollary 19. 31 we have 

9 o m(S Am _ n + fc l _ m {-X) ■ S Xn k _ 1 (-Y) ■ (-r)" + ' i - 1 ) o g 
« ($1 «* 2 )o?3°™(Sj m _„ + t _ 1 _ m (-X) ' SA J1>fc „ 1 (-Y) ■ (-r)" + fc - 1 ) o ( x ° (g x°) ° (x 1 &X 1 ) ° 03 ° (01 <8 <fa) 

« S«fc)ofeom(Sj m „ + fc _!_ m (- X ) ' Sa„ ' (-r) n + k - 1 ■ {f^(-r) m - j Aj) ■ (f (-rf-'flj)) » o (0! g 2 ) 

j = i=0 

= 53 8*2)"*3 "(Si m „ + fc _l_ m (" X ) ■ A 3 ' S A„ k _ 1 (-') ■ S, ■ (-r) 2 " + m + fc - 1 - i - J ') o (fa ® 2 ), 

3=0 i=0 

where A,-, are the j-th elementary symmetric polynomials in A and B. But, by 
Lemma l7.11[ the only homotopically non-trivial term on the right hand side is the 
one with j = m, i = n. So 

ff°m(5 Ami „ +lb _ 1 _ m (-X)-5 ABik _ I (-Y)-(-r) n+fc - 1 )o ff « ^ 3 om((-r)"+ fc - 1 )o0 3 « id c(r) . 
Thus, 7? are not homotopic to 0. □ 

Proof of Theorem \11.26\ It is easy to check that and diT_i are homogeneous 
morphisms of Z2-degree and quantum degree 1 — I. Recall that the differential 
maps of the complexes in Definition 111.161 and Proposition 1 1 1 . 2 51 are homotopically 
non-trivial homogeneous morphisms uniquely determined up to homotopy and scal- 
ing by their quantum degrees. So, to prove Theorem 1 11. 261 wc only need to prove 
that and d^_ 1 are not null-homotopic. 

Consider the MOY graphs in Figure 1661 where the morphisms are induced by 
the apparent local changes of the MOY graphs. Note that, as morphisms between 
C(f k ) and C(f fc _i), 

dt = 4 o h 2 o (x 1 o 3 , 

d^-i = 03 ° (X° ® X°) ° h 2 o 04- 
So, by Lemma Tl 1.27[ we have 

h 3 O d~l O hi O (04 (g) 02 ) « 04 ° (05 ® 06) ° ^4 ° 03, 

(04 ® 02 ) ° ^1 ° d~ k _ 1 h 3 « 3 O /l 4 O (0 5 (g) 0g) O 04 « 3 O /l 4 O 04 O (0 5 (g> 0g), 

where the morphisms on the right hand side are depicted in Figure 1671 Note that 
some morphisms in Figures 15B1 and IBTl are given the same notations. This is because 
they arc induced by the same local changes of MOY graphs. 

Note that 7 o (0 5 (g> 6 ) o 4 ss O o 3 o hi o (0 5 (g> 6 ). So, by Lemma [7.111 wc 
have 

7 o (0 5 g 6 ) o n>(Sx TO)n+)e _ 1 _ TO (D) ' s A„_ fc _ 1 (E) ■ S„ + fc _!) o h 3 o d+ o o (0! g 2 ) o m(S An+J , jm+ ,_ fc (-X)) o 00 
Si 7 o (0 6 g 6 ) °™(Si m] „ +i _ 1 _ m C) ' S A„ !fe _ 1 ( I; ) • S„ +fc _i) o 04 o (0 5 g 6 ) o hi o 03 o m (S Xn+J . _ m+( _ fc ( -X) ) o O 
RJ 7 o (0 5 g 6 ) o0 4 o m(S Amn + fc __ 1 _ m (D) ■ S Xnk _ 1 (t.) ■ B n + k _ 1 ) o (0 5 g 6 ) o h 4 o 3 o m(Sj n+i (-X)) o O 

» O o 3 o h 4 o (05 ® 6 ) o m(S Xmn+k _ 1 _ m (0) ■ S Xnk _ 1 (E) ■ S n + fc _ 1 ) o (0 5 g 6 ) o h 4 o 03 o m (S A ^ + fc ^ m+j _ fc ( -X) ) o O 
s= O o m(S ATi+fc m+i _ fc (-X)) o O s= id c(r) , 

where B n+ k-i is the (n + k — l)-th elementary symmetric polynomial in B. This 
implies that d^ is not null-homotopic. 
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Figure 66. 



Similarly, note that </> o 3 sj^o^o^. So, by Lemma |7. Hi we have 
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n+fc 




07 




00 
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6 ) o m(S Aj 
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07 
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Figure 67. 

where Xj is the j-th elementary symmetric polynomial in X. This implies that 
dT_. is not null-homotopic. □ 

If, in a colored crossing, one of the two branches is colored by 1, then we have a 
simpler explicit description for the chain complex associated to this crossing. 




l,n C l,n 

Figure 68. 



Consider the colored crossings c^„ and c x n in Figurc[68l Their MOY resolutions 
are given in Figure 1691 




r ri 

Figure 69. 

Recall that, by Proposition 17.201 (or, more precisely, Corollary 18. 9|) . there are 
homogeneous morphisms x° : C(T ) — > C(Ti) and x 1 : C(ri) — > C(T ) that have 
Z2-degree 0, quantum degree 1. By Proposition 17.291 up to homotopy and scaling, 
X° and x 1 are the unique homotopically non-trivial homogeneous morphisms with 
such degrees. Thus, we have the following corollary. 
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Corollary 11.28. The unnormalized chain complexes ofo[ n and c 1 n are 

c(c+) = "o^c(r 1 )^c(r ){< z - 1 }^o", 



C(cr n ) 



"o - c(r ){g} c(ri) -> o K 



where the numbers in the under-braces are the homological gradings. 

The differential maps in the chain complexes of c^j 1 can also be similarly ex- 
pressed as the corresponding x° and x 1 ■ The details are left to the reader. 

Remark 11.29. Corollary 1 11. 281 shows that, for cf „ and - : 



the chain complexes 



defined in Definition 111.161 specialize to the corresponding chain complexes defined 
in [44]. In particular, for cf 1; the chain complexes defined in Definition 111.161 
specialize to the corresponding complexes in |18j . So our construction is a general- 
ization of the Khovanov-Rozansky homology. 

12. Invariance under Fork Sliding 

In this section, we prove the invariance of the homotopy type of the unnormalized 
chain complex associated to a knotted MOY graph under fork sliding. This is the 
most complex part of the proof of the invariance of the sl(iV)-homology. Once 
we have the invariance under fork sliding, the proof of the invariance reduces to 
an easy induction based on the invariance of the uncolored Khovanov-Rozansky 
s[(iV)-homology. Theorem 1 12. II is the main result of this section. 










Figure 70. 
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Theorem 12.1. Let Df - be the knotted MOY graphs in Figure\7U\ Then C(Df Q ) ~ 
C{Df- i ) and C(D~ ) ~ C{D^^). That is, C(Df ) (resp. C(D~ )) is isomorphic in 
hCh b (hmf) to C(Df ;1 ) (resp. C(D^)). 



We prove Theorem 112.11 by induction. The hardest part of the proof is to show 

1 or I 



that Theorem 112.11 is true for some special cases in which m = 1 or I = 1. Once 
we prove these special cases, the rest of the induction is quite easy. Next, we state 
these special cases of Theorem 112.11 separately as Proposition ! 1 2 . 21 and then use this 
proposition to prove Theorem 112.11 After that, we devote the rest of this section 
to prove Proposition 112.21 

Proposition 12.2. Let Dfj be the knotted MOY graphs in Figure {7U\ 
(i) If 1 = 1, then C(Df Q ) ~ C{Df l ) and C(Dr Q ) ~ C'prJ for i = 1,4. 
(ii) Ifm = 1, then C(D+ Q ) ~ 6(6^) and C{Dr fl ) ~ (7(1%) for i = 2,3. 

Proof of Theorem ] 12. 1\ (assuming Proposition \12.& is true). Each homotopy equiv- 
alence in Theorem 112.11 can be proved by an induction on m or /. We only give 
details for the proof of 

(12.1) 6(D+ )~6(Dt tl ). 

The proof of the rest of Theorem 1 12. II is very similar and left to the reader. 

We prove (|12.ip by an induction on I. The I = 1 case is covered by Part (i) of 
Proposition ! 12. 21 Assume that (|12.1[) is true for some I = k> 1. Consider I = k + 1. 




Figure 71. 

Let Df Q and Df x be the first and last knotted MOY graphs in Figure [7T] 
By Decomposition (II) (Theorem [5T4]), we have C(Df Q ) = C(D+ Q ){[k + 1]} and 
= (7(Z)+){[fc + 1]} in Ch b (hmf). Consider the diagram in Figure ED Here, 
h and h are the isomorphisms in Ch b (hmf) induced by the apparent bouquet moves. 
a is the isomorphisms in hCh (hmf) given by induction hypothesis. (3 is the iso- 
morphisms in hCh b (hmf) given by Part (i) of Proposition 112.21 £ is also the iso- 
morphisms in hCh (hmf) given by Part (i) of Proposition 112.21 Altogether, we 
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have 

6(D+){[k + 1]} - 6(5+) ~ 6(5+) = 6(D+){[k + 1]}. 

So, by Proposition [3201 ~ (7(1)^) when Z = fc + 1. 



□ 



In the remainder of this section, we concentrate on proving Proposition ! 12.21 We 
only give the detailed proofs of 6(D+ ) ~ C(Df 1 ) when / = 1. The proof of the 
rest of Proposition 1 1 2 . 21 is very similar and left to the reader. 

12.1. Chain complexes involved in the proof. In the rest of this section, we 
fix I = 1. Then Df and Df x arc the knotted MOY graphs in Figure [H Recall 
that we are trying to prove that 



(12.2) 



C(D+)~C(D+)iil = l. 



Several chain complexes appear in the proof of (j!2.2|) . We list these chain complexes 
in this subsection. 




V 



1/ 




Figure 72. 



Note that there is only one crossing in D+ , which is of the type c^ +1 , 
denote by d+~ the differential map of C(c+^ +1 n ). 



We 



•U 1 

>+l -n+k- 



r,, 

Figure 73. 

Denote by f k the MOY graph in Figure E3 Then C(D+ Q ) is 

at 



(12.3) C(T m+1 ) -^±% CiT^iq- 1 } 
where fco := max{0, m + 1 — Similarly, C(D^ ) is 

d 



d+ 

k +i 



>C(T- kn ){^o-m-i } ^ 0j 



(12.4) Q^C(T-J{q 



m+1 — fco 



} 



^C(T m ){q} -AC(r m+ i) -»0. 



Let and r% be the MOY graphs in Figure M Let <5± : C(T' k ) -> CfTfcFi) 
be the morphisms defined in Definition 111.231 with explicit form given in Theorem 
111.261 Let C+ be the chain complex 



(12.5) o - c(r^_ x ) J - 1 — 1 , ^ • ■ • 



> c(rL) - o, 
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1+1 

■n + l-k 



r' 



Figure 74. 



and C the chain complex 

(12.6) - C(T' k0 ) C(r / m _ l) Cfd) -> 0, 

where fco = max{m — n, 0} and J m _i !m _i, -P m -i,m-i arc defined in Definition 
111.231 Then, by Lemma 111.191 and Proposition II 1 .251 both C are isomorphic in 
Ch b (hmf) to 

m— 1 

0(0 C(T'!) C(rj/) 0, ) 

and are therefore homotopic to 0. 



1 J 










TTl-fc 


fc 



















m— fc 


1 


fc 










m+1 



fc,l 



Figure 75. 



Now consider C , (Df 1 ). Note that has two crossings - one ra and one cf n . 
Denote by the differential map of the c^j ra crossing. From Corollary 1 11. 281 the 
differential map cf n (resp. c7„) is x 1 (resp. Let T^o an d r^i be the MOY 

graphs in Figure IT5l Then acts on the left square in Ffc j0 and T^i, and %°, x 1 
act on the upper right corners of T^o & n d Tk,i- The chain complex C(D^) is 

(12.7) 

B + C(r mi0 ){,- 1 } + B + C(r fc+1:0 ){ 9 fc - m } „+ » + 

o^o(r mil )-2U © ^-J-, 5±i> e -*U <Uc(r fcQ , ){ 9 

C(r m _ ltl ){ g - 1 } c(r fcil ){, fc -"«} 

where fco = max{m — n, 0} as above and 







+ _ I x 1 



7+ 



< = ( x 1 ) 
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Similarly, The chain complex C{Di l ) is 

(12.8) 

, "Z. »r . C(r fc . ){ 9 ™+ 1 - fc } „- „- C(r m , ){g} a - 

C(r fc „ lil ){ 9 ™+ 1 - fc } C(r m „ ljl) {, 3 } 

where fc = max{m — n, 0} as above and 







X° 



9 fc = f J, _ JjL ^ ^ for fc < k < m, 

= ( X° -dm-l ) ■ 

Next, we study relations between the chain complexes C^Df^), C(Df ) and C ± . 

12.2. Basic commutativity lemmas. To prove (|12.2[) . we will frequently use the 
fact that certain morphisms of matrix factorizations of MOY graphs commute with 
each other. We establish two basic commutativity lemmas in this subsection. 




Figure 76. 



Lemma 12.3. Consider the diagram in Figure |"76[ where the morphisms are in- 
duced by the apparent local changes of MOY graphs. Then x& ~ ^2 ° x\ Xn ° h\ 
and Xa * ° Xn ° Xf ° h-2- TTiai is, up to homotopy and scaling, the diagram in 
Figure \76\ commutes in both directions. 



Proof. Denote by Om+n+i an oriented circle colored by m + n + 1, and by T, r" 
and MOY graphs in Figure [771 Let T be T with the opposite orientation. Then, by 
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Corollarv l5.13l Theorem 15. 141 and Corollarv l6.H 

Hom HM F(C(ri), C(r )) = H(T) (m + n + 1} { q (™+n+l){N- m -n-l)+2 m +2n+mn} 

= H(V) (m + n + 1) {g( m +™+ 1 )( Ar - m -"- 1 )+ 2m + 2 ™+ m ™} 

m + n 
m + 1 
N 

m + n + 1 



#(Om+«+i) (m + n + 1) {[m + 1] 
[m + n + 1] 



m + n 
m + 1 



+ n + i]g( m +™+ 1 )(-' v_m ~ n ~ 1 )+ 2m + 2Tl + mn | 

^(m+n+l)(JV— m — n— l)+2m+2n+mfi| 



S C(0){[m+1] 

Similarly, 

Hom HM F(C(r ), C(ri)) = ff(T) (m + n + 1) { 9 (™+«+i)(A r -'»-«-i)+ 2 ™+ 2 ™+™»} 



<7(0){[m + l] 



m + n 
m + 1 



[m + n + 1] 



N 

m+n + l 



(m+n+l)(]V-m-n-l)+2m+2n+mii 



}■ 



So HomHMF(C(ri), C(ro)) and HomHMF(C(To), C(Ti)) are concentrated on Z2- 
degree 0, have lowest non- vanishing quantum grading m + 1. And the subspaces of 
homogeneous elements of quantum degree m + 1 of these spaces are 1-dimensional. 








V 
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> 




+ 1 
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Y 




' n — 1 



Xa. 9 




Figure 78. 
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Let g = %2 o x\ ° Xn ° hi and 5 = hi o X+ ^2- To show that x\ ~ 3 anc ^ 
Xa ~ S> we on ly n eed to show that none of these morphisms arc mill- nomotopic. 
For this purpose, consider the diagram in Figure l78l where <f>i, fa, h 3 and h 3 are 
induced by the apparent local changes of MOY graphs. 

Let u = {-r) m+n , v = S\ m+1/n _ 2 (— Y) and w = X m . Here Xj is the j-th 
elementary symmetric polynomial in X. Then, by Corollary 19.31 and Lemma 17.111 

o m(u) o 2 o m(v) o ft, 3 o 3 o m(w) o o x°a ° 03 ^3 02 01 

m+l 

ps X o m(u) o 02 o m(v) o /i 3 o 03 o m(w ^ (-r) fc A m+ i_fc) o 3 o h 3 o 2 o fa 

k=0 

m+l 



<f> 1 o m(u) o 02 o m(u) o m( (-r) fc A m+ i_ fc ) o /i 3 o 3 o m(w) o 3 o /i 3 o fa o fa 

k=0 

m+l 

fa o m(u) o 02 o m(u 2J (-r) fe A m+ i_ fc ) ofaofa 



k=0 

m+l 



w 1 o m(u) o (m( ^ (-r) fe ) o 02 o m(wA m+ i_ fc ) o 2 ) o X 

fe=0 

w 1 otn(u) o 0! ss id c(Tm+?i+l) , 

where Aj is the j-th elementary symmetric polynomial in A. This shows that Xa 
and x°a are both homotopically non-trivial. 
Note that, by Corollary \9l\ 

gog = h 2 o x] ° xh hi oh! o Xn X° ~h~ 2 
~ h 2 o x] o Xn Xn X? ^2 



h 2 o m((s - r) ^(-r) fc X m _ fc ) o fr 2 

fc=0 

m+l 

m+l-k + sX m - k )) o h 2 

k=0 

m+l 

(^(-r) fc A m+1 _ fc )« X A°X°A- 



k=0 

m+l 

m 

k=0 

So, the above argument also implies that 

4>i o m(u) o 02 o m(v) o /i 3 o 03 o tn(io) o g o 3 o 3 o ft, 3 o 2 o fa PS id C 7(| m+ „ +1 ) ■ 
This shows that g and 5 are both homotopically non-trivial. □ 

Before stating the second commutativity lemma, we introduce a shorthand no- 
tation, which will be used throughout the rest of this section. 

Definition 12.4. Consider the morphisms in Figure [79l where and are the 
morphisms induced by the apparent edge splitting and merging, h and h are induced 
by the apparent bouquet moves. Define tp := h o and Tp := o h. 

By Corollary 15. 131 Lemmas 17.91 and I7.11[ it is easy to check that, up to homo- 
topy and scaling, (p and Tp are the unique homotopically non-trivial homogeneous 
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j m+j 
f 



Figure 79. 

morphisms between C(T) and C(T) of Z2-degree and quantum degree —mn. And 
they satisfy, for A,/i 6 A mi „, 

(12.9) <po m ( Sx (X).S,(-Y)) 09 « { ^o) + = » Vi = 1, . . . .m, 

Lemma 12.5. Consider the diagram in Figure [%b\ where ifi andTp t are the mor- 
phisms defined in Definition \12.4\ associated to the apparent local changes of the 
MOY graphs. Then (f2 o (fi ~ ° <fi3 and Tp l olp 2 K,lp^oTp i . That is, the diagram 
in Figure [ffOl commutes up to homotopy and scaling in both directions. 



r» 



j m + n+j 



<P2 



k . m+k . m + n + k. 



j m + j m+n+j 

r, 



Figure 80. 



Proof. By Corollary 15 . 131 and Decomposition (II) (Theorem 15. 14|) . we have 



c(r!) ~ c(r ){ 



m - 


Vn- 


-I 




m + n 




l 






n 



}■ 
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So 



Hom HM F(C(ri),C(r )) = HomHMF(C(r ),C(ri)) 



Hom H MF(C(ro),C(r )){ 



m - 


\-n- 


-r 




m + n 




l 






11 



}■ 



+ m + l + k 

m+n+l 

+ n + l 



Figure 81. 



Let T be the MOY graphs in Figure [52 Then 
Hom H MF(C(ro),C7(r )) 

S JT(T) (m + 71 + I + j + k) { q (rn+n+l+ ]+ k)(N- m -n-l)-f-k^ 



cm 



N — m — n 
j 



N — m — n 
k 



N 

m + n + l 



(m+n+l+j+k)(N-m-n-l)- 



So, 



HornHMFtctrj), C(r )) a Hom HM p(C(r ), C(rx)) 

riV — m — n — l][N — m — n — N 

k J \_m + n + I 



C(B){ 



, + „ + ij j- m + „j ^ m+n+l+J+kKl 



Thus, HomHMF(C(ri), C(To)) and Houiyimf(C(Tq),C(Ti)) are concentrated on 
Z2-degree and have lowest non- vanishing quantum grading —mn — ml — nl. And 
the subspaces of HomHMF(C(ri), C(T )) and HomHMF(C(ro), C(Ti)) of homoge- 
neous elements of quantum grading — mn — ml — nl are 1-dimensional. 

(f2 o tpi, tf4 o ipa, Tp 1 o Tp 2 and Tp 3 o 7p 4 are all homogeneous of quantum degree 
—mn — ml — nl. So, to prove that rs tp± o <^ 3 and ~ ^3 ° ^4, we 

only need to show that (f2 ° fx, V?4 ° <fi3, ffii ° ^Pi an d ^3 ^4 are homotopically 
non-trivial. For this purpose, consider equation (|12.9[) above. We get 

^{S\ nm (X) ■ S\ lm+n (¥)) o^otpi 
~ TpyoTp^o m{S\ nm (X)) o (£ 2 o m(S , A 1 ,„ 1+n (¥)) o ^ 



id 



C(r ) 



This shows that </?2 fi and o <p 2 are homotopically non-trivial. Similarly, 

<^ 3 o lp i o m(S , A„ i; (X) • S , A mn+1 (W)) 0^0(53 

~ ^ 3 o <^ 4 o m(5A„ t (X)) 0^0 m(5 , A m „ +! (W)) o <p 3 



id 



C(r ) 



This shows that 934 o ^3 and <p 3 o <^ 4 are homotopically non-trivial. 



□ 
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r r r" 

Figure 82. 



12.3. Another look at Decomposition (IV). Decomposition (IV) (Theorem 
19. 1|) plays an important role in relating C{D X1 ) to C(Df ) and C ± . In this sub- 
section, we review a special case of Decomposition (IV), including the construction 
of all the morphisms involved. 

Consider the MOY graphs in Figure l82l By Decomposition (IV) (Theorem 19. lj) . 
we have 

(12.10) C(T) ~ C(r') © C(T"){[m - k]}. 



r 



I m + l- 



Figure 83. 



By the construction in Subsection 19. 1[ especially Lemma 19. 7\ we know that the 
inclusion and projection between C(T') and C(T) are given by the compositions in 
Figure [SI That is, if 

/ = X° ° hi o </>!, 

where the morphisms on the right hand side are induced by the apparent local 
changes of MOY graphs, then / and g are homogeneous morphisms preserving 
both gradings and, after possibly a scaling, 

g°f- idc(r')- 
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Figure 84. 



Similarly, consider the diagram in Figure [541 where 

a = x 1 ° h% o 02, 

and the morphisms on the right hand side are induced by the apparent local changes 
of MOY graphs. 

Recall that, from Subsection 19. 2i especially the proof of Lemma [9.121 if we define 

m—k—l 

a = m(r J ) o a = (a, m(r) o a, m(r m ~ fc ~ 1 ) o a), 

m— k— 1 

/3 = @ /3om((-l)" l - fc - 1 -''A„ l _ fe _ 1 ^) = 

3=0 



f /3om((-l) m - fc - 1 A m _ fc _ 1 ) \ 
/3om(-A x ) 

V P ) 



where Aj is the j'-th elementary symmetric polynomial in A, then there is a homo- 
geneous morphism r : C(T"){[m — k}} — > C(r"){[m — fc]} preserving both gradings 
such that 

To/3oa~/3oaor~ id c( r»){[ m _fc]}. 
Now consider the morphisms 



9 

TO (3 



(12.11) 



C(T) 



c(r') 



( /, 5 ) C(T"){[m-*]} 



(12.12) 



C(r) 



c(r') 



( /, dor ) C(T"){[m-k]} 
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Lemma 12.6. Diagrams (|12. 1 1[) and (|12.12|) each give a pair of homogeneous 
homotopy equivalences preserving both gradings that are inverses of each other. 

Proof. We know that C(T) ~ C(T') C(T"){[m - k}}. So, to prove the lemma, we 
only need to show that 



id 



c(r')ec(r"){[m-fc]}- 



Consider god and (3 o /. By Lemma |9.14[ we know that 

{jom(r J )oa~0 if j < m — k — 1, 

£ o ro ((_i)'«-n-ii m _ i _ 1 _ j ) o / ~ if j > 0. 

This shows that 

(12.13) 5 oa~ and /3 o / ~ 0. 

So, 



9 

TO (3 



( /» « ) 



id 



err') 



5°" 



ro/3o/ id C (r"){[m-fc]} 



id 



c(r') 
id 





C{V"){[m-k]} 



1 C(r')©C(r"){[m-fe]}- 



And, similarly, 



f ^ J ( /, aor ) ~ id c(r , )ec(r 



"){[m-k]}- 



□ 



Next, we apply the above discussion to MOY graphs that appear in the chain 
complexes in Subsection 112. II 







1 


n — 1 ' 










+k 




m-k 




k m ' 



U 1 



n+H 



U' 



r" 

r ; 



n+1 — k 



k,2 



k,3 



Figure 85. 
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Consider the MOY graphs in Figure l85l By Corollary 15. 131 we have C(Tk,o) — 

c(i\ 2 ) and c(f k ) ~ c(r M ). By (fmui) . c(r M ) ~ c(r M ) © c(r'j{[m - fc]}. 

Altogether, we have 

(12.14) C(r fe , ) ~ C(f fc ) © C(r' fe ){[m - fc]}. 



U 1 



7!+l 



fc,3 



pi 



Pi 



Figure 86. 



1 


' n—l 




n +k-m t 








m-k 


1 


k 








k.O 



■n + k-m^ 


1 


Tl-1 




m—k 




1 


k 












m+1 



In Figure [8"6l the morphism gj,, /j, and are defined by 

/fc = X° 0( Pi° h, 

9k = hoTp l o X 1 , 

/fc = X °¥>li 



fffc 



where the morphisms on the right hand side are induced by the apparent local 
changes of MOY graphs. Then, after possibly a scaling, 

(12.15) g k o f k ~ id c( p fe) . 

In Figure [87l the morphisms a k and f3 k arc defined by 

Q'fe = X lol fi2, 
/3 k = Tp 2 o X °, 

where the morphisms on the right hand side are induced by the apparent local 
changes of MOY graphs. Define 

rn — k—1 

a k = ^2 m(r J ) o a k = (a k , m(r) o a k , . . . , m(r m_A;_1 ) o a k ), 

3=0 

( /3 fc om((-l) m - fc -M m _ fc _ 1 ) \ 

(3 k o mi-Ax) 

flk J 



m— fc— 1 

0k = ^om((-l) m -' ! - 1 - j 4-n-i) 

3=0 



1(56 



HAO WU 




Then there is a homogeneous morphism : C(T' k ){[m — k]} — > C(T' k ){[m — k}} 
preserving both gradings such that 

(12.16) T fe o (3 k o a k ^ Pk o a k o T fc ~ id C (T' k ){[m-fc]}- 

We also have 

(12.17) , 9fc oa^0andfto/^0. 
From Lemma 112.61 we get the following corollary. 

Corollary 12.7. 



(12.18) c(r fci0 ) 



9k 

T k o /4 y c(f fe ) 



(12.19) c(r fc ) 



( A, a k ) C(T' k ){[m-k]} 



9k 

fa J . C(f fe ) 



( / fe , d k oT k )C(T' k ){[m-k}} 



are two ways to explicitly write down the morphisms in the homotopy equivalence 

cm. 

12.4. Relating the differential maps of C ± and C^Df^. Consider the diagram 
in Figure [88l where d k , d k _ 1 act on the left square, and <fi, lp i are induced by the 
apparent local changes of MOY graphs. We have the following lemma, which relates 
the differential maps of C ± and CiDfj. 

Lemma 12.8. 5 k ss Tp 2 o d~£ o m(r m ~ k ) o tpx and S k _ 1 f» Tp 1 o m(r m ~ k ) o d k _ 1 o ip^. 
That is, the diagram in Figure \ 88\ commutes up to homotopy and scaling in both 
directions. 
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V>2 



¥>2 



\{r} 



1 

[M 

1+1 





n+k-m-1 






■n + k-ii 


+k-l 




1 




k—1 


k 



<P4 



Figure 88. 



{'-} 





'n+k—rn 


n + 1 




' n+k-m . ru . 


L n+1 


1 A 








n + fe 








c 


-> 


















1 


m + l-fc 






rra-fc 


1 




-> 












w 


+ k 


















m + 1 






L m+1 



'n+fe-m-1 


n+fe-m | 




' n + 1 




1 


771 -fc 


1 








'{r} 


fc-1 






' m+l 



¥>5 



y 2 



Figure 89. 

Proof. Consider the diagram in Figure 1891 where the morphisms are induces by 
the apparent local changes of MOY graphs. By Theorem 1 11. 261 the composition of 
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the left column gives 5~£ and the composition of the right column gives d\ . Since 
(x 1 ® X 1 ) ° ¥>3 an( i ni(r m ) o act on different parts of the MOY graphs, they 
commute with each other. So 

m(r m ~ k ) o(p l0 (x 1 ® X 1 ) ° « (X 1 ® X 1 ) ° V?3 ° m(r m_ *) o pj. 

That is, the upper square in Figure [89l commutes up to homotopy and scaling. By 
Lemma Il2.5( the lower square in Figure [591 commutes up to homotopy and scaling, 
i.e. Tp i oTp 1 w Tp 2 oTp 5 . Recall that, by Lemma FT. Ill we have Tp 1 om(r m ~ k ) oip 1 sa id. 
Altogether, we have 

w ^ 4 o^ 1 om(r m " fc )o< / 3 1 o(x 1 ®x 1 ) 0( ^3 
w ^ 2 o^ 5 o (x 1 ® x 1 ) °</?3 om(r m_fc ) o^i 
~ ^2 ° ^fe ° m(r m ) o (^!. 







£^ 4 




n + fe - m - 1 








W+fc—tf 


■ffe— 1 




1 




fe— 1 


fe 



¥>3 



^2 



l 

{r} 
m+1 



„+k_ TO _1 






■n + 1 




1 


m-k 


1 








'{r} 


fc-1 






' m + 1 







n + 1 




n+fc-m . n . 


'n+1 


■fit 








n+fc 








f 


> 


















1 


TTl+l-fc 


ra+fc-1^ 




m— fc 


1 


V. 

+ k 


> 






n+fc 






{r} 




fc 


m + 1 




fe m 


•m+1 



¥>3 



V3 1 om(r m fc ) 



{r} 
m+1 



Figure 90. 

Similarly, consider the diagram in Figure 190) where the morphisms arc induces 
by the apparent local changes of MOY graphs. By Theorem 1 11. 261 the composition 
of the left column gives (S A T_ 1 and the composition of the right column gives d^_ x . 
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Since <p 3 o (x° ® x°) an d ¥>i ° iri(r m fe ) act on different parts of the MOY graphs, 
they commute with each other. So 

Tp l o m(r m ~ k ) o Jp 3 o ( x ° ® x °) ^ 3 o ( x ° ® x°) o ^ o m(r m - fc ). 

That is, the lower square in Figure [90l commutes up to homotopy and scaling. By 
Lemma ll2.5l the upper square in Figure [90l commutes up to homotopy and scaling, 
i.e. (pi o (p^ k ip^oip 2 . Again, we have Ipi o m(r rn ~ k ) o ipi m id. Altogether, we have 



J fc-i 



^3 ° (X° ® X°) <^4 

^3 ° (X° ® X°) ° Pi m(r m ~ fe ) o^o^ 
lp 1 o m(r m ~ fe ) 0^0 (x° ® x°) °^°^2 
o m(r m_ ) o o 932- 



□ 



fc,3 



O 1 







1 

Tl+fc-l-TJl 




+fe— 1 




1 


m+l— fc 




' fc— 1 




fc 


m+l 



../ fc 



9k 



n+fe-m. 


1 

n + k-l — jji 


m+l — fc ^ k . 7i + fc 


1' 

n+fc-m, | 




m — fe 






fc 


<?fc 

m+l 


fc m 



fc.O 





1 


' 71-1 




n+k- 










m— fc 


1 


fc 






771+1 



Figure 91. 



12.5. Relating the differential maps of C(Df ) and (7(1?^). Consider the 
diagram in Figure 1911 where fk and are defined in Figure [55] and the vertical 
morphisms are induced by the apparent local changes of MOY graphs. Note that /& 
and gk act on the right side of the MOY graphs only, and the vertical morphisms act 
on the left side only. So each square in the Figure [91] commutes in both directions 
up to homotopy and scaling. Thus, we have the following lemma. 

Lemma 12.9. In Figure we have o (x 1 ® x 1 ) 4>i ~ (x 1 ® X 1 ) 4>i /fc an d 

h o 0! o (x° <g> x°) (X° ® X°) o g k . 



170 



HAO WU 



ha 



l' 

n + fc-l -m 


ii-l 
m—k 




k—1 m ' 



^3 d>. 



1 J 


' Tl-l ' 


n+k—l — m 




m—k+1 




k—l 




IV 


-1,0 







1 


n + fc-l 


1 


m—k 






1 fc-1 


k 







(A) n + fc-l 



(B) 



Xa 





1 




m—k 


fc- 


1 




03 


1 


03 




fc + 1 




fc- 


1 





(C) 



v 5 



¥>5 



(D) 





. t. 


1 


n + fc-l 


1 


m-k+1 




1 fc-1 




fc 



\ t 



x t 







1 


Tl + fc-1 


1 


m — k+1 




■ k - 


l 


k 



Ife-i,. 



Figure 92. 



Next, consider the diagram in Figure 1921 where all morphisms arc induced by 
the apparent local changes of the MOY graphs. We have the following lemma. 

Lemma 12.10. The four squares (A), (B), (C) and (D) in Fiaure W^ all commute 
up to homotopy and scaling in both directions. More specifically, we have 

(A) Xa ° ^3 ~ hi o x] ° Xn, h 3 ° Xa ~ Xn ° X? ° hi > 

(B) x\ ° ^3 ~ ^3 ° Xa, <t>3 ° Xa ~ Xa ° 03, 

^5° Xf ~^5° Xf' X_? ° ¥>5 « ¥>5 ° Xp 
(D) ^o^ 5 «^o^o /l 4 , p s o ip 7 PS /l 4 o 03 o </J 6 . 

Altogether, we have 

<^6 O XA O 03 O ^3 « ^7 °Xf °<^5 °Xm 
^3 ° </>3 ° Xa ° ^6 ~ Xn ° ¥>5 ° Xf 9^7 • 

Proof. Part (A) follows from Lemma H 2. 31 (B) and (C) are true because the hori- 
zontal and vertical morphisms act on different parts of the MOY graphs. Part (D) 
follows from Lemma [12. 51 □ 
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U 1 



9k 




fk 




1 


n-L 


n.+k- 








m-fe 


k m ■ 



m+l 
i+fc-1 



U 1 



r fc _i 



9k-l 



k,0 



1 J 


n-l ' 


n 4-fe-l- m 








fe-1 




rv 


-1,0 



Figure 93. 

We are now ready to relate the differential maps of C(Df ) and C(Df A ). Con- 
sider the diagram in Figure [93l where df and df are defined in Subsection 112. 1[ 
and fk, gk are defined in Figure [SHI We have the following lemma. 

Lemma 12.11. In Figure \9lA d^ m gk-i ° d^ o f k and dZ_^ ~ gk ° fk-i- 
That is, the diagram in Figure \93\ commutes in both directions up to homotopy and 
scaling. 

Proof. Denote by h^ k \ h \ (x 1 ® X 1 )^ and (x° ® x )^ the morphisms induced 
by the local changes of MOY graphs in Figures l94l and l95l By the definitions of fk, 

gk, fk and gk in Figure 1551 we know that fk ~ fk° and gk ~ h k o g^. 



U 1 



Tl+1 
1 + fc 



'i+k — rra n + fc-1 



fc,3 



Figure 94. 




(x^x 1 )"" ^ 

n+k—l 



Figure 95. 
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By the definitions of fk , 9k and , using the morphisms in Figures [91] and [92j 
we have 

« 7i (? " X) o (<^ 6 o Xa) ° (03 ° ^3 o (x 1 ® X 1 ) o 01 ) o /fe o ft, (fc) 

W ft* 1} o (ft o X a ° 03 °^3) ° ((X 1 ® X 1 ) ° <t>l) A ° 

ft fe 1 o (^oxj o^o Xn) ° ((X 1 ® X 1 ) ° 01 ) ° /fc ° 

Ti^ 1} o (Tp 7 ox} oft o Xn) o/ fe o ((x 1 (g> X*) ° <t>l) ° ^ (fc) - 



(by Lemma ll2~T0l 



(by Lemma [1231 ~ " l¥>7 ° Xf 

Note that ^ 5 o^ w g fc , g fc o / fc w id and 0i o ft( fc ) « /i( fe ) o So, from above, we 
have 

g k ~i°d^of k « ft* X) o (7^ 7 ox}) o o xn) o / fc o (x 1 ® x 1 ) ° 01 ° h {k) 
w Ti^" 1 ' o^ T oxj o (x 1 ^x 1 ) °/i (fe) °0i 
By Lemma T12.31 we know 

Xf ° (X 1 ® X 1 ) o » ft^ 1 ) o (x 1 ® x 1 )^. 
Also, it is easy to see that ft ' o Tp 7 « ft o ft .So 

fffc-i ° ° A- « fc 1} ° ft ° x} ° (x 1 ® x 1 ) ° ^ (fc) ° 01 

« ft o ft^ 1 ' o o (x 1 <g> X 1 ) (fc) ° 01 

« fto(x 1 ®X 1 ) (fe) °0i 

Similarly, 

■9fe ° d k-l ° /fc-l ~ o g k o d' k _ 1 o fk-i o h^ 1 ^ 

« ft W o g fc o o (x° ® X°) ° ^3 o 03 ) o (x A o ft) o /l^" 1 ' 
(by Lemma [T2~9l ~ ^ ° (01 ° (X° ® X°)) ° 9k ° (h 3 O 03 O X A O ft) O ft^" 1 ) 
(by Lemma lLTTOl ~ O O ( X ° ® X°)) ° 9k ° (Xn ° ft ° Xf ° <Pt) ° 

(since fcoCxOo^fco/^id) ~ 01 ° ^ ° (X° ® X°) ° X? ° ft ° 

« 01 O ^ O ( X ° ® X °) O X » O AC*" 1 ) 

(by Lcmma[TT3l ~ 01 ° ^ ^ ° ° (X° ® X )^' ° ft 

« 0i°(x°®X°) (fc) °ft 
where we also used 0j o ft'"' '' « ft ^ o and ft- o /i^ 0-1 ) « h^ k ~ lS> o ft-. □ 
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1 U' 



U' 



■ m.l 



r' 



V" 

1 m-l 



Figure 96. 



r m +i 



12.6. Decomposing C(r rn ,i) = C(r^). Note that r mi i coincide with T' m . Con- 
sider the MOY graphs in Figure [H By Corollary EH C(r"J ^ C*(f m+ i). By 
Decomposition (V) (Theorem UTT), C(Y' m ) ~ C^) 9 So 

(12.20) C(r m ,i) ~ C(C_ 1 ) © C(f rn+1 ). 



r' 

1 m-l 

Figure 97. 

Recall that TJ T1 _ 1 is the MOY graph in Figure [9"71 We have the following lemma. 
Lemma 12.12. 

Hom hmf (C(f m+1 ),C(r , TO _ 1 )) = Hom hmf (C(r; i _ 1 ),C(r m+1 )) = 0. 



J: 



Figure 98. 

Proof. Let T be the MOY graph in Figure[98l Recall that C(f m+1 ) ~ C(r^). So 

Hom H MF(c(f m+1 ),c7(r;„_ 1 )) s Hom HM F(c(r;' n ),c(r^_ 1 )), 

S JT(T) (m + n + 1) { 9 (™+«+i)(^-i)-™ 2 -» 2 +«} 

(?7i+ri+l)(JV-l)-m 2 -?i 2 +?i 



n + m — 1 




m + 1 




to + n + 1 




AT 


m 




2 




n 




m + n + 1 



S C(0){[n + 1] 

One can check that the lowest non- vanishing quantum gradings of the above space 
is 2. So Hom hmf (C(f TO+1 ), C^J) £* 0. 



}• 
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Denote by T the MOY graph obtained by reversing the orientation of T. By 
Decomposition (V) (Theorem EH}, we have C(T' m _ r ) ~ C{Y'l l _ 1 ) © C(r^_ 2 ). By 
Lemma Til .91 we have that 

Hom H MF(c(r' fe '), c(r;;j) - #(cto®c(f£)) (m + « + 1) {9 («.+^i)(Ar-i)-m a -» a +» }) 

where T k is VI with reverse orientation, and the tensor is over the ring of partial 
symmetric polynomials in the alphabets marking the end points. Therefore, 

Hom H MF(C(r^_ 1 ) J C(f TO+1 )) S HoniHMFlCfr^^CK)) 

- Hom HM F(C(r;; i _ 1 ), C(O) © Hom H MF(C(C_ 2 ), C(O) 

= (i/ (c(C) ® c(r;Li)) © (C(C) ® c(rl_ 2 ))) ( m + n + 1) {(? (» l+ «+i)(^-i)-™ 2 -« 2 +n } 

® C^.O) (m + n + 1) { g ('»+"+i)(«-i)-™ 2 -™ 2 +™} 



C(0){[n + 1] 



+ 1) 


f-l)(JV-l 


) 


-m 2 — n 2 +n| 




n + m — 1 




m + 1 




m + 71+1 




AT 


m 




2 




n 




to + n + 1 



(m+n+l)(AT-l)-m 2 -?i 2 +n 



}• 



where F m _ 1 is with reverse orientation, and the tensor is over the ring of 

partial symmetric polynomials in the alphabets marking the end points. So the 
lowest non-vanishing quantum grading of HomHMF(C'(rJ Tl _ 1 ), C(T m +i)) is also 2. 

Thus, Hom hmf (c(r; l _ 1 ), C(f m+ i)) = 0. □ 

Corollary 12.13. 

Honw(C(r m +i), C^O) = Hom hmf (C(C_ 1 ),C(f m+1 )) = 0. 
Proof. By Decomposition (V) (TheoremED}, C(T^_ 1 ) ~ C(r^_ 1 )ffiC*(r;' n _ 2 ). So 
Hom hm f(C(r m+ i), C(r^_ 1 )) (resp. Hom hm f (C(r^_ 1 ), C(£ m+ i))) is a subspace of 
Hom hrof (C(r TO+ i), C(T' m J) (r esp. Hom hmf (C(r^_ 1 ), C*(r m+1 )).) And the corol- 
lary follows from Lemma Tl 2. 121 □ 



Lemma 12.14. Hom hm f (C(r m+1 ), C(T m+1 )) 



C. 





,Tm+„ +I -N 












■ 3 



Figure 99. 



Proof. Let T be the MOY graphs in Figure ES Then 
Hom H MF(C(r m+ i), c(r TO+ i)) 
= #(T) (m + n + 1) {g(™+«+i)(JV-i)-™ 2 -« 2 +«} 

S C(0){[m+1] 



- n 



1 



- 71 

n 



1 



AT 

m + n 



(m+n+l)(7V-l)-m 2 -n 2 +n 



} 



It is easy to check that the above space is concentrated on Z 2 -degree 0. Its lowest 
non-vanishing quantum grading is 0. And its subspace of homogeneous elements of 
quantum degree is 1-dimcnsional. Thus, Homhmf (C(T m+ i), C(T m+1 )) = C. □ 
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Corollary 12.15. 

Hom hmf (C(r m+1 ) ! C(r m , 1 )) - Hom hmf (C(r mil ),C(f m+1 )) - c. 
Proof. This follows easily from i|12.20p . Corollary H2H and Lemma HHH □ 




Figure 100. 



Consider the diagram in Figure [1001 where 

p := ho^o (x° ® x°), 

3 ■= (X 1 ® X 1 ) ° <P ° h, 

and morphisms on the right hand side are induced by the apparent local changes 
of the MOY graphs and 

Lemma 12.16. Up to homotopy and scaling, j is the inclusion o/C(r m+1 ) into 
C(T m i) in (|12.20p . and p is the projection o/C(r m l ) onto C(r m+1 ) in (|12.20[) . 

Proof. From Corollary 112. 151 one can see that Hom hm f (C(r m+ i), C(r m)1 )) (resp. 
Honihmf (C(r mi i), C(r m _|_i))) is 1-dimcnsional and spanned by the inclusion C{T m +\) 
C(r mil ) (resp. the projection C(r m4 ) -> C(f m+1 )) in p2.20j) . Note that j and p 
are both homogeneous morphisms of Z2-dcgrec and quantum degree 0. To prove 
the lemma, we only need to show that j and p are not nomotopic to 0. But, by 
Corollary 19.31 and Lemma [7.111 

poj « h o <j) o (x° <8> x) ° (x 1 ® X 1 ) ° </> ° h 

n m 

« h o 4> o m((^(-r) 1 Y„_ 4 ) • C^hryX,^)) o<f>oh 

2 = i = 

« E o o m ((-r) m +") o^o/i« id c(F j. 
This shows that j and p are not homotopic to and proves the lemma. □ 

Consider the diagram in Figure fl01[ where x°i X 1 > h^ m ^ and h ^ are induced 
by the apparent local changes of MOY graphs. We have the following lemma. 
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+ 1 

r m +i 



1 U' 



p p/ 

1 m,l — L m 



Lemma 12.17. ~ h m ox 1 °] and d m «po^ o h^ m \ That is, the diagram 

in Figure \101\ commutes in both directions up to homotopy and scaling. 



Figure 101. 



U 1 



■n+V 



r(m) 



m,3 



Proof. This follows easily from the definitions of d^ +1 , d m , j, p and Lemma fl 2 .31 

□ 



V 



1+1 



r" 

1 m-l 




1 U' 



V 




r' 

1 m-l 



p p/ 

-L m,l — A m 

Figure 102. 

Denote by f : C(r^_ 1 ) -> <7(r mjl ) and p" : C(r TO)1 ) C^.J the inclusion 
and projection between C(T'^ l _ 1 ) and C(r mj i) in (|12.20p . Consider the diagram in 
Figure [T02l where J m -i, m -i, -P m -i,m-i ar c defined in Definition 111.231 We have 
the following lemma. 

Lemma 12.18. <5+ of « J m -i,m-i and p" o <5~_ 1 ~ ^m-i.m-i- T7iai is, i/ie 
diagram in Figure \102\ commutes in both directions up to homotopy and scaling. 
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Proof. Using Lemmas 111.91 and 111.191 one can check that 

Hom hmf (C(r^_ 1 ) ) C(r' m _ 1 )) = Hom hmf (C(r^_ 1 ),C(C_ 1 )) = c. 

Recall that J TO -i,m-i and P m -\,m-i are both homogeneous morphisms of Z2-dcgrcc 
and quantum degree 0, and P m -i,m-i° Jm-i,m-i ~ idc(r" So J m ~i,m-i and 
Pm-i,m-i span these 1-dimensional spaces. Note that <5+ o j" and p" o 5 m _ 1 are 
also homogeneous morphisms of Z2-degree and quantum degree 0. To prove the 
lemma, we only need to show that o j" and p" o S m _ x are not homotopic to 0. 
But, by their definitions, we know that p" o 5 m _ 1 o <J+ o j" ps id<7(r" )• So (5+ o /' 
and p" o are homotopically non-trivial. □ 



12.7. Proof of Proposition IT2T2I In this subsection, we prove (|12.2| . i.e. 

C(0±)~C(£>±)ifl = l. 

The proof of the rest of Proposition 1 12. 21 is very similar and left to the reader. We 
prove (|12.2|) by simplifying C(Dfi) and reducing it to C(Df ). To do this, we need 
to use the following Gaussian Elimination Lemma, which is a version of |TJ Lemma 
4.2]. 

Lemma 12.19. [H Lemma 4.2] Let C be an additive category, and 

x ^ J A { 7 e J 5 ( M " ) 
D E 

an object o/Ch b (C), that is, a bounded chain complex over C. Assume that A — » i? 
is an isomorphism in C with inverse TVien I is homotopic to (i.e. isomorphic 

m hCh b (C) toj 

11 = «...^c ^d^^Xe^f^---*. 

In particular, if 8 or 7 is 0, i/ien I is homotopic to 

11= " tCifl^fi^f^-". 

Proof. Consider the chain complex 

\ ( 4> 

(3 ) A I J s ( 1/ ) 

c — — ^ © U © ^ Uf 

D E 



ITS 
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Define / : I ->• I' and g : I' -f I by 



id 



id 



C 



1" 



c 



id 



c 



.4 

e 

D 

I 

.4 

© 

I 

.4 

© 
D 



4> 5 

7 e 



© 

f 



o 1/ ) 



F 



id 

id 



e-70- 1 (5 



S 

© 
F 



id 
id 

(0 „) 



id 



F 



id -</>-M \ 


/ id 






id J 


> I 7<T 1 




id 



5 

7 e 



B 

© 
F 



( m v ) 



It is easy to check that / and g are isomorphisms in Ch b (C). Thus, 
I = I' = II © "0 -> A ^ B -> 0" . 

But 0^A-^F^0is homotopic to since is an isomorphism in C So 
I ~ II. □ 



1 U' 



r' 



i+i 

■n + l-k 



Figure 103. 



k — 1 — rr, ' Ti-j- 1 



r' 

1 fe-i 



Lemma 12.20. 



Hom hinf (C(r / fc _i) ) C(ri){[m-fc]g™ +1 - fe }) = 0. 



Proof. By Decomposition (V) (more specifically, Lemma fl 1 . 19|) . we have that 

c(rj b )~c(r£)ec(r; / _ 1 ). 



Similar to Lemma 111.201 one can check that the lowest non-vanishing quantum 
grading of Hom H MF(C(r"), C(T' k )) is (j — k)(j — k + l). So the lowest non-vanishing 
quantum grading of Hom H MF(C , (r^), C{T' k ^)) and Hom HM F(C(r' fe _ 1 ), C(r^.)) is 0. 
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Note that 

Hom HM F(C(r' fc ){[m - k^ 1 ^}, C(T' k ^)) 

- Hom H MF(C(nj,C(r' fe _ 1 )){N - k]q m+1 - k } 

rn—l — k 

- Hom HM F(C(n),C(rU)),{<? 2+2j '} 

3=0 

Hom H MF(C(rL 1 ), C(r' fe ){[m - k]q m+1 - k }) 
= HomjjMF {C^X'k—i)) C{V' k )){[m - k] q m+1 - k } 

m — l — k 

s Hom H MF(c(r' fc _ 1 ),c(r' fc )){ g 2 +^}, 

and the lowest non-vanishing quantum grading of the right hand side is 2 in both 
cases. So 

Kom hmi (C(r' k _ 1 ),C(T' k ){[m-k] q m + 1 - k }) - 0. 

□ 

We are now ready to prove (|12.2[) . We prove C(Df ) ~ (7(1)^) first and then 
C(D W ) ~ C(Z? n ). ' 

Proof of C{D^ a ) ~ (7(1)^) w/iera 2 = 1. Recall that the chain complex (7(1)^) is 



'10 

,± qr,,,,,,)!,- 1 } ,+ _, »+_, C(r fc+li0 ){ 9 fc - m } + 



o^c(r m<1 )-su k -+^ e -*U ^o(r fc0)0 ){ g 

C(r m _ lil ){ 9 - 1 } c(r fe , i){? fc - m } 

where fco = max{m — re, 0} as above and 

X 1 



( ^ +1 i+ ) for fc o < fc < m > 

*£ = ( X 1 )• 

From Decomposition (IV) (more specifically, (|12 . 14p ^ . we have 
C(r k! o)~C(T k )®C(T' k ){[m-k}}. 
By Corollary 15.131 and Decomposition (II) (Theorem 15. 14| . we have 

C(r M ) ~ c(r' fe ){[m + i - k}} - c(r' fe ){ g — fc } © c(r' fe ){[m - fc]^ 1 }. 

Therefore, 

C(f fc+1 ){ g fe -'"} 
c(r fc+1 ,o){ g fc - m } C(r' fe+1 ){[m - fc - i]q k - m } 

© ~ © for fc < k < m, 

C(r kA ){q k -™} C(T' k ) 

© 

C{T k ){[m-k}q k -™-i} 



180 



HAO WU 



and 



c(r fco , ){<z 



ko — 1 — 



C(T k0 ){q 



feo— 1— m 



} 



C^HIm-fcok**- 1 -™} 



So, C(-D^i) is isomorphic to 



o-»c(r m 



C(r m ){ g - 1 } 

e 

e 

C(T' m _ 1 ){q- 2 } 



- k+ll 

® 
c(r' fc) 

o(r'){[m - k]q k 



C(r' fco ){[m-fc ]g fc o 



- 1 } 



In this form, for ko < k < m — 1, is given by a 4 x 4 matrix (D^ j)4x4- Clearly. 



Ofor (i.j) = (3, 1), (3,2), (4,1), (4,2). 



By Lemma lmH 
By Lemma [12H 



U fe;l,l ~ U fe+1- 



^3,3 « 



By (|12.18|) in Corollary 1 1 2 . 71 and that o ~ 0, we know that 



u fc;l,4 
^2.4 



0. 

id 



By Lemma T12.201 we have 



C(r' k ){[m-k]ql°- 



Altogether, we have that, for ko < k < m — 1, 







* * 

* * c fe id c(r' fc ){[m-%<=-™-i} 
c'J+ 



V o 







where Cfe, c' fc and c' fc ' are non-zero scalars and * means morphisms we have not 
determined. Similarly, 



fco + l 







* * c feo id C(r^){[m-fc+0]g"o-i-™} 



/ c m _id+ * 

* * c m-i id c(r^_ 1 ){ 9 - 2 } 

c' m _ 1 6+_ 1 

\ * * 



where Cfe , , c m _i, cj n _ 1 and c'' l—1 are non-zero scalars. 

Now apply Gaussian Elimination (Lemma 112. 19[) to cj c 'idc(r' f .){[m-fc]g fc - m - 1 } i n 
£>k for k = &o, fcg + 1, . . . , m — 1 in that order. We get that (7(1)^) is homotopic to 



-» C(T TO)1 ) 



5+ C(r m ){«j- 1 } 

C( r m-l) 



C(r' fc) 



^C(r fco ){ 9 fc o-i-™ } ^ 0: 
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c k d+ +1 


* 





c k°k 


Cfc o^fe + 


, *) 



where 

(12.21) 6+ ~ 

(12-22) 8+ ^ 

Next we determine 8+ . By Decomposition (V) (more specifically, (|12.20[) ), we have 

C(r m _|_i) 

c(r mjl ) ~ © 

Under this decomposition, 5+ is represented by a 2 x 2 matrix. By Lcmmas ll2.121 
112.171 and 112.181 we know that 



(12.23) 6 



+ 



^"m-l,m-l 



where c m and are non-zero scalars. So C(D^-^) is homotopic to 

® e ^±i- e ^c(r feo ){q fc 

where 5+ , . . . , D+ are given in (112. 21|) , (|12.22[) and (|12.23() . 
Recall that, by Decomposition (V) (more specifically, Lemma fll . 1 9f) . 



c(r' k ) 

By Proposition 111.251 under the decomposition 



C(T'l)®C(T'l_ 1 ) if*o + l<i<m-l, 
C(r' fc ') if fc = fc . 



C(T k+1 ){q k ~ m } 
C(T k+1 ){q k - m } © 
© ^ C{T'l) 

C(T' k ) © 

c(r£_i) 



we have 



(12.24) 6+ ~ ( c^idccr".,) ) , 



(12.25) 6+ ~ | 4"id c(r »_ i) ) for k + 1< fc < m, 



where c^' is a non-zero scalar for fco + 1 < fc < m. Since C(rj„ ) ~ C(T'£ ), we have 

C(f fco+ i){g fe °- m } C(T ko+1 ){q k °-™} 

© ~ © 

c(n ) c(i-) 
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and 

{iZ - Zb) °feo+i " c'" id 



fco+i lu c(r" ) 



(12-27) 8+ * ( c fe0 J+ +1 , 



- fc ^ 



where c^' +1 is a non-zero scalar. Putting these together, we know that (7(£)^) is 
homotopic to 

o{r m ){q- 1 } c(f k+1 ){ q <*-™} 

ffi C(r^ 1 _ 1 ) c(r' fc ') -*U ® — ^c(r fe K<r fe o-i-m}^o, 

C(r^_ I ) e © C(r" ) 

C(r;;_ 2 ) C(r' fe '_!) 

where 6+ , . . . , 0+ are given in (|12.24[) . (|12.25p . p2.26p and (|12.27|) . 

Applying Gaussian Elimination (Lemma 112. 19|) to c^."idc(r" ) in 0^ for fc = 
m, m — 1, . . . , fco + 1, we get that C{D~£- i ) is homotopic to 

o - c(f m+ i) a(r m ){ 9 " 1 } • ■ ■ ^*±i* c(f k+1 )U k - m } ■ ■ ■ c(r fco ){ a fe o-i-m } ^ 0> 

where 0^" — c k d k+1 for fc = m, m — l,...,fco. Recall that c k ^ for fc = 
m, . . . , fco. So this last chain complex is isomorphic to C(D^ ) in Ch b (hmf). There- 
fore, C(D+) ~ C(Z>+). □ 

Proof of C(D^ ) ~ (7(D^) zu/ien i = 1. Recall that the chain complex (7(1?^) is 

o-c(r fc „ o) { 9 m + 1 - fc o } _^ tL, e _*u 5^ e ^C(r m-1 )^o, 

C(r fc _i,i){9 ro+1 - k } o(r m _ 1 , 1 ){«} 

where fco = max{m — n, 0} as above and 

( dZ 

D" = ^ ^ _ jl ^ ^ for fc < fc < m, 

5 m = ( X° ~<C-1 ) • 

From Decomposition (IV) (more specifically, (|12.14j) ). we have 

c(r k , )~c(r k )®c(r' k ){[m-k}}. 

By Corollary 15.131 and Decomposition (II) (Theorem 15. 14| . we have 

C(r M ) ~ C(T' k ){[m + l-k}} = C(T' k ){q k - m } © C(T' k ){[m fc] • q}. 
Therefore, 

C(f k ){q m + 1 - k } 

C(T kfi ){q m + 1 ~ k } C(T' k ){[m - k]q m+1 - k } 

© ~ © for fc < fc < m, 

c(r fc _ ia ){ q ™+ 1 - fc } c(r^_ x ) 



C( r fe-i){[ m + 1 - % m+2 ~ fc } 
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and 



C(T ko , ){q m+1 - k "} 



So, C(D 1 1 ) is isomorphic to 

C(r kQ ){q m+1 - k o} 



k "fc-1 



C(r^ ){[m - k ]q m + 1 - k O} 



c(r feo ){ g -+ 1 - fe o} 

C{T k ){q m + 1 - k ) 
C(r' fc ){[m-fe]q m + 1 - fc } „- „- 

C(r' fc _ 1 ){[ m + i - k] q ™+ 2 - k } 



C(T m ){q) 

C(T' m _ 1 ) -^L*C(r m o-o. 

e 

C(r' m _ 1 ){ q 2 } 



In this form, for ko < k < m — 1, D k is given by a 4 x 4 matrix (U^ -)4 X 4- Clearly, 

for (i,j) = (1,3), (1,4), (2,3), (2,4). 

By Lemma [TMU 
By Lemma HT81 

°fe;3,3 ~ 

By (|12.19|) in Corollary [12771 and that /3 fe o / fc ~ 0, we know that 



0, 
id 



By Lemma T12.201 we have 



c(r^){[m-fe] 9 "*+ 1 - fe } 



3fc4.3 - 0. 



Altogether, we have that, for fco < k < m — 1, 










M 


















where c^, cl and are non-zero scalars and * means morphisms we have not 
determined. Similarly, 



/ °ko d k 



\ 



C fco ld C(r^){[m-fc ]9 m + 1 - fc «} / 

c m -id m _ 1 * 





C m-l id C(r^_ 1 ){«2} * 

where Cfc , , c m _i, and c^_ 1 are non-zero scalars. 



Now apply Gaussian Elimination (Lemma 1 1 2 . 19[) to c^ n id C (p/_ ■)-[[ m -k ]q m+1 ~ h o} 
in 5jT for k = kg, ko + 1, . . . , m — 1 in that order. We get that C(D^) is nomotopic 



to 



o-c(f fco){9 ™+ 1 - fc «}^...^^ 



C(r fc ){ 9 '"+ 1 - fc } 
cert-!) 



C(f m ){,} 

cCr' m _i) 



c(r m ,!) -> o, 
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where 

(12.28) K - ( Ckdk j jc°- ) for k < k < m, 



(12.29) 8 



* 4A-1 



Next we determine 8 m . By Decomposition (V) (more specifically, (|12.20p ). we have 

C(r m _|_i) 

c(r^_x) 

Under this decomposition, 8~ is represented by a 2 x 2 matrix. By Lcmmas ll2.12[ 
112.171 and 112.181 we know that 



(12.30) 



* C m f TO _i )TO _i 

where c rn and c' m are non-zero scalars. So C(D^\) is homotopic to 

m +i k % 6 fc-i c '( f; fc ){9 m+1 - fc } 8- 6-_! C(r m) {,} s C(r m+1 ) 

where 6" , . . . , 8^ are given in 1|12.28|1 . (|12.29|) and l|12.3Qp . 
Recall that, by Decomposition (V) (more specifically, Lemma fl 1 . 1 9() . 



C(T' k ) 

By Proposition 1 1 1 . 251 under the decomposition 



C7(r2)©C(r2_ 1 ) iffeo + l<I<m-l, 

c(r£) if k = k . 



c(r k ){q m+1 - k } 

© 

c(rU) 



c(r fc ){g m+1 - fc } 

© 

C(r2_!) 

© 

c(n'- a ) 



we have 



c md m 



(12.31) 9- ~ m " l „,. , 

V * c midc(r^ i _ 1 ) 

/ c k dl 

(12.32) 5fc - ( * ) for k + K k < m, 



where c^' is a non-zero scalar for ko + 1 < k < m. Since C(rj„ ) ~ C(T' k ' ), we have 

C(f feo+1 ){ g ™-^} C(r fco+1 ){<f"-*°} 

© ~ © 

c(n ) c(i-) 
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and 

(12.33) ^ o+1 ~ | 



^+iidc(r'4) 



(12.34) 6 



where c^' +1 is a non-zero scalar. Putting these together, we know that C7(.Dj^) is 
homotopic to 

C(f fc ){ 9 m + 1 - fc } C(f,„){q} 

5 fc„ c ( r k a + i){q m k °} 8- +1 8- ffi sr 6- . ffi 8 - c(r m+1 ) 

c(r'/ ) e e c( r m-i) 

C(r^'_ 2 ) C(r;;_ 2 ) 

where 6" , . . . , 6^ are given in H12.31[> . (|12.32|) . (|12.33p and p2.34j) . 

Applying Gaussian Elimination (Lemma 112. 19[) to c^'idc(r" ) i n 3fc f° r k = 
m, m — 1, . . . , kg + 1, we get that C(£'j~ 1 ) is homotopic to 

-> C(f ko ){q m+1 - k "} ^ • • • C(f ft ){ g m + 1 - fc } ^ • • • ^ C(f m+1 ) -> 0, 

where 0^ — Cfcd^ for fc = m, . . . , feo- Recall that ^ for fc = m, . . . , kg. So 
this last chain complex is isomorphic to C(D^ Q ) in Ch (hmf). Therefore, CiD^ ~ 

c-(z»r ). □ 

So we finished proving (fl23j) . i.e. (7(1)^) ~ C*(D^) if / = 1. The proof of the 
rest of Proposition 112.21 is very similar and left to the reader. This completes the 
proof of Theorem 112.11 

13. INVARIANCE UNDER REIDEMEISTER MOVES 

In this section, we prove that the homotopy type of the chain complex associated 
to a knotted MOY graph is invariant under Reidemeister moves. The main result 
of this section is Theorem 113.11 below . Note that Theorem 11.11 is a spacial case of 
Theorem [EH 

Theorem 13.1. Let Dq and D\ be two knotted MOY graphs. Assume that there is 
a finite sequence of Reidemeister moves that changes Dq into D%. Then C(Dq) ~ 
C(Z?i) ; that is, they are isomorphic as objects o/hCh b (hmf). 

Theorem 113.11 follows from Lemmas 113.41 and 113.81 below, in which we establish 
the invariance of the homotopy type under Reidemeister moves I, II a , lib and III 
given in Figures 11041 11051 11061 and 11071 The proofs of these lemmas are based 
on an induction on the (highest) color of the edges involved in the Reidemeister 
move. The starting point of our induction is the following theorem by Khovanov 
and Rozansky [18] . 

Theorem 13.2. [TSJ Theorem 2] Let Dq and D x be two knotted MOY graphs. 
Assume that there is a Reidemeister move changing Dq into Di that involves only 
edges colored by 1. Then C(Dq) ~ C(Di), that is, they are isomorphic as objects 
o/hCh b (hmf). 
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Remark 13.3. The original statement of [18\ Theorem 2] covers only link diagrams 
colored entirely by 1. (c.f. Corollary 1 11. 281 ) But its proof in [HI Section 8] is local 
in the sense that it is based on simplification of the chain complex associated to the 
part of the link diagram involved in the Reidcmeister move. So the slightly more 
general statement of Theorem 113.21 also follows from this proof. 




Figure 104. Reidcmeister Move I 



n s x m 




n f X m 




Figure 105. Reidcmeister Move II a 




Figure 106. Reidcmeister Move lib 




Figure 107. Reidemeister Move III 



13.1. Invariance under Reidemeister moves II a , lib and III. With the in- 
variance under fork sliding (Thcorcm ll2.1|) in hand, we can easily prove the invari- 
ance of the homotopy type under Reidcmeister moves II a , II;,, III by an induction 
using the "sliding bi-gon" method introduced in [29] (and used in [27].) The proof 
of invariance under Reidemeister move I is somewhat different and is postponed to 
the next subsection. 

Lemma 13.4. Let Dq and D\ be two knotted MOY graphs. Assume that there 
is a Reidemeister move of type II a , lib or III that changes Dq into D±. Then 
C(Dq) ~ C(D\), that is, they are isomorphic as objects o/hCh b (hmf). 



A COLORED s[(iV)-HOMOLOGY FOR LINKS IN S 3 



187 




Figure 108. 



Proof. The proofs for Reidemeister moves II a , lib and III are quite similar. Wc 
only give details for Reidemeister move II a here and leave the other two moves to 
the reader. 

Let Dq and D\ be the knotted MOY graphs in Figure fTTM We prove by induction 
on k that C(Dq) ~ C(D\) if 1 < m, n < k. If k = 1, then this statement is true 
because it is a special case of Theorem [1321 Assume that this statement is true for 
some k > 1. 




Figure 109. 



Now consider k + 1. Assume that 1 < m,n < k + 1 in Do and D\. Let To, Y\ 
and T2 be in the knotted MOY graphs in Figure [T09l Here, in case m or n = 1, 
we use the convention that an edge colored by is an edge that does not exist. 
By Decomposition (II) (Theorem 15 .14[) . we know that C(Tq) ~ (7(Z)o){[w][n]} and 
(7(ri) ~ (7(£)i){[m][n]}. Note that m — 1, n — 1 < fc. By induction hypothesis 
and the normalization in Definition 1 1 1 . 161 we know that C(To) ~ C(r2). By the 
invariance under fork sliding (Theorem ll2.ip . we know that C(Ti) ~ C(T2). Thus, 
C(r ) ~ &(Ti). By PropositionE^Ol it follows that C(D Q ) ~ 6{D X ), which, by the 
normalization in Definition 1 11. 161 is equivalent to C(Dq) ~ C(D\). This completes 
the induction. □ 



13.2. Invariance under Reidemeister move I. The proof of invariance under 
Reidemeister move I is somewhat different from that under Reidemeister moves II 
and III. The basic idea is still the "sliding bi-gon" . But we also need to do some 
"untwisting" to get the invariance. 

Lemma 13.5. Let r rn .„ be the MOY graph in Figure [JHh Then 

HoniHMF(C(r miTl ), <7(T mjTl )) = HomHMF(C(r TOin ), c(r min )) 



= C(0){ 



N 




m + n 


m + n 




n 
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Figure 110. 

where T m ^ n is T m ^ n with reversed orientation. In particular, the lowest non-vanishing 
quantum degree of these spaces is 0. Therefore, for k < I, 

Rom hmf (C(T m , n ){q k },C(T m . n ){q 1 }) S Bom hmi (C(T m , n ){q k },C(T m , n ){q 1 }) S 0. 
Proof. Consider the MOY graph T in Figure [251 It is easy to check that 
Hom H MF(C(r m tl ), C(r mj „)) = Hom H MF(C(r mirl ), c(r m ,„)) 

* H(T) (m + n) { q (m+n)(N- m -n)+mny^ 

By Lemma [ 



H(T) = C(0) (m + n) { 



N 




m + n 


m + n 




n 



}■■ 



whose lowest non- vanishing quantum grading is — (m + n)(N — m — n) — mn. This 
implies the lemma. □ 

The next lemma is (44J Proposition 6.1]. The special case when m = n = 1 of 
this lemma has appeared in [33j . For the convenience of the reader, we prove this 
lemma here instead of just citing [44] . 






1,71 






m,l 



^771,1 

Figure 111. 



Lemma 13.6. [44, Proposition 6.1] Let Tf n and 1 be the twisted MOY graphs 
in Fiaure Vl 1 11 Then 

C(r+ n ) ~ c(r hn ){ q n }, c(rr,„) * C(T ltn ){q- n }, 
C(T+) ~ c(r lin ){^}, c(r- o ~ C(r lin ){g—}, 
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Figure 112. 



Proof. We only give details for C(T^ n ) ~ C'(ri : „){(7 ± "} here. The proof for 
C*(r^ J ~ C(Ti tn ){q ±m } is very similar and left to the reader. Recall that 

C(T lin ) = "0 -► C(ri, n ) -> 0. 
Let r' 1; „ and r" n be the MOY graphs in Figure [ml Then, by Corollary [TOS 

c'(r^) = l ^c(ryM^c(ry-o», 

where x° and X 1 are induced by the apparent changes of MOY graph. 

Note that T[ n is obtained from ri „ by an edge splitting. Denote by C(Ti n ) — > 

C(Tj n ) and (7(1^ „) — > C(ri iTl ) the morphisms induced by this edge splitting and 
its reverse edge merging. By Decomposition (II) (Theorem 15. 14[) . we know that 

n 

(13.1) C(T' hn ) ~ C(r lin ){[n + 1]} = 0C(r 1 ,„){f^}. 

3=0 

It is not hard to explicitly write down inclusions and projections in this decomposi- 
tion. For j = 0, . . . ,n, define aj = m(r^)o<f> and f3j — <f>om(X n -j), where Xk is the 
fc-th elementary symmetric polynomial in X. Then C(Ti ,n){<? _ " +2 "'} C(T[ n ) 

and C(T' l n ) — C(Tx in ){q~ n+2 ^} are homogeneous morphisms preserving both 
gradings. And, by Lemma [7. Ill 



id c(ri,„){ 9 -"+ 2 J} tfi=3, 
otherwise. 



Clearly, on and (3j give the inclusions and projections in the decomposition (|13.ip . 
By Corollary 15.131 and Decomposition (II) (Theorem l5.14|) . we have 

Tl-l 

(13.2) c(r? jB ) ~ c(r 1 ,„){N> = 0c(r 1 ,){ 9 -"+ 1 +^}. 
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By decompositions (|13.1|) and (|13.2|) . C(Ti n ) is isomorphic to 

© © 
c(r 1)n ){g-™+ 2 } c(r 1 ,„){ 9 -"+ 2 } 

© © 
c(ri, n ){« n } c(r 1 ,„){ g «- 2 } 

where x 1 is represented by a n x (n + 1) matrix (%j j) n x{n+i)- -By Lemma ll3.51 we 
have that 

(13.3) xlj-0iti>3- 
Similarly, C(T^ n ) is isomorphic to 

C(T hn ){q- n+2 } C(T hn ){q- n } 

© © 
C(T hn ){q- n+4 } C(r 1 . Il ){g-"+ 2 } 

0^ © ^ © -.0, 



C(r 1>n ){ 9 «} C(T hn ){q n } 

where x° 1S represented by a (n + 1) x n matrix (Xi j)(n+i)xn- By Lcmma ll3.5[ we 
have that 

(13.4) $ j ~0i£i>j + l. 

Consider the composition /3j+i o x° ° X 1 ° a j- On the one hand, by Lemma 17.111 
and Corollarv l8.9l we have 

Pj+i °X° °X 1 °otj w °m(r - s)oaj « o m(X„_j_ir J (r -s)) o0 w id c(ri n) . 
On the other hand, by (|13.3[) and (|13.4j) , we have 

n-1 

o X° o X 1 ° «j « 51 X°+i,fc ° Xk,j - X°j+i,j ° Xj,j- 

k=l 

So, X^+i j °Xjj w idc(ri „)■ This shows that X^+i j ana -x}j are both isomorphisms 
in hmf . 

Using (|13.3p . we apply Gaussian Elimination (Lemma ll2.19[) to Xj.j m ^(F^,,) 
for j = 1,2, ... ,n in that order. This reduces C(T^ n ) to 

o^c(r liTC ){ g "}^o. 

So (^(r^) ~ C(Ti, n ){q n }. Similarly, using (113. 4|l . wc apply Gaussian Elimination 
(Xemma [l2.19p to Xj+ij Cfiin) f° r 3 = n,n—l,.. . , 1 in that order. This reduces 

C(Tl,n) to 

- C(T hn ){q- n } -> 0. 

so c(rr ) ~ c(r lira ){<r n }- □ 
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Lemma 13.7. Let D + , D and D be the knotted MO Y graphs in Figure [T04\ Then 

(13.5) C(D+) ~ C(D)(m)\\m\\{q- m ( N+1 - m ^}, 

(13.6) C(D~) ~ C(D)(m)\\-m\\{ q ^ N+1 -^}, 

where || * || means shifting the homological grading. 



>m+l 



Ti = 




m+1 



r 4 = v - 



r 2 = 




,m+l 



0° 



m+1 




m+1 



r, = 




m+1 




r 7 = 




Figure 113. 



Proof. We prove (|13.5p by an induction on m. The proof of (|13.6|) is similar and 
left to the reader. 

If to = 1, then (|13.5p follows from pTS] Theorem 2]. (See Theorem 113.21 above.) 
Assume that (|13.5|) is true for some m > 1. Let us prove (|13.5|) for to + 1. 

Consider the knotted MOY graphs T\, . . . ,T? in Figure ITT31 By Decomposition 
(II) (Theorem 15. 14[) . we have 

£(Ti) ~C{D+){[m+l}} and C(T 7 ) ~ C{D){\m + 1]}. 



By Theorem [T2~T1 we have C(T\) ~ C(r 2 ). Since (fT3T5j> is true for 1, we know that 
C*(r 2 ) ~ C(r 3 ) (1) ||1||{<? _JV }. From Lemma[TXl one can see that C(r 3 ) ~ C*(r 4 ). 
Since ^3T5]) is true for m, we know that C*(r 4 ) ~ (7(1^) (to) ||TO||{g- m ( Ar+1 - m )}. 
By Lemma ILTol we know that C(T 5 ) ~ C*(r 6 ){g m } and C*(r 6 ) ~ C*(r 7 ){g m }. 
Putting these together, we get that 

dp!) ~ c(r 7 ) (to + 1) ||to + i||{<r (m+1)(iV - m) }. 



From Proposition 13 . 201 it follows that p3.5[) is true for to + 1. This completes the 
induction. □ 
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Lemma 13.8. Let Do and D\ be two knotted MOY graphs. Assume that there is a 
Reidemeister move of type I that changes Dq into D\. Then C(Dq) ~ C(D\), that 
is, they are isomorphic as objects o/hCh (hmf). 

Proof. The lemma follows easily from Lemma 113.71 and the normalization in Defi- 
nition [nun □ 

14. The Euler Characteristic and the Z 2 -grading 

In this section, we determine the Euler characteristic and the ^-grading of the 
colored sl(A r )-homology and prove Theorem 11.31 We start by reviewing the alter- 
native construction of the Rcshctikhin-Turaev s[(Y)-polynomial for links colored 
by positive integers given in |29j . 

14.1. The MOY construction of the Reshetikhin-Turaev s!(A r )-polynomial. 
In [29] , Murakami, Ohtsuki and Yamada gave an alternative construction of the 
Reshetikhin-Turaev s[(Y)-polynomial for links colored by positive integers. We re- 
view their construction in this subsection. The notations and normalizations we 
use here are slightly different from that used in [29] . 

Define Af = {—TV + 1, -N + 3, • • • , N - 3, N - 1} and V{Af) to be the set of 
subsets of Af. For a finite set A, denote by #A the number of elements of A. Define 
a function tt : P(Af) x V{Af) -> Z> by 

%{A U A 2 ) = #{(ai,a 2 ) G A x x A 2 \ a x > a 2 } for A x , A 2 G V{M). 




Figure 114. 

Let T be a closed trivalent MOY graph, and E(T) the set of edges of F. Denote 
by c : E(T) — > N the color function of T. That is, for every edge e of T, c(e) G N is 
the color of e. A state of T is a function a : E(T) — » 7 5 (A/") such that 

(i) for every edge e of T, #cr(e) = c(e), 

(ii) for every vertex v of T, as depicted in Figure fTT4l we have cr(e) = cr(ei)Ucr(e2). 
(In particular, this implies that <r(ei) n cr(e2) = 0.) 

For a state a of T and a vertex v of V (as depicted in Figure [TT4|) . the weight of 
v with respect to a is defined to be 

Given a state a of T, replace each edge e of T by c(e) parallel edges, assign to 
each of these new edges a different element of cr(e) and, at every vertex, connect 
each pair of new edges assigned the same element of Af. This changes T into a 
collection C of embedded circles, each of which is assigned an element of Af. By 
abusing notation, we denote by cr(C) the element of Af assigned to C G C. Note 
that: 

• There may be intersections between different circles in C. But, each circle 
in C is embedded, that is, it has no self-intersections or self-tangencies. 
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There may be more than one way to do this. But if we view C as a virtue 
link and the intersection points between different elements of C virtual 
crossings, then the above construction is unique up to purely virtual regular 
Reidemeistcr moves. 



For each C € C, define the rotation number rot(C) the usual way. That is, 
rot(C) 



1 if C is counterclockwise, 
— 1 if C is clockwise. 



The rotation number rot(er) of a is then defined to be 

rot(cr) = o-(C)rot(C). 

cec 

The s!(iV)-bracket of T is defined to be 
(14.1) <r> w :=£(nwt(w;a))<r t(CT) , 

a v 

where a runs through all states of T and v runs through all vertices of T. 

Remark 14.1. Although angle brackets are also used in this paper to denote the 
shifting of the Z2-grading, there should be not confusions as to when they are used 
to denote the s[(iV)-bracket and when they are used to denote the shifting of the 
Z 2 -grading. 

Theorem 14.2. [29] The sl(N) -polynomial (*) N for close trivalent MOY graphs 
satisfies the following properties. 

(V (Om)jv = [ TO ]> where Qm is a circle colored by m. 




(3) 



fN -ml 



N 



N 



(4) 



= m 



N 



N 



(5) 



N 



+ [N - m - 1] 



N 



N 
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(8) The above equations remain true if we reverse the orientation of the whole 
MOY graph. 

Remark 14.3. Although part (6) of Thcorem ll4.21 which corresponds to Decompo- 
sition (IV), is not explicitly given in [29], it is the n = 1 special case of part (7), 
which is given in [29] Proposition A. 10]. 

Definition 14.4. [29] For a link diagram D colored by positive integers, define 
(D) N by applying the following at every crossing of D. 





Also, for each crossing c of D, define the shifting factor s(c) of c by 
/ \ 

11 if m ^ n, 



V / 
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-m(N+l—m) 



if m = n, 
if m ^ n. 



The re-normalizcd Rcshctikhin-Turacv sl(./V)-polynomial KT rj(q) of D is defined 
to be 

RT D (q) = (D) N -~[[s(c), 

c 

where c runs through all crossings of D. 

Theorem 14.5. |29j (D) N is invariant under regular Reidemeister moves. BTd(q) 
is invariant under all Reidemeister moves and is a re-normalization of the Reshetikhin- 
Turaev sl(N) -polynomial for links colored by positive integers. 

14.2. Proof of Theorem II. 3i Now we are ready to prove Theorem 1 1.31 First, we 
introduce the colored rotation number of a closed trivalent MOY graph. 




Figure 115. 



Let r be a closed trivalent MOY graph. Replace each edge of T of color m by 
m parallel edges colored by 1 and replace each vertex of T, as depicted in Figure 
11141 to the corresponding configuration in Figure [11 51 where each strand is an edge 
colored by 1. This changes T into a collection of disjoint embedded circles in the 
plane. 

Definition 14.6. The colored rotation number cr(r) of T is defined to be the sum 
of the rotation numbers of these circles. 

Recall that the homology H(T) of a MOY graph T is defined in Definition 1 5. 71 
and the graded dimension gdim(C(r)) is defined to be 

gdim(C(r)) =J2r e q i H £ ' i {T) G C[r,g]/(r 2 ), 

where H e ' l (T) is the subspace of H(T) of homogeneous elements of Z2-degree e and 
quantum degree i. 

The following theorem implies Theorem II. 31 

Theorem 14.7. Let T be a closed trivalent MOY graph. Then 

(1) gdim(C(r))| T=1 = (iv 

(2) H £ - l (T) =0ife- cr(r) = 1. 

Proof. We prove the theorem by a double induction on the highest color of edges 
of r and the number of edges of T with the highest color. Consider the following 
two statements. 
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• A m ,k: Part (1) of Theorem 1 14. 71 is true if the color of every edge of T is less 
than or equal to to and T has exactly k edges of color m. 

• B m ^: Part (2) of Thcorcm ll4.7l is true if the color of every edge of T is less 
than or equal to m and T has exactly k edges of color to. 

Kauffman and Vogel [16] proved that, for closed trivalent MOY graphs colored by 
1,2, the polynomial satisfying the relations in Theorem ll4.2l is unique. Since both 
gdim(C(r))| T= i and (T) N satisfy these relations, this implies that the statement 
A m .k is true for to = 1, 2 and all k > 0. Khovanov and Rozansky [TB] proved that 
B m>k is true for m = 1,2 and all k > 0. We assume that there is a m > 2 such that 
A ljk , ■ ■ .,A m , k ,B ljk , . . .,B m>k arc true for all k > 0. 

Consider the statements A m+ i k and B m+ i tk . Clearly, by the above assumption, 
A m +i,o an d B m+ i are true. Assume that there is a k > such that A m+ i tk and 
B m +i,k are true. Consider Am+i^+i and -Bm+i^+i. Assume that the highest color 
of edges of T is to + 1 and there are exactly k + 1 edges of color to + 1 in T. Note 
that r is a closed trivalent MOY graph. So an edge of color m + 1 in T is either a 
circle colored by to + 1 or has a neighborhood of the type in Figure 11161 




m + l 




Figure 116. 



Case J. Assume that there is a circle Om+i colored by m+l in T. Let f be T with 
Om+i removed. Then, by A m +i jk and B m+ \_ kl the theorem is true for T. Note that 
H(T) = ff(CWi)®cff(f), cr(f) = TO+l + cr(f), F(Om+i) = C(0)[ ro +J <"*+ 1> 
and, by part (1) of ThcoremHU (r}^ = [ m N +1 ] (f) . So 



? dim(C(r))| r= 



N 

TO + 1 



gdim(a(f))| T= 



N 

N 
m + l 



and H £ ' l (r) = 0ife — to — 1 — cr(f ) = 1, that is, e — cr(r) = 1. So the theorem is 
true for T. 



r 



r 2 



Figure 117. 
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Case 2. Assume there are no circles colored by to + 1 in T. Then every edge in 
r colored by m + 1 is of the form in Figure 11161 Let e be such an edges of T as 
depicted in Figure \TW[ We modify T locally near e as depicted in Figure [TTTl This 
gives us new MOY graphs To, Ti and T2, which are identical to T except in the 
neighborhoods shown in Figure [TT7l Note that cr(ro) = cr(ri) = cr^) = cr(r). 
Also, each of Tq and T 2 has exactly k edges colored by m + 1 and, therefore, the 
theorem is true for Tq and T 2 ■ 

By the Bouquet move fCorollary |5.13[) and Decomposition (II) fTheorem l5.14p . 
we have 

(14.2) HiT^-H^m-il}} 
and, by Decomposition (IV) (Theorem 19. 1|) . we have 

(14.3) H^^Hir^QH^Hm-l}}. 



Similarly, using parts (2), (4) and (6) of Theorem 114.21 we get 

(14.4) (T 1 ) N = \j]-[i]-(r) N , 

(14-5) (T ) N = (T 1 ) N + [m-l}-(T 2 ) N . 

From (Ti"4~2"l) and (TTO]) . we can see that H £ > l (T) = if e - cr(r ) = 1, that is, if 
e - cr(r) = 1. Comparing (Tll~2"|) and (TTO)) to pT4]l and (TUTSI) , we g et that 



5 dim(C(r))|, 



gdim(C(r 1 ))| r , 



1 



[J] ■ [I] 

gdim(C(r ))| T=1 - [to - 1] ■ gdim(C(r 2 ))| r ^ 1 

\J] ■ [I] 

(T ) N - [to - 1] • (T 2 ) N 



[?'] • [I] 



(Ti> 



N 



[J] ■ [I] 



Thus, the theorem is true for F. 

Combining Case 1 and Case 2, we know that statements A m+ i t k+i and B m+ \ ^+1 
are true. So A m+ i,k and B m+ i^ are true for all k > 0. This completes the induction. 
So the statements A m ^ and B m ^ are true for all to > 1 and k > 0. □ 

Corollary 14.8. The relations in Theorem \ H-2\ uniquely determine the 5((A r )- 
polynomial (*) N for close trivalent MOY graphs. 

Proof. This corollary can be proved using the inductive argument in the proof of 
Theorem 114.71 We leave the details to the reader. □ 

Proof of Theorem \1.3[ First, by comparing Definitions 1 1 1 . 1 6 l and 1 1 4 . 41 we can see 
that the equation Pi,(l,q, — 1) = RTi,^) follows easily from part (1) of Theorem 

Next, we consider the Z2-grading. Let D be a diagram of L and T be any 
complete resolution of D. Note that the number cr(r) does not depend on the 
choice of T. We define cr(D) = cr(r). At each crossing c of D, define an adjustment 
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term a(c) by 





to if to = n, 
if to 7^ n, 



Define tc(-D) = cv(D) + J2 C a ( c )j where c runs through all crossings of D. Then, by 
Definition [TTTT61 and part (2) of Theorem M3\ 



'(£) = if e-tc(D) = 1 6 Z 2 , 



Note that the parity of tc(D) is invariant under Reidemeister moves and unknotting 
(that is, switching the above- and below- strands at a crossing.) Using these moves, 
we can change D into a link diagram U without crossings. That is, a collection 
of disjoint colored circles. It is clear that tc(U) = tc(L). So, as elements of Z 2 , 
tc(D) = tc(U) = tc(L). This completes the proof. □ 
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